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PREFACE 

This book is written for the purpose of furnishing college 

classes with a thoroughly usable textbook in analytic geometry. 
It is not so elaborate in its details as l:o be unfitted for practical 
elasaroom use; neither has it been prepared for the purpose 
□f exploiting any special theory of presentation; it aims solely 
to set forth the leading facts of the subject clearly, succinctly. 
and in the same practical manner that characterizes the other 
textbooks of the series. 

It is recognized that the colleges of this country generally 
follow one of two plans with respect to analytic geometry. 
Either they offer a course extending through one semester 01 
they expect students who take the subject to continue its 
study through a whole year. For this reason the authors have 
so arranged the work as to allow either of these plans to be 
adopted. In particular it will be noted that in each of the 
chapters on the conic sections questions relating to tangents 
to the conic are treated in the latter part of the chapter. 
This arrangement allows of those subjects being omitted for 
the shorter course if desired. Sections which may be omitted 
without breaking the sequence of the work, and the omission 
of which will allow the student to acquire a good working 
knowledge of the subject in a single half year are as follows : 
46-53, 66-62, 121-134, 145-163, 178-197, 225-245, and part 
or all of the chapters on solid geometry. On the other hand, 
students who wish that thorough Foundation in analytic geom- 
etry which should precede the study of the higher brandies of 
mathematics are urged to complete the entire book, whether 
required to do so by the course of study or not. 
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iv PREFACE 

This "book is in tended as a textbook for a course of a full 
y.'in-, niiil it, is believed that many of tin: student;; who study 
the subject for only a half \ ear will desire to i:ead the full text, 
An abridged edition has been prepared, however, for students 
who study the subject for only one semester and who do not 
care to purchase the larger text. 

It will be observed that the work includes two chapters on 
solid analytic geometry. These will lie found quite sufficient 
for the ordinary reading of higher mathematics, although they 
do not pretend to cover the ground necessary for a thorough 
understanding of the geometry of three dimensions. 

It will also be noticed that the chapter on higher plane 
curves includes the more important curves of this nature, 
considered from the point of view of interest and applications. 
A complete list is not only unnecessary but undesirable, and 
the selection given in Chapter XII will be found ample for 
our purposes. 
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GREEK ALPHABET 

The use of letters to represent numbers ami geometric mag- 
nitudes is so extensive in mathematics that it is convenient 
to use the Greek alphabet for certain purposes. The Greek 
letters with their names arc as follows: 

A a alpha N v im 

B $ beta 3 £ xi 

r y gamma O o omicron 

A. S delta U it pi 

E e epsilon P p rho 

Z £ zeta 3 <r, 5 sigma 

H i) eta T r tau 

® thcta Y v upsilon 

I i iota * 4> phi 

K k kappa X x cu ' 

A \ lambda. * if ]>si 

M /i m.u 12 o) omega 
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ANALYTIC GEOMETRY 



INTRODUCTION 

1. Nature of Algebra. In algebra we study certain laws 
and processes which relate to number .symbols. The proc- 
esses are so definite, direct, and general as to render a 
knowledge of algebra essential to the student's further 
i in the study of mathematics. 



As the student proceeds he may find that he has forgotten certain 
essential facts of algebra. Some of the topics in which this deficiency- 
is most frequently fell, are provided .in tin: .Supplement, page 2S3. 

2. Nature of Elementary Geometry. In elementary geom- 
etry we study the position, form, and magnitude of certain 
figures. The general method consists of proving a theorem 
or solving a problem by the aid of certain geometric prop- 
ositions previously considered. We shall seo that analytic 
geometry, by employing algebra, develops a much simpler 
and more powerful method. 

It is true that elementary geometry malies a little use of algebraic 
symbols, hut this doi'S not affect the general method employed. 

3. Nature of Trigonometry. In trigonometry we study 
certain functions of an angle, sueh as the sine and cosine, 
and apply the results to mensuration. 

The formulas o: trigonometry needed by the student of analytic 
geometry will be found in the Supplement, 
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2 INTRODUCTION 

4. Nature of Analytic Geometry. The chief features of 
analytic geometry which distinguish it from elementary 
geometry are its method and its results. The results will be 
found as we proceed, but the method of procedure may 
be indicated briefly at once. This method consists of indicat- 
ing by algebraic symbols the position of a point, either fixed 
or in motion, and then applying to these symbols the proc- 
esses of algebra. Without as yet knowing how this is done, 
we can at once see that with the aid of all the algebraic 
processes with which we are familiar we shall have a very 
powerful method for exploring new domains in geometry, 
and for making new applications of mathematics to the 
study of natural phenomena. 

The idea of considering nut merely fixed points, 
as in. elementary geometry, but also points in 
motion is borrowed from a study of nature. For 
'.'■Krtiuiilc, ii ball Ii thrown into tin- nir fnik.ovs a cer- 
tain enrve, and the path of a planet /; about its sun 
is also a curve, although not a circle. 

5. Point on a Map. The method by which we indicate 
the position of a point in a plane is substantially identical 
with the familiar method employed in map drawing. To 
state- the position of a place on the surface of the earth 
we give in degrees the distance of the place east or west of 
the prime meridian, that is, the longitude of the place; 
and then we give in degrees the dis- 
tance of the place north or south of the 
equator, that is, the latitude of the place. 

For example, if the curve NGAS represents 
the prime meridian, a meridian arbitrarily 
chosen and passing- through Greenwich, and 
if WABE represents the equator, the position , ° 

of a place P is determined if AB and BP are known. If AB = 70° and 
BP = 45", we say that Pis TO" east and -io' north, or 70° E. and '15° N, 
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LOCATING POINTS 3 

6. Locating a Point. The method used in map drawing 
is slightly modified for the purposes of analytic geometry. 
Instead of taking the prime meridian and the equator as 
lines of reference, we take any two intersecting straight lines 
to suit our convenience, tliese being designated as YY' and 
XX', and their point of intersection as 0. 

Then the position of any point P in the 
plane is given by the two segments OA and x* - 
AP, AP being parallel to FT'. 

If we choose a convenient unit of measurement for these 
. two segments, the letters a and b may be taken to repre- 
sent the numerical mea.snrc^ of tins line segments OA and 
AP, or the distances from to A and A to P respectively. 

It is often convenient to draw PB y ffl 

parallel to A and to let BP = a, as here b/——?P 

shown. That is, we may locate the point / 

P by knowing OA and AP, or OA and X ' r A X 
OP, or BP and AP, or BP and OB. I r ' 

7. Convention of Signs. As in elementary algebra. we 
shall consider the segment OA, or the distance a, in the 
figure next above, as positive when P is to the right of YY'. 
and as negative when P is to the left of YY'. Similarly, we 
shall consider the segment AP, or the distance b, as positive 
when P is above XX', and as negative + 

when P is below XX'. P^r~^\x> ^ 

In this figure Z 1 , is determined by x 1 and ^ \Q ; S ,. + 

j/v p i fe y x z anii v» ^s ky x s aii<l Vv and p\ ^ 3 \ \ ■ v* 

by z 4 and i/ 4 . Furthermore, a^, s 4 , j p y % are ij ■<':: ,\" l V ' 

positive, and x. 2 , .).'., */.., y i are negative. 

We shall hereafter speak of a line segment and its numerical 
measure as synonymous, and shall use the word line to mean a 
straight line, unless confusion is likely to arise, in which case the 
language will conform to 1-hi; conditions which develop. 
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INTHoniXTTOX 



Exercise 1. Locating Points 

Using 1 in. to represent 20", ami •■.onxidfring th<>, surface of 
the earth as a plane, draw maps locating tlw, fvlk'wing places: 

1. 20°W. J 40°H. 3. 20°W.,20°S. 5. 0°\V., 0°N, 

2. 20°E., 40°N. 4. 20° E., 30°8. 6. 10°W., 0°K. 

Using - in. as the unit of measure, draw any two inter- 
secting lines and locate tin-, following points : 

7. a=3,b=-2. 9. a=-4,& = 6. 11. a=Q,b=0. 

8. a = i,b = 5. 10. a=-5,b = Q. 12. «=-7,&=-4 

13. (liven x 1 = — 4, y Y — 0, locate the point P v and given 
x„ = 0, 5/ 2 = 8, locate the point /',, and then draw the line ^VV 
Find the pair of numbers which locate the mid point of P,P$ 

14. In this figure OBA is an equilateral 
triangle whoso side is 6 units in length. 
Taking XX' and YY' as shown, find the 
five pairs of iiunibe.i.'H which locate tho three 
vertices A, B, and the mid points M l and 
M 9 of OA and AB respectively. 

15. Given the equilateral triangle ABC i 
Xaldng XX' along the base, and YY' along 
the perpendicular bisector of the base, find 
the five pairs of numbers which locate the 
three vertices yl, B, C and the mid points 
M, and AT, of AB and BC r 
shown in the figure. 

16. In this figure AB and CD are parallel, and BD is 
perpendicular to each. Tho length of BD 

is 7 units. Draw the circlo as shown, tan- 
gent to the three lines. Taking XX' along 
CD, and YY 1 along BD, find the pairs of 
numbers which locate the center of the 
circle and the three points of tangency. 
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OOOEDINATES 5 

8. Definitions and Notation. In this iigure the lines 
XX' and YY' are called respectively the x axis and the 
y axis, is called, the origin, OA, or a, is 
called the abscissa of P, and AP, or b, is Y / ?p 

called the ordinate of .7*. The abscissa and O/tt / 6 

the ordinate of the point P taken together x / , 
are called the coordinates of P. 

Every pair of real numbers, « and 5, are the coordinates 
of some point P hi the plane ; and, conversely, every point 
P in the plane has a pair of real coordinates. 

When we speak of the point, c, h, also written (a, 6), we 
mean the point with a for abscissa and b for ordinate, 

For example, the point 4-, - 8, (4, - 3), or P (4, - 8) has the 
abscissa 4 and the ordinate —3, and the point (0, 0) is the origin. 

The method of locating a point described in § 6 is 
called the method of red. Hi near coordinates. 

Recti linear coordinate^ lire also willed <^irrlr : ni/in rwirilinates, from 
the name of Descartes (Latin, (,'ii.rt.i'sins) wlni. in 1837, was the first 
to publish a book upon the subject. 

When the angle XOY is a right angle, the coordinates 
arc called rectmiyidar coord.iiwtes ; and when the angle XOY 
is oblique, the coordinates are called oblique c'mrdiiu.i.U-H. 

Following the general custom, we shall employ only rectangular 
coordinates except when oUlinue coordinates simplify the work, 

In the case of rectangular coordinates the 
axes divide the plane, into four rpindranU; 
XOY being called the first quadrant, YOX' — 
the second, X'OY' the third, and Y'OX the 
fourth, as in trigonometry. 

9. Coordinate Paper. For convenience in locating points, 
paper is prepared, ruled in squares of convenient size. This 
is called coordinate paper. 
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Exercise 2. Locating Points 



1. Draw a pair of rectangular axes, use g in. as the unit, 
and locate the following points : (4, 2), (2, 4), (- 2, 4), (- 4, 2), 

(- 4, - 2), (- 2, - 4), (2, - 4), (4, - 2). 

2. Draw a pair of rectangular axes, use any convenient 
unit, and locate the following points: (-1, 4), (0, 2), (1, 1), 
(2, <), (3, 1), (4, -|), (6, J,). 

It should bo noticed that in Exs. 1 and 2 the points lie on carves of 
more or less regularity. 

3. Draw a pair of rectangular axes, use |- in. as the unit, 
and locate the following points : (5, 5), (5, — 5), {— 5, 5), 
(_ 5, _ 5), (0, 5), (5, 0), (- 5, 0), (0, - 5). 

4. Draw a pair of rectangular axes, use any convenient 
unit, and locate the following points: (30, —10), (25, 17). 
(_ 20, - 24), (-12, 20), (- SO, -10), (21, 28), (- 21, 28).- 

In each of tin.' alxwe four examples llic drawing of the axes ha* been 
mentioned, and the unit also has been intuitional. Hereafter it will be 
understood thai. I'.lic hxv.k arc l.o be drawn and a cunvr-uie-iit unit is to be 
taken. It is suggested, hwuvtr, that the student liereal'i.cr use coordinate 
paper as described in Si !). 

Locate each of the folhwiiit/ pairs of point'- and calculate 
f.lir. distance between the points: 

5. (0,2), (0,5). 8. (0, 2), (0, - 5). 11. (4,0), (8,0). 

6. (4,0), (4, 6). 9. (0,-2), (0,5). 12. (- 6, 2), (4, 2). 

7. (6,2), (6, 8). 10. (4,-3), (4,3). 13. (-1,0), (0,-1). 

14. Locate the following points ami calculate the distance 
from the origin to each point : (3, 4), (- 3, 4), (- 4, - 3), 
(2, - 5), (- 6, - 3), (5, 5). 

In place of calcuhit.jiig square iuo:s, the table id square roots given 
■:■!-. i ■:.:'■■ :'■- 1 in tin; Supiilcaical may lie iif-tnl. 

15. Locate tiro following points and calculate the distance 
of each from the origin : (8, 4), (- 8, 4), (- 8, - 4), (7, - 2). 
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LOCATING POINTS 7 

L6. Draw perpendiculars from i',(— 8, —8) and P a (— 2, —4) 
to both axes, and find the coordinate* of the mid point of '\P,j. 

17. Draw perpendiculars from P 1 (5, 6) and P a (ll, 8) to 
both axes, and find the coordinates of the mid point of P^P V 

18. In this figure it is given that OA = 7 
and 0£ = 4. Find the coordinates of each 
vertex of the rectangle and of the intersection 
of the diagonals. 

19. If the mid point of the segment P X P 3 is (0, 0), and the 
coordinates of P 1 are a, b, find the coordinates of P 2 . 

20. In this figure it is given that BAO is a right triangle, 
il/j is the mid point of OB, and M 3 is the mid 
point of AB, If the coordinates of B are 13, 
11, find the coordinates of M 1 and M s From 
the result show that ■ , '/ ] .l/ :j is parallel to OA. 

21. In the figure of Ex. 20 produce M./l, to meet OF at M, 
and find the lengths of ,l/jl/ 3 , M^i^ and OM r 

22. Construct a circle through the three points -4(6, 0), 
B(0, 8), and O(0, 0), and find the coordinates of the center 
and the length of the radius. 

23. Draw the bisector of the angle XOY and produce it 
through 0. On this line loci.i.e a point whose abscissa is — 4 
and find the ordinate of the point. 

24. A point P(x, y) moves so that its abscissa is always 
equal to its ordinate, that is, so that x is always equal to y. 
Find the path of P and prove that your conclusion is correct. 

25. Draw the path of a point which moves so that its ordi- 
nate always exceeds its a.bseissa by 1. 

26. Describe the position of all points P(x, y) which have 
the same abscissa. 

For example, consider tlie points whose uli-ds;;'.* lire all equal to 5. 

27. Describe the position of all points P (x, y) which have 
the same ordinate. 
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8 INTRODUCTION 

10, Lines and Equations. Having learned how to locate 
points by means of coordinates, we now turn to the treat- 
ment of lines, straight or curved. 

For our present purposes, a line may conveniently be 
regarded as made up of all the points which lie upon it 

Consider, for example, the bisector 
AB of the angle XOY. Here we 
see that the coordinates of every 
point P(x, y~) on the line AB are 
equal ; that is, in every ease x —- y. ~ 
And conversely, if x = y, the point 
(x, y~) is on AB. 

Hence the equation x = y is true 
for all points on AB, and for no other points. We therefore 
say that the equation x — y is the equation of the line AB, 
and refer to AB as the graph, or locus, of the equation x = y. 
Again, consider the circle with center at the origin and 
with radius 5. If the point P(x, y) moves along the circle, 
x and y change; but since x and y are 
the sides of a right triangle with hypote- 
nuse 5, it follows that a? + f = 25. This 
equation is true for all points on the 
circle and for no others; it is the equa- 
tion of this particular circle, and the circle 
is the graph of the equation x^+y 2 — 25. 

We therefore sec that a certain straight line and a certain 
circle, which are geometric, are represented algebraically 
in our system of coordinates by the equations x = y and 
sr ! +i/ 3 =25 respectively. 

Whenever an equation is satisfied by the coordinates of 
all points of a certain line, and by the coordinates of no 
other points, the line is called the graph of the equation, and 
the equation is called the equation of the graplu 




P(x,y) 
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GRAPHS OF EQUATIONS 9 

11. Two Fundamental Problems. The notion of corre- 
spondence between graphs and equations gives rise to two 

problems of fundamental importance in analytic geometry: 

1. Given the equation of a </r«//h-, to draw the e/i-'iph. 

2. Given a graph, to find ih equation. 

These problems, with the developments and applications 
to which they lead, form the subject matter of analytic 
geometry. A few examples illustrating ihe first of these 
problems will now be given, the second problem being 
reserved for consideration in Chapter III. 

Tlio word Incus is often employed in place of the word graph 
above. So also is tins won! curve, which include- the straight line 
as a special case, 

12. Nature of the Graph of an Equation. In general an 
equation in x and y is satisfied by infinitely many pairs 
of real values of x and y. Each of these pairs of values 
locates a point on the graph of the equation. The set of 
all points located by these pairs usually forms, as in the 
examples on page 8, a curve which contains few or no 
breaks, or, as we say, a curve which is continuous through 
most or all of its extent. 

In dealing with graphs of equations in the remainder 
of this chapter, and again in Chapter III, we shall assume 
that the graphs are continuous except when the contrary 
is shown to he the case. 

The study of the conditions under which the graph of 
air equation is not continuous, together with related topics, 
is a matter of considerable importance in the branch of 
mathematics known as the calculus. 

In special cases it may happen that the graph of an equation 
consists of only a- limited number of real points. For example, the 
equation a? + y* = is satisfied only hy x = 0, y = 0, and its graph 
is a single point, the origin. 
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13. Plotting the Graph of a Given Equation. If we have 
given an equation in x and y, such as 3 y — 5 x + 8 = 0, we 
can find any desired number of points of its graph, thus: 



When x = 


-2 


-1 





1 


2 


3 


1 


then y = 


-6 


-4J 


— 2? 


-1 


2. 


2 i 


4 



Each pair of values thus found satisfies the equation and 
locates a point of the graph. By plotting 
these points and connecting them by a 
curve we are led to infer, although we 
have not yet proved it, that the graph 
is a straight; line. 

The above process is called plotting the 
graph of the equation, or simply plotting 
the equation. 

As a second illustration of plotting an equation we may 
consider the case of y — l + x — 3?. Proceeding as before: 





VY 
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When x = 


- 3 


-2 


-1 
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2 


3 


4 


then y = 


-11 


-5 


-1 


1 


1 


-1 


-5 


-11 



Joining the points by a smooth curve, 
we have a curve known as the parabola, 
which is defined later. 

It may be mentioned at this time that a 
ball thrown in the. air would follow a parabolia 
path if it were not for the resistance of the 
air; that the paths of certain comets are pa- 
rabolas; that parabolic arches are occasionally 
used by engineers and architects; and that the 
cables which support suspension bridges are 
usually designed as parabolas, 
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Exercise 3. Graphs of Equatioas 



1. Plot the equati 

2. Plot the equati 

3. Plot the equati 



tions 3 x + 2 y = 6 and 3x + 2 y = 12. 

tions 4 x - 3 y = 10 and 3 se + 4 ?/ = 12. 
. 4. Plot the equation y = ar, taking as = — 4, — 2, 0, 2, 4. 

5. Plot the equation jr — + Vx, locating the points deter- 
mined by giving to x tlio values 0, 1, 4, V), and Ifi. lly examin- 
ing tho graph, determine approximately Vfi, Vl2, and Vli. 

The value of each square root should he estimated to the nearest 
tenth. The estimates uiiiy In: (ducked by the table on page 284, 

6. The equation A = iD :i gives the area of a circle in terms 
of the radius. Using an A axis and an r axis as here shown, 
plot this equation, taking tt = ^-, and assigning to r the 
values 0, 1, 2, 3. Estimate from the graph the 
change in area from r = 1 to r = 2, and from 



2tor 

Why were no negative 

7. From each corner of a sheet of tin Sin. square there is 
cut a square of side x inches. The sides are then bent up to 
formabox. Knowing that the volume V is the _ fiin 

product of the base and heigh!,, express V in 

terms of x. "Using a V axis and an x axis plot 

the equation, taking x = 0, 1, 2, 3, 4. From 

the graph, determine approximately the value 

of x which seems t.o give tlie groa.test volume 

to the box. If your estimate is, say, between 

x = 1 and x = 2, plot new points on the graph, taking for x the 

values 1^, 1|, 1|, and endeavor to make a closer estimate 

than before. Estimate the corresponding value of V. 

Why were no values of x sn-atcr l.lian -1 or loss ilian suiigcsied '■! 

Questions involving mi.ixiiin.i and minima, such as muxhnmn strength, 
maximum capacity, mid iiiiniinuni cdhI, an: very important both in 
theory and in practice. The subject is considered at length in the 
calculus, but aiiaIjL.il! geometry mTui'ds a vidmiblu imilhod for treating it. 
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12 INTRODUCTION 

8. The attraction A between the poles of a 
varies inversely as the square of the distance d between the 
poles; that is, A — k/d,-, k being a constant. Taking the case 
A = 2R/d\ plot the graph for all integral values of d from 
2 to 10. Estimate from the graph the amount by which A 
changes between d = 2 and d = 3 ; between d = 8 and d = 9. 

9. Certain postal regulations require that the sum of the 
girth and the length of a parcel to be sent by parcel post shall 
not exceed 7 ft. Supposing that a maim- N ^ 
facturer wishes to ship his goods by parcel [|a I 
post in boxes having square ends and with l 

the girth plus the length equal to 7 ft., study the variation 
in the capacity of such a box as the dimensions vary. 

Wo evidently have the equations is + ( = 7 and T" = s 2 i = s 2 (7 — 4 s). 
Giving to s the valuta (J, -^ 1, ;*■, 2, plot the equation V = s 5 (7 — 4 s), and 
estimate from the graph the value of s wliicli gives tin': maximum value 
of V. Try to improve the accuracy of this eHl.miau:, if possible, hy closer 
plotting ni.'iiv the estimated value of s. 

10. Consider Ex. 9 for a eyhudric unreel of length I inches 
and radius r inches. 

The circumference is 2 wr ami the volume is iri^i. 

11. A strip of sheet metal 12 in. wide is to be folded along 
the middle so as to form it gui.fer. Denoting the width across 
the top by 2x, express in terms of x the area A of the cross 
section of the gutter. Plot the graph of this equation in A 
and x, and determine approximately the width corresponding 
to the maximum capacity of the gutter. 

12. A rectangular inclosure containing 00 sq. yd. is to be laid 
off against the wall A B of a, house, two end walls of the inclosure 
being perpendicular to AE, and the other wall being parallel to 
AB. In terms of the width x of the inclosure, express the total 
length T of the walls to be built, and plot the graph of this 
equation in T and x. What value of x makes T the minimum? 

13. Find the dimensions of the maximum rectangle that can 
be inscribed in a circle having a diameter of 16 in. 
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14. Graphs of Trigonometric Equations. In a trigonometric 
equation like y — sin x, x is an angle instead of a length ; 
but by letting eaeh unit on the x axis represent a certain 
angle, we can plot tin; graph as la the ease of an algebraic 
equation. Taking the values of sin# from the table on 
page 285 of the Supplement, we have the following: 



0° 15° 80° W 00° 75° i 
.26 .50 .71 .87 .97 



)° 105° 120° 135° 150° 165° 180°--. 
.97 .87 .71 .50 .26 ... 



If we let each unit on the y axis represent 0.20, and eaeh 
unit on the x axis represent 30°, the graph is as follows: 
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The graph shows dearly many properties of sin a:. For example, 
.i value of sin x is 1 and the mini m vi in value is — 1; as x 
s from 3 to 90°, sin x increases from I.) to 1 ; and so on. The 
arbitrary selection of 30° as the unit on the x axis does not affect 
the study of these properties ; it af)V:et..s merely the shape of the curve. 



Exercise 4. Trigonometric Graphs 

1. From the graph of // — sin .7; in § 14 estimate how much y. 
or sina;, changes when x increases from 0° to 50 D ; when x in- 
creases from 30° to 60°; when x increases from LiO" to 90°. "Where 
is the change most rapid ? Where is the change the slowest '! 

2. In Ex. 1 at what values of x is sin x equal to 1 ? By 
how much do these values of x differ? 
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3. From the graph of y — sin x in § 14 find between what 
values oil x the value of sin x is positive, and between 
what values of x it is negative. At what values of x does sin x 
change from positive t,o negative '' from negative to positive ? 

4. Show how to infer from the graph in § 14 the formulas 
sin (180° - as) = sin x and sin (180° +x) = - sin as. 

5. Draw the graph of y = cos x, from x = — 90° to x — 360". 

For the equation y = eosx, consider each of tlie fvllmcing : 

6. Ex. 1. 7. Ex. 2. 8. Ex. 3. 9. Ex. 4. 

10. Plot the graphs of y = sin x and y = cos x on the same 
axes ; show graphically, as in Ex. 4-, that sin (90° + x) = cos x. 

11. The formula for the area of this triangle, as shown in 
trigonometry, is A = 3- ■ 2 ■ S ■ sina;. Plot this . 
equation, showing the variation of A as x 2/ N. 
increases from 0° to 180°. By looking at the /y \^ 
graph, state what value of x makes A greatest. 3 

12. From a horizontal plane bullets are, fired with a certain 
velocity, at various angles x with the horizontal. If the distance 
in yards from the point where a bullet 
starts to the point where it falls is given by 
d = 2750 sin 2 x, plot this equation, and 
find the value of x which makes d greatest. 

13. In Ex. 12 estimate from the graph the value of d when 
x = 19°, and estimate the value of x which makes d = 1050 yd. 

14. If the earth had no atmosphere, the amount // of heat 
received from the sun upon a unit of surface at P would vary 
as cos as, where x is the angle between the verti- 
cal at P and the direction of the sun from P; 
that is, H — k cos as. If x = 27° at noon on a 
certain day, through what values does as vary 
from sunrise to sunset ? Plot the particular ease "~ ~~ P 

U = 10 cos x between these values, and find between what values 
of x the value of H increases suosi. rapidly during the morning. 
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CHAPTER II 
GEOMETRIC MAGNITUDES 

15. Geometric Magnitudes. Although much of our work 
in geometry relates 1.0 niiignitiul.es, the number of different 
kinds of magnitudes is very small. In plane analytic as 
well as in synthetic geometry, for example, we consider 
only those magnitudes which are called to mind by the 
words length, angle, and area. 

In this chapter we shall study the problem of calculating 
the magnitudes of plane geometry as it urines in our coordi- 
nate system. 

16. Directed Segments of a Line. Segments measured in 
opposite directions along a line are said to be positive for 
one direction and negative for the other. 

For example, AB and BA denote the same segment 
measured in opposite directions. That is, AB= — BA, and 
BA = — AB, AB and BA being each the ^ ^— -~" 

negative of the other. -~~A 

The coordinates of a point are considered as directed 
segments, the abscissa being always measured from the 
y axis toward the point, and the ordinate 
from the x axis toward the point. ? s 

m . 

Thatis,mtMsir^ire,z, islXl^not^O; but —L: 
A/J = - x v Similarly, s, = OA v but A. i O = ~x i . 2 

Also, A i A l is not x 2 + x it for A 2 A t = A 2 + OA 1 = - x i -Yx l = i, -x r 
These conventions, of Jittls; sig-uificancfj in dementary geometry, are 
of greatest importance in our subsequent work. 
15 
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17. Distance between Two Points. When the coordinates 
of two points J$(z v y{) and l%(x v y 2 ) are known, the dis- 
tance d between the points is easily found. 

Drawing the coordinates of I[ and 2%, and drawing BQ 
perpendicular to A^l\, we have 

P X Q^ 0A%- OA^ Xri -x v 

Q%=A\%-A 2 Q = y^- yi ; 
and in the right triangle 1\QQ 

Therefore, d = V(^ - * 3 ) 2 + (if, - y^f- 

18. Standard Figure. The figure here shown is used so 
frequently that we may consider it as a standard, ij and J^ 
may be any two points in the plane, 
so that A v A 2 and B v i? a may be any 
two points on the x axis and y axis 
respectively, determined by T{ and 1\. 
But in every case, whether is to the 
left of A 1 and A%, or between thorn, 
or to their right, 

A X A % = Aft + 0A 2 = - 0A 1 + OA a = -x l + x 2 = x 2 - x v 

and similarly B-Ji^ —y?,— y v 

19. Distance in Oblique Coordinates. When the axes are 
not rectangular, it is the custom to designate the angle 
ZOY by w. Then, by the law of c 
we have 



■Bi 


Pi ~P^ 


Q 


i 


O 


A x Ai ' 




A, b 










<P=^e I +e^ a -2i;S.«^co»(180 o -»). /. '/awe " 

That is, since cos (180° - ») = - cos «>, of 3 

^VC*,-*,)" + (&-!/,)* + 2(*,-*.)(l/.-»i)«> s '»' 
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Exercise 5. Distance between Two Points 

Find the disfawes between the following pairs of points, 
drawing the standard figure (_§ IS) in i:a<:h case and specify- 
ing the length of each xide of the triangle : 

1. (3, 3) and (7, 6). ' 3. (6, 2) and (- 2, - 4). 

2. (- 6, 2) and (6, - 3). 4. (-2J, 5) and (- 8|, -3). 

Find the dixl'mrr? ! ie'o:eeo ///<■ fdloieiiii/ pain of -points : 

5. (2, 1) and (5, 1). 8. (0, 0) and (2, 5). 

6. (6, 0) and (0, 6). 9. (0, 0) and (a, b). 

7. (- 6, 0) and (0, - 6). 10. (0, 0) and {■£ a, |a V3). 

11. Show that the distance of P{x, y) from is Va? + if. 

12. Draw the figure and deduct:, the formula of § 17 when 
P 1 is in the second quadrant and 1\ is in the third. 

13. Show that (7, 2) and (1, — 6) are on a circle whose 
center is (4, — 2), and find the length of the radius. 

14. Determine '!;. given t.kiit. the distance, between (6, 2) and 
(3, k) is 5. Draw the figure. 

Draw the triangles with the following vertices and show by 
the lengths of their sides /hat they include equilateral, isosceles, 
scalene, and right triangles, and that two of them, if regarded 
as triangles at all, have no area ; 

15. (-4,3), (2, -5), (3, 2). 18. (- 6, 8), (6, -8), (8, 6). 

16. (4,0),(-4,0),(0,-4V3). 19. (5,1), (2, -2), (8, 4). 

17. (2, 3), (- 4, 1), (6, - 2). 20. (- 1, - 1), (0, 0), (3, 3). 

21. In this parallelogram OF t = 6, ,r 
OF t = 4, and the angle FfiF a = 120° p iV /*? 
Using oblique coordinates as in the *\ / \ 
figure, find OR and t\F rj . o~~Q F~Ji 

Hotice that this is a simple case in the parallelogram of forces. 
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20. Inclination of a Line. When a straight line crosses 
the x axis, several angles are formed. The positive angle 
to the right of the line and above 
the x axis is called the angle of 
iwJhmtion of the line, or simply the 
irwHwitkm, and is designated by a. 

In the above figure the inclination of I 
is a ; that of f is a'. In analytic geometry an angle is positive if It is 
generated by the counterclockwise turning of a line about the vertex. 

The inclination of a line has numerous important applications 
to the study of moving bodies, involving such questions as relate to 
forte, work, and velocity. 

If the coordinates of two 
points are given, the inclina- 
tion of the line determined by 
these points is easily found. 

For example, in the case of 
P 1 (l, 8) and P 3 (S, 7) we find 
that P,Q = 8 - 1 = 7, and that QP 2 

21. Slope of a Line. The tangent of the angle of incli- 
nation is called tin: slope of the line and is denoted by in. 
The formula for the slope of 
the line through two points 
P 1 (x 1 ,ij 1 ) andi£(> 2 ,# 2 ) is 

y t -s x 




- 3 = i ; whence tan a = % 



m = tan a- 



> the 



Y 


%<XvViL& 






/ I- 1 




XV 


o 


X 



•', llcl.W'CCU 1.1 1 C ■ il.l:SCilSilu. 



That is, m is equal t 
difference between the ordi- 
nates divided by the corresponding different 

If a is between 0° and 90°, m is positive, 

If a is between 90° and 180°, m is negative. 

If re = 0°, m = tan C = 0, and the line is parallel to XX'. 

If a = 90°, the line is perpendicular to XX', 
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Exercise 6. Inclinations and Slopes 

Find ike slope of the line through each of the following 
pairs of points, and state in each case whether the angle of 
■hvlinntion is an acute, an obtuse, or a right angle: 

1. (2, 3) and (- 6, S). 4. (- 4, -1) and (5, 8). 

2. (-1, 4) and (6, - ?>). 5. (4, 1) and (4, - 4). 

3. (7, - 2) and (- 3, - 2). 6. (3, - |) and ($, |). 

7. Show how to construct linen whose slopes are -J-, 4, |, 
~£, 1,-1, 0, =o, and b/a. 

8- Draw a square with one side on the x axis, and find the 
slopes of its diagonals. 

9. Draw an equilateral triangle with one side on the ;eaxis 
and the opposite vertex bo low the :r- axis. Find the slope of 
each side, and the slope of the bisector of each angle. 

10. Draw the triangle whose vertices are, (4, —1), {— 3, 2) 
and (— 2, 6), and hud the slope of each side. 

11. Show by slopes that the points (— 2, 12), (1, 3) and 
(4, — 6) are on one straight line. 

12. If A (— 5, — 3) and _B(3, 7) are the ends of a diameter 
of a circle, show thai, the center is (— 1, 2). 

13. Draw the circle with center (0, 0) 
and radius 5. Show that A (4, 3) is on 
this circle. Draw A/i tangent to the circle 
at A, and find the slope of AB. 

first find tan a', ami than find tan a. 

14. If the slope of the line through (-£, 3) and (5, —k) 
is 1, find the value of 1c. Plot the points and draw the line. 

15. Show that the angle of inclination a of the line through 
the points (—2, —4) and (3, 8) is twice the angle of inclination 
a' of the line thi-oayh the points (3, — 1) and (6, 1). 

Show !,h?,t Liintr = tan 2 a.'. 
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22. Angle from One Line to Another, When we speak of 
the angle between AB and CD, we use an ambiguous expres- 
sion, inasmuch as there, are two supplemen- 
tary angles formed by these lines, namely, 
8 and ■£. To avoid this ambiguity we shall 
speak of the angle from AB to CD as the 
smallest positive angle stinting from AB and ending at CD. 



In the figure the angle from AB to CD is 6, either BED or 
ARC, but not DRA. The angle from CD to AB is <f>, either 
BRA or CRB, but not BRD. 

23. Parallel Lines. Since a transversal cutting two par- 
allel lines makes corresponding angles equal, it is evident 
that parallel lines have the same slope. 

In this figure, a 1 = a i , and hence m 1 — m^, 
since they are the tiin^cnt.s of i-qual an^le*. 

The angle from one line to the other is 0° 
in the case of parallel lines. 

24. Perpendicular Lines. If we have two lines, l t and l v 
perpendicular to each other, we see by the figure that 



and hence we have 

tan a„ = — cot a 




Ilenee m„= 



where w^ is the slope of l x and m 2 is the slope of l % . 
That is, the slope of cither of two perpendicular lines is 
the negative reciprocal- of the slope of the other. 

The condition m 2 — — V'"i is some limes written m^m % = — 1, or 
Hijiflj + 1 = 0. Tliis law lias many apphValiims in. analytic geometry. 
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25. Angle between Two Lines in Terms of their Slopes. If 

?j and l 2 are two lines with slopes »j 1 and m 2 respectively, 

the angle from ^ to I 2 , which we will designate by 0, is 

found by first finding tan 0, In the figure below we see 

that a 2 = $ + a v and hence that = a 2 — a v Therefore 

tan 8 = tan (a% — a^) 

_ tan gg " tan g 1 

1 + tan tt 1 tan « 2 ' 

nr ta n rt — * L 



H 




To find the angle $, from l 2 to l v we have 

tan ■£ = tan (180° - ff) = - tan 



Thus, either arrangement of i/^ and «i„ in the numerator gives 
one angle or the other ; thai, is, or 0. Tf, however, the conditions 
of a problem call for the angle from the, first of two lines to the 
second, the slope of tin 1 i^'coml must come sirst in the numerator. 

For example, consider the triangle whose vertices arc 
A(-6, -3), B(4, -1), and (7(3, 4). Here the angle B is 
the angle from BC to £.4, or, in 
the figure, from \ to l 2 . Then since 



_ 4-(-l) _ 



-l-(-8) 
4-(-5) 




2H-3) 1 



tan 7J = - 



-(-5) - 



-47. 



1 + ji^m, 1 + 1 (- 5) 

What is indicated with respect to the angle B by the fact that 
tan B is negative and also numerically large? 

From the figure what is probably ihc .sign of tan. 1 ! ? of tan CI 
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Exercise 7. Angles 

1. The line through (4, - 2) and (2, 3) is parallel to the 
line through (10, 3) and (12, - 2). 

Hereafter the words " prove that" or "show that" will lie omitted 

in the i-tiitemenis of problems v.-1!ltu ii. is obvious I'oat a proof is required. 

2. The lino through (— 3, — 5) and (7, — 2) is perpendicular 
to the line through (- 2, 6) and (1, - 4). 

Find the dope of the. tine which -/s -perpendicular to the line 
throvr/h each of the, full nun a;] pain of point* : 

3. (2, 1) and (3, - 1). 5. (- a, 2 a) and (1, a), 

4. (- 1, 3) and (4, 2). 6. (- 6, 0) and (0, 2). 

7. If a circle is tangent to the, line through (— 2, 5) and 
(4, 3), find the slope of the radius to the point of contact, 

8. Draw a circle with, center (3, — -1) iuul passing through 
(5, 2). Then draw the tangent at (5, 2) and find its slope. 

9. Find the slopes of the sides and also of the altitudes 
of the triangle whose vertices are A (3, 2), 7J(4, —1), and 
C(-l, -3). 

10. Show hy means of the slopes of the sides that (0, — 1), 
(3, — 4), (2, 1), and (5, — 2) are the vertices of a rectangle. 

11. As in Ex. 10, show that (2, 1), (5, 4), (4, 7), and (1, 4) 
are the vertices of a parallelogram having a diagonal parallel 
to the a; axis. 

12. Draw the triangle whose vertices are A(2, 1),B(— 1,-2), 
and C(— 3, 3), and find the tang-cuts of the interior angles of 
the triangle and also the tangent oP the exterior angle at A. 

13. If the slopes of I and V are 3 and m respectively, and 
the angle from I to V is tan -1 2, find m. 

The symbol tan ' : 'i moans Urn rui.ulo whose i.svji«fni is 2. 

14. Find the slope of I, given that the angle from I to the 
line through (1, 3) and (2, - 2) is 45° ; 1 20". 
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26. Division of a Line Segment. If A and B are the end 
points of a segment, of a line and P is any point on the line, 

then if P lies between A and B, it divides — = — = = — 

AB into two parts, AP and PB. Since AP A P B 

and PB have the same direction, their ratio, designated 
by AP : PB or by AP/PB, is positive. 

If P is either on AB produced or on BA produced, we 
still speak of it as dividing AB into the ^ ■ o 

two parts AP and PB as before, but in each A B p 

of these cases the two parts have opposite ~~p~2 /p ' 

directions, and hence their ratio is negative. 

We therefore see that the ratio of the parts is posi- 
tive when P divides AB internally, and negative when P 
divides AB externally. 

The sum of the two parts is evidently the whole segment; that 
is, AP +PB = AB. Thus, in the last figure, since AP^-PA, we 
have AP + PB = AP + PA +AP, = AB. 

27. Coordinates of the Mid Point of a Line Segment. In 
the figure below, in which ij (:r (l , j/ if ') is the mid point of .fji^, 
it is evident from elementary geometry that 

and A^ = i(A 1 F 1 +A,P£>, 

for 7? 7j) and A^ are medians of the trapezoids B^J^B^ 
and A.A.,1:J'.. We therefore have 

_ *, + *. a/_JEt_s-7 

«* * = *■**■ Jff / 

2 °/ -^i -^c -^ 

Although in general we use rectangular coordinates, in this case 
we have taken oluhpie- axes hocuuse the case is so simple. Manifestly, 
a property which is proved (or general fixes it true for the special case 
when the angle is 1)0". 
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28. Division of a Line Segment in a Given Ratio. If the 

coordinates of the, end points J.\ (j\, i/ l ). J'^'x^ p 2 ~) of a line 
segment I{I% arc given, we can find the coordinates of the 
point io 0%#o) which divides Hit: segment in a given ratio r. 



Sine: 



/e have 
Solving for ar , 

Similarly, 



As in §27, we have, taken obliip 
of these important foramina. 




show tii'. 1 ^■■.■li'vality 



29. Illustrative Examples. 1. Find the point which divides 
the line segment from (6, 1) to (— 2, 9) in the ratio 3 : 5. 
Since £[ = 8, z 2 =— 2, and r = £, wo have 



SiniUiirlv, 






Hence the required point is (!-i, 4), 

2. Find the point which divides the line segment fro: 
(-4, -2) to (1, 3) externally in the ratio 8:3. 
Since a^ = — 4, x t = 1, and r = — |, we have 

- _ -* + (- 3) --V =4 
! + (-!) -4 

a- ., , -3 +(-!)■ 3 -10_„ 

Similarly, y = - - v |j - - =■ — = 6. 

Hence the required point is (4, 8). 
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Exercise 8. Points of Division 

Determine, with' tut writing, the. mid point of each of these 
line segments, the end jioints being us follows : 

1. (7, 4), (3, 2). 4. (4, -1), (- 4, 1). 

2. (6, -4), (-2, -2). S. (a, 1), (1, «). 

3. (- 3, 1), (2, 7). 6. (0, 0), (0, |). 

Find the mid point- of each of these line segments, the end 
points being as follows : 

7. (7.3, - 4.5), (2.9, 12.3). 9. (14.7, - 14.7), (0, 12.2). 

8. (-2.8, 6.4), (-3.9, 7.2). 10. (-3f, -7f),(2£, -4-V). 

Find the point which divides each of tli.i-.se, line segments 
in the ratio stated, drawing the figure in ea.eh ease: 

11. (2,1) to (3, -9); 4:1. 13. (-4, 1) to (5, 4); -5:2. 

12. (5, - 2) to (o, 3) ; 2 : 3. 14. (8, 5) to (- 13, - 2) ; 4 : 3. 

Find the two fr iseet ion points of each of these line segments, 
the end- points being as follows : 

15. (-1,2), (-10,-1). 16. (11,6), (2,3). 17. (7,8), (1,-6). 

18. Find the mid points of the sides of the triangle the 
vertices of which are (7, 2), (—1, 4), and (3, — G), and draw 
the figure. 

19. In the triangle of Ex. 18 fmil the point which any 
median has in common with the other two medians. 

By :i proposition oi demon mry i;toiii.:l.vy l.hi: mtnlimia are concurrent 
in ;i tri suction point, ol each. 

20. Given A (4, 7), B(5, 3), and C(6, 9), find the mid points 

of the sitlt;-! of the triangle ABC. 

21. If one end point of a line segment is A (4, 6) and the 
mid point is M (5, 2), find the othov end point; of the segment. 
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30. Area of a Triangle. Given the coordinates of the 
vertices of a triangle, the area 
of the triangle may be found 
by a method similar to the 
one used in surveying. 

In this figure draw the line 
RQ through _ZJ parallel to OX, 
and draw perpendiculars from 
ijj and i£ to RQ. Then 

Ai^ijJ = trapezoid BQ%% - A-BJJJJ - A%Q%. 

Noting that the altitude of the trapezoid is x 2 — x 3 , we 
can easily find the areas of the figures and can show that 

Aiji>i> = §(xj/ a - x 3 y x + x s y 3 - x& + x a y L - X&), 

The sindcut who is familiar with , . . 

determinants will see that this equa- Appp = i 1 y i 
tiOD may be written in a form much i * « s a as 

move easily irmicmijevtd, as here shown. ' 3 

The area of a polygon may be found by adding the 

areas of the triangles into which it can. be divided. 

31. Positive and Negative Areas. Just as we have posi- 
tive and negative lines and angles, so we have positive 
and negative areas. When we tract! the boundary of a plane 
figure counterclockwise we consider the area as positive, and 
when we trace the boundary clockwise 
we consider the area as negative. 

For example, calling the area of this 
triangle T, if we read the vertices in the 
order (4, 1), (8, 3), (2, 7), we. say that T is 
positive; but if we read them in the reverse 
order, we say that T is negative. 

Usually, however. we are not concerned with the sign of a 
but merely with its numerical value. 



(2,7] 
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Exercise 9. Areas 

Draw on squared paper the following triangles, find by 
formula the area of eaeh, and roughly check the results by 
counting the unit squares in each triangle: 

1. (3, 3), (-1, - 2), (- 3, 4). 3. (1, 3), (3, 0), (- 4, 3). 

2. (0, 0), (12, - 4), (3, C). 4. (- 2, - 2), (0, 0), (5, 5), 

5. Find the area of the quadrilateral (4, 5), (2, — 3), (0, 7), 
(9, 2), and check the result: by counting the unit squares. 

6. The area of the quadrilateral P,^, y t ), P a (a a , ?/ a ) 

2 (<"% - x #i + X 4I% - x Hh + x $i - x $t + x #i - x &d- 

7. Find the point P which divides tlio median AM of the 
triangle here shown in the ratio 2:1. 

8. In the figure of Ex. 7 join P to A, 
B, and C, and tshtw that tins triangles ABP, 
BCP, and CA P have the same, area. 

From elementary geometry we know tliat P is ■ 
the common point of [lie ihri-e medians, and that 
it is often called tlie cent.rokl of the triangle. 

In physics and mechanics P if. called the center 
of area or center of mass of the triangle. Why arc ■ 
these names appropriate? 

9. Given the triangle A (4, -1),B(2, 5), C(- 8, 4), find the 
area of the triangle arid din haigili of tlie altitude from C to AB. 

10. Find the lengths of the altitudes of the triangle 
A (- 4, - 3), 5 (- 1, 5), C (3, - 4). 

11. If the area of the triangle A (I 
41, find the value of 7c. 




1), 5(3,8), C(l, ft) i 



12. By finding the area of ABC, show that the points 
A (-1, - 14), B(3, - 2), and C(4, 1) lie on one straight line. 

13. Join, in order ,4(7, 4), B{— 1, -2), C(0, 1), fl(6, 1), 

and show by Ex. 6 that area A BCD is 0. 
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28 GEOMETRIC MAGNITUDES 

Exercise 10. Review 

Determine, wilimd v: ritin.fi, llu: slopes of the lines through 
the. follmemg pairs <>f points : 

1. (3, 4), (5, 7). 3. (- 2, 2), (2, 4). 5. (1, «), (a, 1). 

2. (3, 3), (4, 1). 4. (4, - 2), (- 1, 1). 6. (0, 0), (1, 1). 

Determine, iciihout writ.io.tt, the slopes of lines perpendicular 
to the lines tli.rouf/h. the folhv:imj pairs of points : 

7. (2, 4), (4, 2). 9. (6, 4), (0, 1). 11. (0, 2), (0, a). 

8. (1, 3), (2, 5). 10. (3, 3), (4, 4). 12. (4, 0), (a, 0). 

13. Eind the angle of inclination of the line through (3, 1) 
and (- 2, - 4). 

14. The inclination of the line through (3,2) and (—4,5) 
is supplementary to that; of the line through (0, 1) and (7, 4). 

15. If P(5, 9) is on a circle whose center is (1, (i), find the 
radius of the circle and the slope of the tangent at P. 

16. The points (8, 5) and (G, — 3) are equidistant from (3, 2). 

17. Given A (2, 1), B(3, - 2), and C(- 4, - 1), show that 
the angle BA C is a right angle. 

18. The line through (a, o) and (o, d) is perpendicular to 
the line through (b, — a) and (d, — c). 

19. Draw the triangle A(i, 6), B(-2, 2), (?(-4, 6), and 
show that the line joining the mid points of AB and AC is 
parallel to BC and equal to half of it. 

20. Show that the circle with center (4, 1) and radius 10 
passes through (- 2, 9), (10, - 7), (12, - 5). Draw the figure. 

21. If the circle of Ex. 20 also passes through (— 4, Jc), 
find the value of k. 

22. Through (0, 0) draw the circle cutting off the lengths 
a. and b on the axes, and state the coordinates of the center 
and the length of the radius. 
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REVIEW 29 

23. If (3, k) and (k, —1) are equidistant from (4, 2), find 
the value of k. 

24. If (3, k) and (4, — 3) are equidistant from (— 5, 1), find 
Uio value, of k. 

25. If (a, b) .is equidistant from (■■], — 3) and (2, 1), and is 
also equidistant from (6, 1) and (— 4, — S), find the values of 
a and b and locate the point (a, 6). 

26. The point (4, 13) is the point of trisection nearer the 
end point (3, 8) of a segment. Find the other end point. 

27. The line AB is produced to C, making BC equal to 1 AB. 
If A and B are (5, 6) and (7, 2), find C. 

28. The line AB is produced to C, making AB-.BC «4:7. 
If A and B are (5, 4) and (6, - 9), find C. 

29. If three of the vertices of a parallelogram are (1, 2), 
(— 5, — 3), and (7, — C), find the fourth vertex. 

30. Derive the- ton an las for tin: coordinate:; of the mid point 
of a line as a special case of the formulas of § 28, using the proper 
special value of r For this purpose. 

Flat the points A(~4, S), B(2, 6'), 0(7, -S), and 

D(—S, — #) and $?iow that: 

31. These points are the vertices of a trapezoid. 

32. The line joining the mid points of AD and BC is parallel 
to A H and to CD mid is equal to hall their sum. 

33. The line joining the mid points of A D and BC is parallel 
to AB and to CD and is equal to half their difference. 

34. The points Pjtx^ y^), P 2 (# 2 , J/J, and Pjx^ y 3 ) are the 
vertices of any triangle. .By finding the points which divide 
the medians from P v P v and P 3 in the ratio 2 : 1, show that 
the three medians meet in a point. 

35. The points A (2, - 4), B(5, 2), P(3, - 2) are all on the 
same line. Find the point dividing .1 '.' externally in the same 
ratio in which P divides A !'i internally. 
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30 GEOMETRIC MAGNITUDES 

36. Given the four points A (6, 11), B(- 4, - 9), C(ll, - 4), 
and -D(— 9, &), show that .-1 /i and (.V.) are perpendicular diam- 
eters of a circle. 

37. Draw the circle with center C(6, 6) and radius 6, and 
rind the length of the secant from (0, 0) through C. 

Two circles pass through A (6, 8'), and their centers are 
C(%, 5) and C'(il, —4). Draw the figure and show that: 

38. B(—l, 1) is the other common point of the circles. 

39. The common chord h perpendicular to CC'. 

40. The mid point of AB divides CC' in the ratio 1 :17, 

Draw the circle with center C'( — /, — 3") and radius 5, and 
answer the following : 

41. Are P^(2, 1) and i\(- 4, 1) on the circle ? 

42. In Ex. 41 find the angle from CT\ to Cl\. 

43. Find the acute angle between the tangents at P x and P a . 

Given that 1^ is on the line through .[[J^ and that r is the 
ratio ^PfJPtJv draw the figure and study the values of r for 
the following ease.* : 

44. P a is between P^ and P y Show that ?■> 0. 

45. P is on Pf^ produced. Show that r < - 1. 

46. P Ci is on P/\ produced. Show that - 1< r < 0. 

47- Given the point A (1, 1), find the point B such that the 
length of AB is 5 and the abscissa of tin: midpoint of^li! is 3. 

48. In a triangle ABC, if A is the point (4, —1), if the mid 
point of AB is 31 (3, 2), and if the medians of the triangle meet 
at P (4, 2), find C. 

49. Eind the point Q which it equidistant from the coordi- 
nate axes and is alwo c:<(ui distant from the points .-1 (4, 0) and 

a (-2,1). 
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50. Given the points .1(2, 3) and ft(8, 4), find the points 
which divide AB in extreme and mean ratio, both internally 
and externally. Draw the figure and 
locate the points of division. 

By elementary geometry, P divides AB ii 
extreme and mean ratio ii 

AP:PB = FB:AB. 
The abscissa of P in. b) is found by noting that 
^ 1 P 1 :P 1 B 1 = P 1 JB 1 :J l B l , and that A,P, = a- 2, P,B, = 8- a, and 
J 1 1 B | = 8 — 2. Similarly tlie ultimate 6 can lie found. The two routs; of 
the quadratic equation in a are the abscissas for both the internal and 
external points of division, only the former being shown in this figure, 

51. Given the points A (— 3, — 8) and B(3, — 2), find the 
points Pj(l, b) and P s (c, r?) which divide AB internally and 
externally in the same ratio. 

52. The vertices of a triangle are A (— 6, — 2), II (6, — 5), 
and C(2, —8), and the bisector of angle C meets AB at D. 
Find Z>. 

Recall the fact that tin; bisector of an interior an.de divides the oppo- 
s-, j c l ■. side into parts proportional i.n Hie othur two sides. 

53- In Ex. 52 find the point in which the bisector of the 
exterior angle at C meets AB, 

Given A(l, —3) andi!(4 f l),fiud all points I' meeting the 
following condition*, drawing tin: enniplete figure in each case; 

54. 7 J (3, k), given that AP is perpendicular to PB. 

55. P(5, k), given that AP is perpendicular to PB. 
Explain any peculiar feature that is found in (.'Ounecdon with Ex. 65. 

56. P(2, k), given that angle APB = 45". 

57. P(k, 10), given that angle APB = 45°. 

Explain any peculiar feature that is found in connection with Ex. 57, 

58. P(a, a), given that angle APB = 45°. 

59. P(a, b), given that AP = PB and the slope of OP is 1. 

60. P (a, b), given that OP = 5 and the slope of OP is 2. 



,Google 
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61. Given that AP = PB, AP is perpendicular to PB, A is 
(2, 3), and B is (— 3, — 2), find the coordinates of P. 

62. The mid point of the hypotenuse of a right triangle ia 
equidistant from the three vertices. 

This theorem, familiar from elementary geom- 
etry, makes no mention of axes. We, therefore, 
choose the most, convenient axes, which, in this 
case, arc those; whieb lie along OA and OB. From 
the eoordinat.es of A(n, 0) and of Jjf (0, !>), we can 
find those of Jtf and the three distances referred to i 

63. In any triangle ABC the line joining 
the mid points of AB and AC ia parallel to 
BC and is equal to \BC. 

Tin' uinii-jli' may tie- regarded as given by the 
coordinates of the vertices. 

64. Using oblique axes, prove from this iigure chat the diag- 
onals of a parallelogram bisect each other. 

In proving this familial theorem by analytic '°>"V "/(■.•) 

geometry it is convenient- to use oblique axes as 
shown by the figure. Show that the diagonals have 
the same mid point. 

65. The lines joining in succession the mid points of the s:' 
of any quadrilateral form a. parallelogram. 

66. Using rectangular axes as shown 
in this figure, prove that the diagonals 
of a parallelogram bisect each other. ol PJJT) 

67. The diagonals of a rhombus arc perpendicular to each 

Since we have not yet studied the slope of a line with respect to 

oblique axe. 1 !, we ebouse reel.ang'chi.r axes inr this cast. We may use the 
figure of Ex. (Hi, making OP equal to OQ. Assuming that the coordinates 
of Q are a and ft, what- are the coordinates of P and II '! 

68. The vertices of a triangle are A (0, 0), B(i, 8), and 
C (6, — 4). If M divides A B in the ratio 3 : 1, and P is a point 
on AC such that the area of the triangle APM is half the area 
of ACB, in what ratio does P divide AC ? 
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CHAPTER III 
LOCI AND THEIR EQUATIONS 

32. Locus and its Equation. In Chapter I we represented 
certain geometric loci algebraically by means of equations. 

For example, we saw that the coordinates 
of the point P(x, y), as this point moves on >*H— i»/VB.lfJ 

a cirulo of radius r uml with center at the 
origin, satisfies the equation j\ i + y* = r i . This 
is, therefore, the t'i[iu«.ioi) oi such a circle. 

In this connection two fundamental 
problems were stated on page 9: I 

1. Given tlii>. equation of a graph, to draw the graph. 

2. Given a graph, to find its equation. 

It is the purpose of this chapter to consider some of the 
simpler methods of dealing with these two problem*. 

We have already described on pages 10-14 a method of dealing 
with the first of the problems ; but this method, when used alone, 
is often very laborious. 

33. Geometric Locus. In elementary geometry the locus 
of a point is often defined as the path through which the 
point moves in accordance with certain given geometric 
conditions. It is quite as satisfactory, however, to disregard 
the idea of motion and to define a locus as a set of points 
which satisfy certain given conditions. 

Thus, when we say that a locus of a point is given, we mean that 
the conditions which are satisfied by the points of a certain set are 
given, or that we know the conditions under which the point moves. 
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34. Equation of the Line through Two Points. The method 
of finding the equation of the straight line through two 
given points is easily understood from the special case 
of the line through the points A(2, -3) and B(i, 2). 

If P(x, y} is any point on the line, it is evident that 
the slope of AP is the same as the slope of AB. Hence, 

b7§21 ' ^+3 5. - <*<"> 

x-2 2' 



tBf-Lil, 

fP(x,y) 

W>, -■,) 



that is, Sy-6s+16 = 0. 

If P(x, y) is not on the line, the slope of AP is not the 
same as the slope of AB, and tins equation is not true. 

This equation, being true for all points P (x, y) on the 
line and for no other points, is the equation of the line. 

It should b« observed chat the equation is true for all points on 
the unlimited straight line thvmigh A ami B ;:ti.d i.iot merely for all 
points on the segment AB. 

35. Equation of a Line Parallel to an Axis. Let the 

straight line AB be parallel to the y axis and 5 units to 
the right. As the point P (x, y) moves along AB, y varies, 
but x is always equal to 5. The equation x = 5, being 
true for all points on AB and 
for no other points, is the equa- 
tion of the line. 

Similarly, the equation of the 
line CD, parallel to the y axis 
and 2 units to the left, is x—~- 2. 

Similarly, the equation of the line EF, parallel to the 
x axis and 3 units above, is y = 3. 

In general, the equation of the line parallel to the y axis 
and a units from it is x = a, and the equation of the line 
parallel to the x axis and b units from it is y = b. 
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EQUATIONS OF STRAIGHT LINES 35 

Exercise 11. Equations of Straight Lines 

1. Find the equation of the lino which passes through 
(4,-1) and (-2,2). 

2. Given the triangle with vertices (4, - 2), (- 2, - 3), 
and (2, 4), find the equations of the sides. 

3. In Ex. 2 find the equations of the medians, and show 
that these equations have a common solution. What inference 
may be drawn .from the fact of the common solution V 

4. Find the equation of the line through (3, 1) and 
(—2, —9), and show that the line passes through C(5, 5). 

Show that the coordinate!* of !'■' .--.'.IM'y ',-lie <si|ij»tion of the- line, 

5. Find the equation of the line through (3, 3) and (— 2, 4) 
and that of the line through (1, 1) and (5, — 1), and show 
that (— 7, 5) is on both lines. 

Find- thi equation.* of I hi', linex throw/h /he J'oll.owui// pot nix : 

6. (3, 1) and (- 2, a). 8. (- 1, - 2) and (- 2, - 4). 

7. (2, 4 a) and (1, 2 a). 9. (a, b) and (c, d). 

10. Find the equation of the line which passes through 
A. (3, — 2) and has the slope | . 

The condition under ivliiuli 7'(j\ ;/) moves is i.lial, the slope of AP is §. 

Find the equation* of thi: li>u>$ tkroinjh t.lw. following points 
and parallel to the x axis .' 

11.(4,-2). 12.(4,7). 13. (a, 0). 14. (-a,-6). 

Find the equation* of the li.ii.ex thro>igh the following points 
and parallel to the y axis : 

15. (2, -1). 16. (6, 0). 17. (0,m). 18. {-p, -q). 

19. The equation of the x axis is y = 0. 

20. Find the equation of the y axis. 

21. The points (1, 1), (2, 0), (0, 2) lie on a straight line. 
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36. Equation of a Circle. The general equation of the 
circle with a given center and a given radius ia easily 
deduced after considering si special case. 

Let C(2, 3) he the center and 7 the radius of a given 
circle. Then if l'(x, y~) is any point on the circle, we have 

CP=7, 
whence (x - 2) 2 + (y - 3) 2 - 
and aP + y 2 — ix — &y = 

which is true for all points (x, 
on the circle and for no other points. 
In general, if C (a, 6) is the center 
and r the radius of any circle in the 
plane, and if l*(x, y) is any point on the circle, the equa- 
tion of the circle may be found from the fact that 
CP = r. 
Hence -J(x-af+(y -hf = r; § 17 

that is, (x — of + (y— b) 2 = r\ 

or jc 3 + j/ e — 2 ax — 2 by + c = 0, 

where e stands for a 2 + h 2 — r\ 

The form of this equation should Ik; kept in mind so as to be 
instantly recognized in. the subsequent work. The equation has 
terms in ?}, if, x, y, and a constant term, and the coefficients of x'* 
and j 2 are equal and have the same sign. In special cases any or 
all of the numbers a, b, and c may be 0. 

For example, x*+ if— 6x+ 8?/ = 11 represents the circle with 
center (3, — 4) and radius (i, since the equation may be written 

z a -u:c + 9 + i/ 2 + 8y + 16 =11+ +16, 
or (z-8)3+ (j + 4)* = 38. 

In particular, the equation of the circle with center (0, 0) 
and radius r is a , „ a _ r a 

We shall study circles and their equations further in Chapter V. 
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EQUATIONS OF CIRCLES 37 

Exercise 12. Equations of Circles 

Draw the follow u>u cirelm and Jim I, tin; eqv.at.ion of each: 

1. Center (4, 3), tangent, to the x axis. 

2. Center (— 5, 0), tangent to the y axis. 

3. Through (0, — 8), tangent to the x axis at the origin. 

4. Tangent to OY and to the lines y — 2 and y ~ 6. 

5. Tangent to the lines x = — 1, aJ = 5, and y = — 2. 
8. Through A(- 6, 0), B(f), - 8), and 0(0, 0). 

NnU'.'ii Ihn-t. AH is a eluisiiiitti]- of tlit! ciralc. 

7. Find the equation of the circle "with center (2, —2) 
and radius 13; draw the circle; locate the points (— 3, 10), 
(14, 3), (3, 10), (2, 11), and (2, -15); and y| 
determine through which of these points the 
circle passes. 

8. Find the equation of the circle inscribed 
in the square shewn at the right. 0\ x 

9. Find the equation of the circle ciivii'.nscribed about the 
square shown in the figure above. 

10. Find the equation of the circle inscribed in 
the regular hexagon here shown. 

11. Find the equation of the circle circum- 
scribed about the regular hexagon in Ex. 10. 

Find the center and the radius of each of the circles repre- 
sented by the foUotviiiy e'/U.alwns, and draw each circle: 

12. x' + y' 1 - 2x- Gy = 15. 15. x 3 -j- y* = &x, 

13. a? + f + 6x + 3y = l. 16. a? + y 3 + 2 x - 4 y = 20. 

14. 2a?-r-2i/ , -4a;+10y=21. 17. ■£■ + f = 6 y + 16. 

18. On the circle ar*-|-i/ a — 6 # + 22/ = 7 find each point 
whose ordinate is 3, and find each point in which the circle 
cuts the x axis. 
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37. Equations of Other Loci. The method set forth in 
§§ 34 — 36 enables us to rind the equations of many other 
important curves. For example, 
eonside.t the ease of the locus of a 
point which moves so that its dis- 
tance from the point (4, 0) is equal 
to its distance from the y axis. 

This being a locus not thus far 
considered, we shall not attempt to draw it in advance, 
but shall first take any point P(x, y) which satisfies the 
given condition „„ _ ~p 

Expressing FP in terms of x and y (§ 17), and remem- 
bering that QP is x, the abscissa of P, we have 



whence y 1 — 8 x + 16 >= 0, 

which is the required equation. 

Assigning values to y, we have: 



When y = 





±1 


±2 


± 3 


±4 


then x= 


a 


2J 


H 


H 


4 



Plotting these points and connecting them by a smooth 
curve, we have the locus here shown. 

38. General Directions. The above method of finding the 
equation of a given locus may be stated briefly as follows: 

1. Draw the axes, and denote. by J'(x, y) any point which 
satisfies the given ijeomdrk condition. 

2. Write the given eondi/ioti in the form of an equation. 

3. Write this expiation in terms of x and </, and simplify 
the result. 
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Exercise 13. Equations of Other Loci 

Find the equation- of the lor no, of the point 1' and draw the 
locus, given that P mones subject to the folio-wing conditions: 

1. The sum of the squares of its distances from (3, 0) and 
(- 3, 0) is 68. 

2. The sum of the squares of its distances from (2, —1) and 
(- 4, 5) is 86. 

3. Its distance from ((I, 0) is squid to its distance from OX, 
The resulting equation sliouM be cleared irf radicals. 

4. Its distance from (8, 2) is twice its distance from (4, 1). 

5. Its distance from (3. 0) is 1. less than its distance from 
the axis Y. 

6. Its distance from (— 1, 0) is equal to its distance from 
the line x — 5. 

7. Its distance from OX exceeds its distance from the point 

C-i,i)byi- 

8. The angle APB = 45°, where A is the point (4, — 1) 
and B is the point (— 2, 3). 

9. The angle APB = 135°, A and B being as in Ex. 8. 

10. Tan APB = J-, where A is (S, 3) and B is (- 1, 7). 

11. Area PAB = area PQE, where A is (2, 5), B is (2, 1), 
Q is (3, 0), and R is (5, 3). 

12. Its distance from A (4, 0) is equal to 0.8 of its distance 
from the line x = 6.25. 

13. The sum. of its distances from A (4, 0) and B ( - 4, 0) is 10. 

14. Its distance from A (5, 0) is -| its distance from the 
line x = 3.2. 

15. The difference of its distances from (f>, 0) and (— 5, 0) is 8. 

16. The product of its distances from the axes is 10. 

17. The sum of tlie squares of its distances from (0, 0), 
(4, 0), and (2, 3) is 41. 
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Find the equation of the lo/.-us of the point P under the 
conditions of Exs. 18-21 : 

18. The distance of P from the line y — 3 is equal to the 
distance of P from the point (0, — 3). 

19. The sum of the distances of P from the sides of a 
square is constant, the axes passing through the center of 
the square and Swing parallel to the sides. 

20- The sum of the squares of the distances of P from the 
sides of a square is constant, the axes being as in Ex. 19. 

21. A moving ordinate of the circle x 2 + if — 36 is always 
bisected by P. 

22. The rod AB in the figure is 4 ft. long, has a knob (P) 1 ft. 
from A, and slides with its ends on OX and OY respectively. 
Find the equation of the locus of P. 

From the conditions of t-lie problem P moves 
so that OK-.KA = 3:1. 

23. In Ex. 22 find the equation of the 
locus of the mid point of the rod AB, and 
draw the locus. 

24. If every point P of the plane is attracted towards 
0(0, 0) with a force equal to 10/ OP 2 , and towards -4(12, 0) 
with a force equal to 5/ A l'\ find the equation of the locus of 
all points P which are equally attracted towards O and A, and 
draw this locus. 

25. If a certain spiral spring G in. long, attached at ,1(8, 0), 
is extended e inches to P, the pull at P is 5 e pounds. A 3-inch 
spring of like strength being attached at P> (— 2, 0), it is required 
to find the equation of the locus of all points in the plane at 
which the pull from A is twice that from B. 

The pull along PA is not Jive times the number of inches in PA, but 
only five times the exco*; of this leni!:b over in., the original length of 
spring. It is assumed that the; coovdmiitaK s.ve nicflsuivd in inches. 

Similarly, the pull iiloiifr Pli i.s five times l.he exces-i of the length of 
PB ovor 3 in. 
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39. Graph of an Equation. We shall now consider the 
other fundamental problem of analytic geometry, given on 
pages 9 and 33: Given an r^nati.-m. In draw its graph. 

Although simple methods for solving this problem have already 
been given, certain other si ingestions eoneer.nbig it will be helpful. 

40. Equations already Considered. We have already con- 
sidered a few equations of the hrst degree, ;md have inferred 
that Ax-\-By + C= represents a straight line. 

We have also shown («; 36) that the equation 



represents the circle of center (V*, !>') 'and radius V« a -j- b % — c. 

41. Other Equations. As shown on page 10, in the 
case of other equations any desired number of points of 
the graph may he found by assigning values to either of 
the coordinates, x or y, and computing the corresponding 
values of the other. 

The closer together the points of a graph are taken, the 
more trustworthy is our conception of the form of the 
graph. If too few points are taken, 
there is danger of being misled. 

For example, consider the equation 

12 y = 12 x* - 25 z» -15 3? + 34 x + 24. 



When x = 


-1 





1 


2 


then y = 


1 


2 


2.5 


2 





1 1' 


-', 


1" *"""" 






A 












-/ w, ■ "- 




C 




-j- 


II II 



If we locate only A, Ji, C, J) in tlu- figure above, the heavy line 
might be thought to be the graph ; but if we add the sIk points in 

the table below. Die graph is seen to be more like ihe dotted line. 



1 When x = 


-1.2 


-0.7 


-0.8 


0.8 1 1.7 


2.2 


j then , - 


2.47 


II-3G 


1.10 


2.93 1.32 


3.43 
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42. Examination of the Equation. Since the tentative 
process of locating the points of the graph of an equation 
is often laborious, we seek to simplify it in difficult cases 
by an examination of the equation itself. For example, 

taking the equation 

9 a? +25 1^=225, 

we have 

y =■= ± |V25 - x 3 , 

from which the following 
facts are evident: 

1. The variable x may have any value from — 5 to 5 
inclusive ; but if x<— 5 or if £>5, y is imaginary. 

2. To every value of x there correspond two values of 
y, numerically equal but of opposite sign. It is evident 
that the graph is symmetric with respect to the x axis. 

3. Two values of x, equal numerically but of opposite 
sign, give values of y that are equal. It is therefore evi- 
dent that the graph is symmetric with respect to the y axis, 

For example, if x ~ 2 or if x = - 2, we have y = ± gV21. We 
may therefore locate point.!! to l.lio ri^lit of \,W. ;y axis and merely 

duplicate them to the left, 

4. As x increases numerically from to 5, y decreases 
numerically from 3 to 0. 

From this examination of the equation we see that it is 
necessary to locate the points merely in the first quadrant, 
draw the graph in that quadrant, and duplicate this in 
the other quadrants, For the first quadrant we have: 



When x = 





l 2 


3 


4 


5 


then ■ y = 


3 


2.9 


2.7 


2.4 


1.8 
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43. Symmetry. Tlie notion of symmetry is familiar from 
elementary geometry, and. therefore the term was freely 
employed in § 42. We shall, however, use the word fre- 
quently as we proceed, and hence it is necessary to define 
it and to consider certain properties of symmetry. 

Two points are said to be symmetric with respect to a 
line if the line is the perpendicular bisector of the line 
segment which joins the two points. y 

For example, P (x, y) and P\x, - y) f—~S «Z^\« 

hi Uus figure are symmetric with ruspisct j _ x ^-"v !' 

to ox. h^ 5 -*[* 

Two points are said to be »ym~ j^T i- 

metric with respect to a point if this 
point bisects the line segment which joins the two points, 

Thns,P(x, #)andP'"(— x, — y) in the figure abore are symmetric 

with respect to the origin 0. 

A graph is said to be symmetric with respect to a line 
if all points on the graph occur in pairs symmetric with 
respect to the line ; and a graph is said to be symmetric 
with respect to a point if all points on the graph occur in 
pairs symmetries with respect to the point. 

The following theorems are easily deduced: 

1. If an equation rem<uns itiieliauge.d when y is replaced 
by — y, the graph of the equation is symmetric with respect 
to the x axis. 

For if (x, y) is any point on the graph, so is (x, — y). 

2. If an equation remain* n,i,:/i,i,iged when x is replaced 
by — x, the graph of the equal ion i-s syiinndric leith respect 
to the y axis. 

3. If an equation remain* itticJuiut/al when x and y are 
replaced by — x and — y respectively, the graph of the equation 
is symmetric ivith res-pent to the origin. 
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44. Interval. On page 42, in studying the graph of the 
equation $a? + 25 if = 225, we suggested considering the 
values of x in three sets of numbers: (1) from — oo to 
— 5, (2) from — 5 to 5, and (3) from 5 to oo. 

The set of all real numbers from one number a to a 
larger number b is called the hijeyral from a to b. 

The notation a 5= x ^ b means that x is equal to or greater 
than a, and is equal to or less than b ; that is, it means 
that x may have any value in the interval from a to 6, 
inclusive of a and b. 

The notation a < x < b means that x may have any value 
in the interval from a to 6, exclusive of a and b. 

In examining a quadratic equation for the purpose of 
determining the intervals of values of x for which y is real, 
we are often aided by solving the equation for y in terms 
of x, factoring expressions under radicals if [ 

For example, (Yum tin; i'i:iL;itioii 

f - 2 re 3 + 12 x - 10 = 



we have y = ± V2 (a - 1) (s - 5). 

If -»Si<1, both x — 1 and a- — 5 are negative, ami ?/is real. 
If 1<j:<0, then £ — 1 is positive, :*.- — 5 negative, and y imaginary. 
If ~><x ^ '», both re — 1 and x — 5 are positive, tuid // is real. 

45. Intercepts. The abscissas of the points in which a 
graph cuts the a: axis arc called the x intereepAs of the graph. 

The ordinates of the points in which a graph cuts the 
y axis are called the y intercepts of the graph. 

Since the ordinate of every point on the x axis is and 
the abscissa of every point on the y axis is 0, 

To calculate the x intercept* of the graph of an equation, 
put for y and solve for x. 

To calculate ike y intercepts of the graph of an equation, 
put for x and solve for y. 
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INTERVALS AND INTEIiCKPTS 
Exercise 14. Graphs of Equations 

i the following equations as to intercepts, 
the x intervals for which y is real, and the x intervals for 

which if h imaginary, and draw the graph/;: 



1. f - 2 x 3 + 12 a; =10, 


12. 8k 3 — I/ 2 - 8 = 0. 


3. f+Sx+16^0. 


13. ^ + 9^ = 9. 


3. 8if — x s = 0. 


14. a 2 -y 2 -8 = 0. 


i. 4 ^-9 a;' = 27 a -90. 


15. ^-^-8 = 0. 


5. 4^ + 9^-36 = 0, 

6. 4a! a -9i/ 9 -36= 0. 


16. 4 ^ + 9 ;/ = 72. 

17. 4a; a + 3j/ 1! =16a;-12. 


7, 9^ + 4^-36 = 0. 


18. (y - ?>y = X* - x -12. 


8. 3<E=6-4y* 

9, j/ a + 9a a -9 = 0. 


19. y*=(x-l)(x-3)(x-i). 

20. tf = 2-j» +10^-28^. 


10. a; 2 + 4 ?/ 2 - 6 x = 16. 


21. 9/ = 4. K (8-2x-a: 2 ). 


11. 3ar 1 -56a: + 240 = 2/ s . 


22. ^=(^-l)(^-3) 2 . 


In Ex. 9 write j* =±V-9:t' J + 9 = ± 3 V- (i + 1>(»- 1). 


In Ex. 11 write j/ = ±V3;e a — 

=>±V8(x-V-)C«-i«)- 

In Ex. 14 write y = ± Vs 11 - 3 


66a: + 240= ±V(8a;-20)(aj-l!i) 

= ±VCx + V8)V-V8). 



Examine the. f>Uoieing e.qv.ationa as ahuve, arranging each 
an a quadratic in y and -imruj the quadratic for 'inula .* 
23. te s - 2x?/ + 2?/ 2 + 6a- %y + 2= 0. 
As a quadratic in y we have 2i/ a — 21V + i)y + x- + Gx -f 2 = 0. 
Using the qu a i Initio, ffiv:nula an jviveti in tho Supplement, on page 281 i 



g(x + 4)±V4(a + 4)'-a(ai'+6g + 2) 



:c + 4 ± V- m- + 'J) IV ■ 



-4^ + 6a: + 8//+l= 0. 
~ if — 4a — 6y — 5 = 0. 
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Examine each of the follow my equation.* with respect to 
intercepts and symmetry, solan fur x in terms of y, determine 
the y intervals fur which x is real or inwyiiutry, assign values 
to y, and draw the graph : 



i. Sn. 


= 6 


— if. 




29. 


4(z- + !/") = 


■'f- 


1. y'- 


x<- 


-iy = 0. 




30. 


3z- + 2<f- 


■2>,=12. 


1- (!/- 


-*y 


! =8y-16. 




31. 


ix' + n,/ 


= <f + 10. 


l Ex. 29 


the 


point (0, 0) is 


called 


in ixnktted point, of tho graph. 



32. A rectangle 1 - in insciTix d in ;s circle of radius 12. If one 
side of the rectangle is 2 a:, fiiul the area A of the rectangle in 
terms of x, plot the graph of the equation in A and a;, and 
estimate the, value of x whirl: gives the greatest value of A. 

33. In Ex. 32 express the perimeter /' in terms of a?, draw 
the graph of tins equation in /'and x, and estimate the value 
of x which, gives the least value of /'. 

34. Consider Ex. 32 for a rectangle- inscribed in a semicircle. 

35. Find by a graph the volume of the greatest cylinder 
that can be inscribed in a sphere of radius 10 in. 

36. In this figure A and B are two towns, AQ is a straight 
river, BQ is perpendicular to A Q,A Q = 8 mi., 
and BQ = 5 ini. A pumping station P is to 
be built on the river to supply both towns 
with water. Express in terms of x the total 
cost C of laying the pipes at SGOO a mile 
for AP and $1000 a mile for PB, plot the equation, and 
estimate the most economical position for the pumping station. 

37. Two sources of heat, A and B, are 10 ft. apart, and A 
gives out twice as much heat as B. If P is on the line AB and 
is x feet from A and x' feet from B, and receives 50/av 1 units of 
heat from A and 25 /V s units of heat from 7J, express the total 
number H of units of heat received by P from both A and 75, 
draw the graph of the equation, and find the coolest position 
for /' between A and B. 
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46. Asymptote. If P is a point on the curve C and PA 
is perpendicular to the line I, then if PA—*- when P moves 
indefinitely far out on C, the line I is sail" 
to be an asymptote of the curve. 

The notation PA — *-0, which was used i: 
the- definition above, ami for v. Inch the notation l-^ 
PA = is also soiiu.'t.hiies used, is read, ' 
approaches zero as a limit." In general, x — y a means "x approaches 
a as a limit"; but x — »-cc means " x increases without limit." 

At present we shall consider only those asymptotes which are 
parallel to the y axis or x axis, calling them respectively vertical 
asymptotes and hirh/minl /ifipitplotes. Methods of dealing with other 
asymptotes are given in the calculus. 

An asymptote is often a valuable guide in drawing a curve. 

47. Vertical Asymptote. The advantage of considering 
the vertical asymptote in certain cases may be seen in 
examining the equation xy — 2x — 4 y + 10 = 0. Solving 
for y, we have 2 r — 10 

with respect to which the following 
observations are important: 

1. When x < 4, let x approach 4 as a 
limit; 2x~ 10 ^negative and approaches 
— 2 as a limit, and x — 4 is negative ami approaches as a 
limit. Hence y is positive and increases without limit. 

Drawing the vertical line x — i, wo see that the graph approaches 
the line .•: - - -i as an lis) 1 1 | ■ ; . ■ ' ■ ■ . 

2. When x > 4, let x approach 4 as a limit ; 2 x — 10 
approaches — 2 as a limit, and x — 4 is positive and 
approaches as a limit. Hence y is negative and decreases 

without limit. 

We see that as the graph approaches the line x = i it runs from 
the left upward toward the line, and runs from the right downward. 



Y 


J 


I 
y=2 








O 




{ X 
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48. Horizontal Asymptote. Taking the equation of § 47, 
we shall now consider the graph as it extends indeiinitely 
to the right ; that is, as x increases without limit. 

As x increases without limit the numerator 2a- — 10 and 
the denominator x — 4 both increase without limit and the 
value of y appears uncertain : but if we divide both terms 
by x, wc have 



from which it is evident that as x increases without limit 
lQ/x-*-Q, and 4/z-»-0, and hence y->2. 

Similarly, when x — ► — go, that is, when x decreases 
without limit, y — *■ 2. 

Therefore, the graph approaches, both to the right and 
to the left, the line y~ 2 as an asymptote. 

49. Value of a Fraction of the Form ■£. It is often 
necessary to consider the value of a fraction the terms of 
which are both infinite. Such a ca.se was found in § 48, and 
most cases may be treated in the manner there shown. 

For example, the fraction (3 a- 3 — 2)/(2a?— x+f) takes 
the form oo/ao when a;— »-ao. But we may divide both terms 
of the fraction by the highest power of x in either term, 
and (jix 2 — 2)/(2z 2 — rc + 1) then becomes 



This fraction evidently 
increases without limit, 



ippfoaehe 
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50. Finding the Vertical and Horizontal Asymptotes. In 
order to find the vertical and horizontal asymptotes of a 
curve, we first solve the equation for y. If the result is 
a rational fraction in lowest terms, as in § 47, we see that 

To every factor x — a of the denominator there corresponds 
the vertical asymptote x = a of the graph. 

We also see from § 48 that 

To every value a! which y approaches an a limit as % 
increases or decreases with/rut limit there corresponds the 
horizontal asymptote y — a' of the graph. 

For example, in the equation 



* x* - 2 x - 15 

the factors of the denominator are x + 3 and x — 5, and hence the 
lilies a:=— 3 and x = f> art yert.irisl si.-iyin f_jt.(.it c:n ; and as x — *-to or 

as x — *■ — «> we sen that >/ — '*- 4 , from which it follows that the line 
y = i is a horizontal asymptote. 

Certain, other types of equation to which these methods do not 
apply, such as y = tan x, y — log x, and y = a r ; will be considered in 
Chapter XII on Higher Plane Curves. 

51. Examination of an Equation. We are now prepared 
to summarize the steps to be taken hi the examination of 
an equation under the following important heads: 

1. Intercepts. 

2. Symmetry with respect to points or lines, 

3. Intervals of values of one variable for which the 
other is real or imaginary. 

4. Asymptotes. 

This examination is best illustrated by taking two 
typical equations, as in § 52. 

Other methods of exmuiuiug equations arc given in the calculus. 
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52. Illustrative Examples. 1. Examine the equation 
y = —j — r-p— > and draw the graph. 

1. When y = 0, then 4 ^ - 12 z - 16 = 0, andz =- lor 4, the two 

j; intercepts. When x = 0, then ?/ = 1.1 — , the 1/ intercept 

2. The graph is not. sytu metric with respect to OA', OF, or 0. 

3. As to intervals, y is mul for all real values of ,c, 

4. As to asymptotes, the vertical ones arc k =— 8 and x = 5 ; the 
horizontal one is i/ — t, as was found in § 50. 

We may now locate certain [mints suggested hy the above discus- 
sion and draw the graph. 

Convenient values for x are — 8, — 8.5, — 2.5, 2, 4.5, 5.5, and 10, 

The two values of x near — 3 and the two near 5 enable us to 

notice the graph's approach to the verticil asymptotes, while the 

values — 8 and 10 suggest the approach to the horizontal asymptote. 

4 (t 4- IV x 41 

In computing the values of y, notice that >/ = ■ ' : ] " _ ■ 

Then, for example, when x <=~ 2.5, we have <■* + °X X ~ °> 

J K-VO & 

1. kxiimiiie t.lic miuihun y== ~- ~" 

+ 3)^-5) 

1. The second menihcrheing the same as in E\". 1, the re intercepts 
are —1 and 4. The y intercepts are easily found to he ±1.03. 

2. The graph is symmetric with respect to OX. 

o. As to intervals, when the sign of the fraction, which depends 
upon four factors, is negative, then y- is negative and hence y is 
imaginary. Let us follow x through the successive intervals deter- 
mined by — 3, — 1, 4, 5, thus ; 

When — co < x < — o, all four factors arc negative : hence */ is real. 

When — 3<«< — 1, the factors x + 1, x — 4, and x — 5 are 
negative, hut x + 3 is positive ; hence y is imaginary. 

The student should continue the discussion of intervals. 

4. The vertical asymptotes are x = — 3, x = 5 ; and since y 2 — >4 
when x— *-ot or — to , the horizontal asympi.ol.es are y — 2, y = — 2. 

Wo may now loeaK: certain points and draw the graph. 
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53. Limitations of the Method. The method of finding 
intervals and asymptotes described in this chapter is evi- 
dently limited to equations whose terms are positive inte- 
gral powers 01 x and y, products of such powers, and 
constants. Moreover, the requirement that the equation 
be solved for one of the variables x and y in terms of 
the other is a simple one when the equation is of the 
first or second degree with respect to cither of these 
variables, but it becomes difficult or impossible of ful- 
fillment in the ease of most equations of higher degrees. 

Exercise 15. Graphs of Equations 

Th-a-muw, lite foil 'mo mi] eifWithm-i mid draw the. i/raplis : 



xy = 6. 


10. xfy + y = 10. 


xy = — 6. 


11. (af + </) (« + !) = 12a?. 


3xy = Gy + x. 


12. ,/lf + x) = -if. 


3xy = Qy + 2.T.-8. 


13. f(3 + x)=x\3-x). 


2!, + 16 = zj. 


14. j>-4)-rf(»-8) = < 


xy- 1y = * a -16. 


15. *■(>+- 8) + j> = 0. 


3a? — xy — &x + y = 


.7. 16. »V = ji" + s ". 


*t . 


, 9(^-2«-S) 



18. 



"' '' rf + 1 3 a + 4 ■' 2^-7^-4 

19. ,4 and B are two centers of magnetic ;il,tvuction 10 units 
apart, and P is any point of the line AB. P is attracted by the 
center A with a force P\ equal to 12/ A P 1 , 

and by the center B with a force I<\ equal ~J g — p~" 

to lH/BP 3 . Letting x = AP, express in 

terms of x the sum s of the two forces, and draw a graph 

showing the variation of s for all values of x. 
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54. Degenerate Equation. It occasionally happens that 
when all the terms of an equation are transposed to the 
left member that member is factorable. In this case the 
equation is called a degenemte. equation. 

It is evident that the product of two or more factors 
can be only if one or more of the factora are 0, and 
that any pair of values of x and y that makes one of the 
factors makes the product and satisfies the equa- 
tion. It is therefore evident that all points (x, y) whose 
coordinates satisfy such an equation are precisely all the 
points whose coordinates make one or more factors 0. In 
other words, 

The graph of a degenerate equation wiixix/s of the graphs 
of the several equations obtained /<;>/ piicring equal to the 
several factors thai contain either a; or p, or both x and y. 

"For oral n Jili" 1 , the- graph of the equation :r' J — xy — 3 y + ?> x = 0, 
which may be written (x — y~) (x + 3) ~ 0, consists of the two hues 
x - y = and x + 3 = 0. 

Exercise 16. Degenerate Equations 
Draw the graph* of the fMo-mng equations : 
1- (»-y)(y-8)-ft 5. y* + y*-12y = 0. 

2. a? = xy. 6. (x - if = ($ + 2) a . 

3. x s + xy = 0. 7. (a - yf = 9. 

9. If we divide both members of the cubic equation 
(x — y)(a? — 6) = (^ — y)x by x — y, we have the equation 

■x? — = x. How do the graphs of the two equations differ '? 

10. Show thav the graph of the equation xy = consists of 
the x axLs and the y axis. 

11. Draw the graph of the equation (ur a 4- y*f — 9 x* = 9 tf. 
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55. Intersections of Graphs. The complete solution of 

two simultaneous equations in x and y gives all pairs of 
values of the unknowns that satisfy both equations. More- 
over, every pair of valnes of x anil y that satisfies both 
equations locates a point of the graph of each equation. 
Hence we have the following rule : 

To find the points of interaction of the graphs of two 

equations, consider the equations an mnulianeous and solve 
for x and y. 

If any one of tlio pairs of values of x anil y has either x or y 

imaginary, there is no coiTtispinnling real point, of intersection. In 

such a case, however, it is often convenient to speak of (x, y) as an 

imwj'mury point of intctveelion. 

Exercise 17. Intersections of Graphs 

Draw the graphs for each of the following pairs of equa- 
tions and find their points of intersection: 

1. 2x-y = 8 4. ? / 3 = 12i« 

x + y = l 2y+x=2 

2. :$x-2t/ = 4 5. f = ix 
2x + 5y = 9 s? = \y 

3. x 3 + v 2 ■= 25 6. X s + f = 16 

x + y = l rf + if-ix = 12 

7. By finding the points of intersection, show that the line 
through (0, 5) i.uul (3, 9) is tangent to I. lie circle a? + y* = 0. 

Consider the following pram of equations with respect to 
the tanyency of their graphs: 

B. 4 x + 5 y = 41 9. 5 y + Sx = 14 

x* + if = 41 2xy + x-y=$ 

10. Find the points of intersection of the circles a: 2 + i/ 2 —16 
and a? +■ -if — 2 x — 2 y — 14. 
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56. Variable and Constant. A quantity wliicli is regarded 
as changing in value is called a variable. A quantity 
winch is regarded as fixed in value is called a constant. 

Frequently a symbol such as a, used to represent a con- 
stant, is free to represent any constant whatever, in which 
case it is called an arbitrary comtant 

For example, the equation (x — (()" + (;/ — !>)'* = t°- represents a 
circle (§ 38) with any center (n, !•') and any radius r, and so we speak 
of (l, b, and. r as arbitrary constants ami of x ami. y as variables. 

57. Function. The student's work has already shown 
him that mathematics, pure and applied, is often concerned 
with two or more quantities which arc mutually dependent 
upon each other according to some definite law. 

For example, since .1 — nr' ! , the area, of a circle depends upon the 
radius; and, conversely, the radius maybe said to depend upon the area. 

Since the strength of a steel eable is given by the equation S = id 2 , 
where it is a constant, we see that the strength of a steel cable of 
given quality depends upon the diameter of the cable. 

Sit ico the number of heals pet- seem id ol a pendulum ( meters long 
is given approximately by the equation n--l/P, we see that the 
number of beats per second depends noon the length of the pendulum. 

Since the distance through which a body falls from rest in t seconds 
is given by the equation n = A <jP, where g is a constant, w r e see that 
the distance traversed depends upon the number of seconds of fall. 

In each of these cases, when one o£ the variables is given, the 
other is easily determined. 

If the first of two quantities depends upon the second in 
such a way as fco be determined when the second is given, 
the first quantity is called a /miction of the second. 

For example, x\ Vl — x, and a" log x are functions of x. In the 
case of A — is>", A is a function of r, and r is a function of A. 

Every equation in x and y defines a functional relation. 
For example, the equation \ x l — if — '!'• defines y as a function 
of x, for y = Vix 2 — 25. It also defines x as a function of ij. 



/Google 



FUNCTIONS 



;V> 



58. Algebraic Function. A function obtained by apply- 
ing to x one or more of the algebraic operations (addition, 
subnotion, multiplication, division, and the extraction of 
roots), a limited number of times, is called an algebraic. 

j'UI'l fit i.'JH of X. 

For example-i a- ,s , — : — > and -' a." 2 + v'T — ■''■' are algebraic func- 

, * ' x + 1 x 

tions ot x. 

59. Transcendent Function. If a function of x is not 
algebraic, it is called a transcendent function of x. 

Thug, log x and sin x arc traiisemifkiit functions of x. 

60. Important Functions. Although mathematics includes 
the study of various functions, there are certain ones, such 
as 3/ = <&e™, which art; of special importance. For example, 
in § 57 we considered three equations, A. = w?' 2 , S = kcP, and 
s—^gt 2 , all of which were of the same form, namely: 

one variable = constant X (another variable) 2 , 
or y = ex 2 . 

The most important functions which we shall study are 
aisrebraic functions of the lirst and second d 



61. Functional Relations without Equations. In making 
an experiment with a cooling thermometer the temper- 
ature t at the end of in minutes was found to be as follows : 



m = 





1 


2 


3 


4 


5 


6 


7 


8 


9 


t = 


98 


65.6 


44 


29.5 


19.4 


13.2 


8.9 


5.9 


4 


-' 



We have no equation connecting t and m; yet t is a 
function of m, the values of t being found for given 
values of m by observation. 

Such a functional relation may be represented by a 
graph in the usual manner. 
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LOCI AND THEIR EQUATIONS 



62. Functional Notation. The symbol f(x) is used to 
denote a function of x. It is read "/ of x" and should 
not be taken to mean the product of / and x. It is often 
convenient to use other letters than /. Thus we may 
have <P(x), read "phi of a;" l'X-'- : ")' J f'-( a; )' an ^ so or1. 

In a given function such as /(as) we write f(a) to 
mean the result of substituting a for a; in the function. 



For example, if /(*) - 



1/(1) = 1-1= 0,/<8) = 8g. 



Exercise 18. Functions and Graphs 

1. If f(x) = (3 - xf, find /(l), /(2), /(3), and /(4). 

2. If /(*,) = 1/(1 - y), find /(- 1), /(0), /(-I), and /(5). 

3. Draw the graph showing the relation between 2 and vi 
as given in the table in § CI, page 5.~>. 

4. From the following table draw two graphs, one showing 
the variation in per cents of population " 
2500 inhabitants, and the other that in i 



<;ities of more than 
a] communities : 



Census 


1880 


18i)0 


1900 


1010 


1020 


Cities 


23. a 


.10.1 


40.5 


4G.3 


52.3 


Rural 


70.3 


03.0 


59.5 


03.7 


47.7 



5. From the following table draw a graph showing the varia- 
tion of the time (t) of sunset corresponding to the day (d) of 
the year at a certain piaee, 4.40 meaning 4 hr. 49 mm. p.m. : 



d = 


1 


31 


01 


91 


121 


151 


181 


211 


241 


271 


301 


331 


361 


t = 


4.40 


5.20 


5.,-,;; 


0.2;) 


(1.52 


7.18 


7.20 


7.13 


G.3<J 


5.48 


5.05 


4.40 


4.45 



Can points on the graph Vic found apon innately for (J = 10? for 
= 10! f ? What kind of number must d be ? Should the graph he a 
re? How many points art! there on the entire graph? 
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Exercise 19. Review 

Show that each of the fallowing eiji-alions represents two 
straight lines and drat? the graph, of each equation : 

1. 3? - ,f = 0. 5. a? + 5 xtj + 6 f = 0. 

2. ix 3 - 9i/ s = 0. 6. y 2 - xy - 12 a? = 0. 

3. 2« 2 -9 ? / = 0. 7. 3x 3 -2xg-y a = 0. 

4. s? - G ,t:// + 8 y 2 = 0. 8.6 a? - 13 asy + ?/ 2 = 0. 

9, Two vertices of a triangle are j1 (— 4, 0) and B (4, 0). 
The third vertex P moves so that AP 1 + Itt^ = 04. Find the 
equation of the locus of P and draw the locus. 

10. The point P moves so that the slope of AP is half that 
of BP, where A is (0, 0) and P. is (0, — 6). Find the equation 
of the loeus of V and draw tins locus. 

11. Find the equation of the locus of a point which moves 
so that its distance from the y axis is equal to the square of 
its distance from (A, 0). 

12. Find the equation of the locus of a point P which moves 
so that the sum of the squares of its distances from (— 3, 0), 
(3, 0), and (0, 6) is equal to 93. Draw the loeus. 

13. Find the equation of the loeus of a point P which moves 
so that the angles APO and OPP, are equal, where O is (0, 0). 
A is (- 4, 0), and B is (2, 0). Draw the loeus. 

If tlit! angles are ■}> and 4.', then t&n# = fcan^'. 

14. Solve Ex. 13 when A is (0, - 4) and B is (0, 2). 

15. Given A(— 4, 0) and B(4, 0), find the equation of the 
locus of a point P which moves so that the angle PAB is equal 
to twice the angle PBA. "Draw the locus. 

16. The equation of the straight line which bisects the 
angles between the axes in the first and third quadrants is 
x = y, and the equation of this line which Insects the angles 
between the axes in the other two quadrants is x = — y. 
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58 LOCI AND THEIE EQUATIONS 

17. The fixed points A. and B are on OX and OY respec- 
tively, and OA = OB = 2 «. A point P moves so that the angles 
OP.4 and BPO :ii'e equal. Show that; the equation of the locus 
of P is (x — y) (x' s -+- y- — 2 ax — 2 ay) — 0, and draw the locus. 

18. The x intercept of the line y = (S — x is equal to the 
y intercept. 

19. If the x intercept of the line y == ax — 3 is half the 
y intercept, find the villus of a and draw the line. 

20. If the graph of the equation ;r- — xy + aif = 23 passes 
through the point (3, — 2), find the value of a. 

21. If the graph of the equation y —. as? + bx passes through 
the points (— 1, — 3) and (2, 18), find the values of a and b. 

22. Show that the graph of the equation y = log lfh a; 
approaches, in the negative direction, the y axis as an asymp- 
tote, and draw the graph. 

A table of loganilmi* (\}A<jf. 2S-I) may be nsi>0 fin- plotting points close 
together on this graph. Eat, if the. student will recall the well-known 
logarithms of the numbers 1, 10, 100, ■■■, and also of the numbers 0.1, 
0.01,0.001, ■■■, he will see t'ieeb;tr;ideM.)f Un? graph dearly after plotting 
a few of the corresponding points. 

23. Show that the graph of the equation y = 2 1 approaches 
the x axis as an asymptote, and draw the graph. 

24. Drawthe graph of the equation x ~ log w ?/ and compare 
it with the graph in Ex. 22. 

25. Draw the graph of the equation x = 2 ,J and compare it 
with the graph in Ex. 23. 

26. Draw carefully in one- figure the graphs of the- equations 
y — x, y = a; 2 , y — x s , and y = a; 4 , locating the points having 
x equal to 0', 0.3, 0.6, §, 1, 2, 3. Extend each graph by 
considering its symmetry. 

A large unit of measurement., ^ay 1 in., shiwlrl lie employed. 

27. Consider Ex. 20 for the. equations y — x~\ y= ar a , y=x~\ 

28. Draw the graphs of the equations y a = x* and y 1 = 3? 
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CHAPTER IV 

THE STRAIGHT LINE 

Problem. The Slope equation 

63. To find the equation of tin: dravjkl Line- 'when the dope 
and the y intercept are given. 




Solution. Let m be the given slope, b the given y inter- 
cept, and I the line determined by m and b. 
Since b is the y intercept, I cuts OY in Q(0, 5). 
Take P («, y) as any point on I. Then we have 
slope of QP = slope of I; 



that is, 
whciKJO 



-0 



<-:\ 



1 b. 



This equation is oalled tho .,-^/ia i-.i/uaiion oil the lino. 

When m = 0, then i/ = /i, and the lino is parallel to the x axis. 

When & = 0, then y = mx, and the line passes through the origin. 

When m = h — 0, then »/ = 0, and the lino coincides with the x axis. 

Since the y intercept is given, the line cuts the y axis, and the 
equation y = mx + b cannot represent a line which is perpendicular 
to the x axis. 
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60 THE STRAIGHT LINE 

Theorem, equation of any Straight Lime 

64. TJie equation of any straight line of the plane is of the 
first degree in x and y. 

Proof, Since every line of the plane with the exception 
of lines parallel to the y axis has its slope m and its 
y intercept b, its equation is y = mx+b. §655 

Every line parallel to the y axis has for its equation 
x — a, where a is the distance from the y axis. §35 

Hence in every case the equation is of the first degree. 

When we speak of a lino of the plant; we refer to the plane deter- 
mined by the axes of x and y. We shall in general use the word 
line to mean a straight lint' where no aiiiliiyuity can result. 

Exercise 20. The Slope Equation 

Given the fallowing eanditiottH relating to a straight line, 
draw the line and find its equation : 

1. The slope is 5 and the y intercept is 7. 

2. Each of the two intercepts is 10. 

3. The slope is — 4 and the point (0, 6) is on the line. 

4. The line contains (6, — 3) and the y intercept is 8. 

5. The line passes through the points (4. 2) and (0, — 2). 

6. The x intercept is — 5 and the y intercept is 3. 

7. The line passes through the points (2, 0) and (2, G). 

Write each of the following equation* in the slope form, 
draw eaeh line, and find the -slope and the two intercepts : 

8. 3 y = 6 x + 10. 10. 3 y ~ 2 x - 12 = 0. 

9. z + y=6. 11. 12- 2y = 9x. 

12. The lines 3je + 4y = 24and8j/ + 6a: = 45are parallel. 

13. The lines 2x — 5y = 2Q and 5x + 2y = — 8 intersect 
at right angles on the y axis. 
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equation of the first degree 
Theorem, equation of the First degree 

65, Every equation of the first degree in x and 
a straight line. 

Proof. Tailing A, B, and as arbitrary constants, 
Ax + By + C=0 
represents any equation of the. first degree in x and y. 

It is evident that A, B, or C, or both A and C, or both B and C, 
may be 0; but both A and B cannot bo 0, for C would then be 
and we should have only the identity = 0, 

If JJ = 0, the equation becomes Ax+C—0, or x=—C/A, 

the equation of a line parallel to the y axis. 

If B 4= 0, we may divide by B and write the equation in 
the form j q 

i = -b"-W 

which is the equation of a line with slope m = — A/B and 
y intercept 6 =-C/B. § 63 

Therefore in every ease the equation Ax + By -j- C = 
represents a straight line. 

66. Corollary 1. The dope of the line is — A[B. 

67. Corollary 2. The line pa-men through the origin 
when and only when the equation has no constant term. 

For Ax 4- By — is satisfied by tl'.e nourd'nuili's of the origin (0,0); 
but Ax + Bij + C= is not satisfied by x = 0, y = unless C = 0. 

68. Determining a Line. Although a line is determined 
by its slope and its y intercept, it is also determined by 
other conditions, as by two points, by its slope and one 
point, and so on. A few of the resulting equations of a 
line are used so frequently as to be regarded as funda- 
mental. The slope equation y ~ wx -j- b is a fundamental 
equation, and we shall now consider others. 
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62 THE STRAIGHT LINE 

Problem. The Point-Slope Equation 

69. To find the equation of Lite straight line through a given 
point and having a given slope. 




Solution. Let I\(v v ,'/i) be the given point, m the given 
slope, and I the line determined by tliem. 

Take P(x, y) as any point on I. Then we have 
slope of J'ij = slope of I; 

that is, lzJh..= m\ §21 

whence y — y 1 = m(x — xj. 

Tliis equation !s fa-IU'd 1 Lie- /■"■■ : •■■■■■'-• /■■,.■.■■ -■■■.".■■.■■'/™ of the lioe. 

Exercise 21. The Slope and Point-Slope Equations 

Find the rnler<'<-pt* and */<./"- -■;/■' '-<«;//. of ih: following linn: 
and by the aid of tla; i-nterwgU thaw each line : 
1. 6x + 5y = S0. 4. 2y+7«=-9. 

' 2. 4 x - 18 = 3 y. 5. a:-3j/-8=0. 

3. 3a; = 4 2 /-12. 6- 2y-4 + 6a = 0, 

.Draw eac/* of tkti folio-wing linen and find the slope: 

1. g = 8x. 9. 3s=7#. 11. 4m + 3?/^ 0. 

8. a; = 2 y. 10. 2 y = 5 as. 12. x -f | »/ = 0. 
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THE POINT-SLOPE EQUATION <33 

Find the equation*, of the lines subject to the following con- 
ditions, and draw each line: 

13. Through (4, — 2) and having the slope — 3. 

14. Through (— 1, 2) and parallel to the line 3 x — y — 7. 

15. Through (4, 1) and parallel to the line through the 
points (5, 2) and (4, 4). 

16. Having the slope 2 and the x intercept — 5. 

17. Having the slope m and the x intercept a. 

18. Through (3, — 2) and having the intercepts equal. 

lir!i-,',iiiii.e the. value of k, i/imi. tint!. : 

19. The line 2 x — ky = 9 passes through (— 3, 1). 
30. The slope of the line 2 kx — 7 y + 4 = is -| . 

21. The line Zx 4- ky = 3 has equal intercepts, 

22. The line y — 2 = le(x — 4) has equal intercepts, 

33. The line through the point (4, — 1) with slope k has the 
y intercept 10. 

24. Draw the line 2x — ky = 'i for the values k = 1, 2, ^, 
0, -1, -3, and -6. 

85. Find the equation of the line through (4, —2) which 
makes with the axes a triangle of area 2 square units, 

26. Temperatures on the Fahrenheit and centigrade scales 
are connected by the linear relation F—aC + b. Knowing 
that water freezes at 32° F. or 0°C., and boils at 212° E. or 
100° 0., lind the values of a and b and draw the graph. 

Should this graph «xi«jiil indefinitely in botli directions? 

27. A certain spiral spring is stretched to the lengths 3.6 in. 
and 4.4 in. by weights of S lb. and 1 2 lb. respectively. Assum- 
ing that varying weights v.: and the corresponding lengths I are 
connected by a linear relation, find rliat rdution and draw the 
graph. What is the length of the unstretched spring ? 

Should Lhin .'Hal :h (j-xti'-ail hid.runildy hi Loth directions ? 
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THE STRAIGHT LINE 



Problem. The Two-Poiht Equation 

70. To find the aquation if the straight line through two 
given points. 




""Vr! (;■.,;/,) 



Solution. Let J[C x v &i) an< * ^a(% V-i) oe the given 
points, I the given line, and P(r, if) any point on I. Then 
the equation of I is found from the usual condition that 
slope of PJJ = slope of 7JJ° ; 



thai is, 



r* 



This equation 
often written y — 



s called thu tiro-point e- 



1 of the line and i 



71. Beterminant Form of the Two-Point Equation. Stu- 
dents who are familiar with Lhc: determinant notation should 
notice that the two-point equation may conveniently be 
written in the following form : 

y l 



= 0. 



This equation, when the determinant is expanded, is 
identical with the equation of § 70 when cleared of fractions, 
as the student may easily verify, 

Without expanding the determinant the student may 
observe the effect of substituting x 1 for x, and y l for y. 
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PARALLELS AND PERPENDICULARS 65 

72. Parallel Liaes. Since two lines are parallel if they 
have the same slope, the equations ■//^■mx + bim(\y=m'x+b' 
represent parallel linos when m = m'. 

The equations Ax + By +C=Q and A'x + B'y + 6" ^ 
represent parallel lines if 



-± = -iL- that is, if- = i,orif- = -. §66 
B B" B B' A' B' S 

For example, the lines 3 x — 2 tj = 7 and Gx — 4 ?/ — 39 =0 are 

parallel, since - = — ■ 

73. Perpendicular Lines. Since two lines with slopes m 
and m' are perpendicular to each oilier when m' = — 1/m 
(§ 24), two sueh lines are represented by the equations 
y = mx + b and y = <c + 6'. 

Ml 

The equations Ax + By + C=0 and ^'aJ + if'^+C^O 

represent two lines perpendicular to each other if 

A 1 ,,,... A B' 

= — — — ; : that is, ii — — — — ; ■ 

B -A 1 IB' B A' 

This condition is often written AA'+BB' = 0, 

If Ax + By + C=0 in the, equation of a, certain line, then 
the line Ax + By + K—0 is parallel to the given line and the 
line Bx — Ay+H=0 in pr.rprnrfiwlo.r to the given line. 

74. Lines at any Angle. The angle 6 from one line, 
y = mx+b, to another, y = m'x + b\ may be found from the 
relation , _ 

tan0 = f? — — r §25 

In the ease of the pair of lines Ax+By + (7=0 and 
A'x + B'y+C'=0 we have m = -A/B and m' = -A'/S l ; 

, , a A'B-AB' 

whence tan 6 = —, , . 

AA' + BB' 
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66 THE STRAIGHT LINE 

Exercise 22. Two-Point Equation, Parallels, Perpendiculars 

I. Find the equation of the line through (4, — 3) and 
parallel to the line 5 % + 3 y = 8. 

The slope of the given line is — J, and honeo § CD applias, 

3. Find the, equation of the line through (4, — 3) and 
perpendicular to the line, &x — 4 y = Vd. 

The slope of the tiyvun lino in evidently [';, a:id henee the slope of the 
required, one is — -J. Then apply § 60. 

Find the equations of tin: tines Oiromjli. she following paints : 

3. (4, G) and (3, - 1). 5. (7, - 2) and (0, 0). 

4. (5, 2) and (- 4, - 3). 6. (- 6, 1) and (2, 0). 

7. (— 1, 3) and the in. h":r section of! x — y = 3 with x-\-2 y = 9. 

8. (2, 4) and die intellection of 2 a; + */ = 8 with the x axis. 

9. The common points of the curves // — x and a;* 4 = >/. 
10. Find the equation of the line through the point (4, — 2) 

and parallel to 4x — y — 2. 

II. Find the equation of the line through tin: point (2, 2) 
and parallel to the line through (— 1, 2) and (3, — 2). 

12. Find the equation of the line through the point (— 3, 0) 
and perpendicular to 7 x — 3 y = 1. 

13. Find the equation of the lino through the point (— 1, — 3) 
and perpendicular to the line of Ex. 4. 

Draw the triangle u-Iwhp, vertices are A(S, 8'), B(7, — i), 
C(—l, 5"), and find tint equations of tint folio-why lines: 

14. The three sides of: the triangle. 

15. The three medians of the triangle. 

16. The three altitudes of the triangle. 

17. The three perpendicular bisectors of the sides. 
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PARALLELS AND PEIiPENDICULAllS 67 

18. Given that the lino Ax + By +' 10 = is parallel to the 
line 3 x + y = 7 and meets the line x 4- y = 7 on the a; axis, 
find the values of ^ and B. 

Through each of the vertices A (5, 8), B (7, - 1), C(- 1, 5) 
of the triangle ABO draw a lint: parallel to the opposite side, 
and for the triangle tlms forr,ied eoimder the folhwhuj : 

19. The equation of each of the three sides. 

20. The coordinates of each of the vortices. 

21. The mid points of the sides are A, B, and C. 

22. The three medians are concurrent. 

Show that the intersection of any two medians is on the third. 

23. The three altitudes are concurrent. 

24. The perpendicular bisectors of the sides are concurrent. 

25. Draw the line from the origin to A (7, — 3) and find 
the equation of the line perpendicular to OA at A, 

26. Draw the circle x 2 + if = 34, show that it passes through 
A (5, 3), and find the equation of the tangent at A . 

27. Draw the circle x? + if — 2x + Ay — 5 = and find the 
equation of the tangent at (2, 1). 

28. Given that the line kx — y — 4 is perpendicular to the 
line 7cx + 9 y = 11, find the value of 7c. 

29. Locate A (12, 5), on OA lay off OB equal to 10, and find 
the equation of the line perpendicular to OA at B. 

30. Find the distance from the line 12 x + 5 y — 2G = to 
the origin. 

31. Given that three vertices of a rectangle are (2, — 1), 
(7, 11), and (— 5, 16), find the equations of the diagonals. 

32. Find the point Q such that P('A. 5) and Q are symmetric 
with respect to the line y + 2a: = 6. 

Denote Q by (Vi, b), and find it iisul h lions tlui two mndil.ions Unit. f'Q 
is jiorpcs ii.l :ci ilar Lo t.lie linu ail' I the raid r;i.'iii':- of. Z'Cj is on the line. 
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68 THE STRAIGHT LINE 

Problem. The Normal equation 

75. To find the, equation of the straight line when the 
length of the per}w.nd,i<iidar from the origin to the line and 
the angle front, the x aria to thin pn'vpenijladar are given. 




Solution. Let I be the given line and OR the perpen- 
dicular from to 1. Denote Hie angle XOR by [i and the 
length of OR by p. 

Since the slope of OR is tan/3, then the slope of I is 
- l/tanjS, or - cos/3/sin^. § 73 

And since in the triangle OAR, cos/3 =pf OA, it follows 
that OA=p/cosfi, and hence A is the point (p/co$0, 0). 

Therefore the required equation of I is 



-0=- 



This cqnali 

Siinio /) is 

; always negati 



cos/3/ p \ 

siu.fi \ cos/3/ 
* cos /? + y sin fi — £ — 0. 

i called the normal efptaiio 



5 69 



of (-.lie Urn*. 
in the, normal 'i/jual'o. 
The angle j3 may lm-vc any value from 0° to 360' 



76. Line through the Origin. If I passes throi 
p = and the equation of I, is a:cos/3 + t/s'm/3 = 0. 

Tn this equation \v(; shull always take fi < 180°, so that s 

coefficient of v. is always positive. 



gh o. 
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the intehcept equation 69 

Problem. The Intercept Equation 

77, To find the f'fiatioii, "f the line in terms "f the, intercepts. 

Solution. Denoting the x intercept of the given line \ 

by a and the y intercept by b, it is evident that / cuts 

the x axis at A (a, 0) and the y axis at i>'(0, V). The 

student may now show that the equation of I is 



Tiiis omutthni. ii- called the hiit.n< \>t <-<;ii<iti<m of the line. 

78. Changing the Form of the Equation. The equation 

of the straight line has now appeared in six different forma : 



1. General 


Ax + By + C=Q 


§ <;:. 


2. Slope 


y — mx + b 


§(!:) 


3. Point-slope 


y-j.i=»(*-*d 


§69 


4. Two-point 


v-ih.~to=A(x-xd 


§70 


5. Normal 


x cos /S + y sin $ — p = 


§75 


6. Intercept 


=+!-i 


§77 



Each of these forms may be reduced to ihe general form, 
and the general form may be written in each of the other 
forms, as is illustrated in the following examples: 

1. Change the slope form to the general form, 
Transposing, wo havo tho general form — inx + y — b = 0. 

2. Change the general .form to the slope form. 

Dividing by /; ii.ii, 1 1,r;i.ns[HWing, wo have tho result. 

3. Change the general form to the intercept form. 
Transpose t", divide oadi term Uy — C, arid divhlo both terms of 

each, fraction by tho inefficient of the numerator. 
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70 THE STRAIGHT LINE 

79. Changing the General Form to the Normal Form. The 
change from the general form to the normal form is not so 
simple as the changes in the three examples of § 78, 

In the normal form, % coa/9 -H?/sm/3— p = 0, it is evi- 
dent that neither cos /3 nor sin /3 can exceed 1, and hence 
that each is, in general, a proper fraction. Therefore, in 
order to change Ax -\- By + C= to the normal form we 
divide by some number k, the result being 

In order to determine k we first note that A/k is to be 
cosft and B/k is to be sin 0. Then since co&& + fBn*f$ = l, 
& must be so chosen that 



There f on; 

and the sign of k must he such that C/k is negative (§ 75) 
or, when C= 0, so that B/k is positive (§ 76), 

Hence, to change Ax + By + C '= to the normal form 
divide by VA^+B* preceded by the sign opposite to that of 
C, or, when C=0, by the same sign an that of B. 

The result is 



± V j? +B 2 ± V^I a + tf> ' ± V"-^ + J? 

from which it appears that 

o A ■ a B C 
cosp = ■ ■ ■ i smp = ■ ^= 1 » = ,— — • 

± V,4 a + & ± V> + B* ±"Ja* + IP 

For example, to change 4# + 3t/ + 15 = 0ta the normal form we 

divide by -V4 a + 3 2 , or - 5, We then have - i x - Jj/ - 3 = 0, in 

which cos/3 = — %, sinB = — ij, and j) — 3. It is therefore evident 

UiiU. B i* an angle in Lin; thivJ. quu.Jfn.ut. 
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THE NORMAL EQUATION 
Exercise 23. The Normal Equation 

1. Find tliu distance from (0, 0) to the Hue ix — iy 

simv liiily the length of p is required, we may divide at om 
VlG + 10, or 4 V'2. wiUiout eijiisiilei'iug the sign. 

The normal equation in uscil chiolly in problems involving the 
Of a line from the origin. 

2. Find the equation of the line which is 7 units from 
the origin and has the slope 3. 

Since m = 3, the equation_is y -= 3x 4- ft, which becomes, in_normal 
form, (-3as + s/-o}/(±VlO} = 0, from which p = b/{± VlO) - 7 : 
whence 6=±7VlO. Hence two lines eatisfj the given condition: 
namely, j/ = 3:c + 7V10 and # — 3 ff — 7 -vTo. 

Write the foil, irlni/ ei/uii/ions in slope, intercept, and nor- 
mal forms and find the vulues of m, b, a, p, and ft: 
3. 6as-82/ = 35. 6. y^6(x-S). 

i. 2as = 3j/-6. 7. 3 ? /-6x + 10 = 0. 

6. 2y-&x = 20. 3. 2y-3as = 0. 

Find the distance from (0, 0) to each of the following lines: 
9. 6 j/ = 12 a - 91. 12. y = mai + 5. 

10. y=Tx-Z. 13- y~2 = i»(as-B). 

Determine k so that the. distances from, the origin to the 
followwij lines shall- be. as stated : 

15. y^hx + 9; p^Q. 16. y + 5 = ft (as -3); ^> = 2. 

JM (Ae equations of the lines subject to these conditions: 

17. Slope — 3 j 10 units from the origin. 

18. Through (2, 5); 1 unit from the origin. 

19. Midway between and the line Zx — 4y — 30 = 0. 
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80. Two Essential Constants. Although the equation 
Ax + By + C ~ 0, which represents! any line of the plane, 
has three arbitrary constant coefficients, we may divide 
by any one of these coefficients and reduce the number to 
two. For example, if we divide by C, the equation becomes 

from which it appears that only two arbitrary constants, 
the coefficients of x and y in this form of the equation, 
are essential to determine the equation, 

We therefore say that th,t equation of the straight line 
involves two essential constants. 

81. Finding the Equation of a Line. To find the equation 
of the line determined by two given conditions we choose 
one of the six fundamental forms (§ 78) to represent the 
line. The problem is to express the two given conditions 
in terms of the two required constants in the chosen form 
and thus to find these constants. 

For example, find the equation of a line, given that its 
y intercept is twice its x intercept and that its distance 
from the origin is 12 unite. 

Suppose that the form y — »?.r -r li is clios'.'ii. Then by § 45 the 
?/ intercept is b and the x intercept is — h/m. Therefore the first 
condition is that b ■=— 2b/m. 

Since by § 79 the distance from O to y = mx + b is ft/(±Vl + m') ; 
the second condition is that 6/(±Vl + m a ) = 12. 

Solving the equations that .rein.'Uscuf tluise conditions, we have 
m = -% 
and 6 = ± 12 V5. 

The required equation is, therefore, 

V = - 2 x ± 12 V5. 
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82. System of Straight Lines, All lines which satisfy 
a single condition are said to form a system of lines or a 
family of lines. 

Thus, y = 6x+6 represents the system of lines with slope G, 
These lines are evidently parallel, and any particular one is deter- 
mined when the arbitrary constant b is known. 

Similarly, y — 8 = m(x — 8) represents the system of lines through 
(3, 8). In this case we have what is known as v, flat pencil of lines, 
and any one ot them is determined when m is known. 

Any equation of the line which involves only a single 
arbitrary constant, such as kx—2y + & = 0, represents a 
system of lines, each line of the system corresponding to 
some particular value of k. If a second condition is given, 
it is evident that k is thereby determined, 

Exercise 24. Equations of Lines 

Given y = mx + b, the ei/niUitm of lite line I, determine m 
and b under llwfnllo-wi.ii.ff conditions: 

1. Line lis 4 units from 0, and the x intercept is — 8. 

2. Line I has equal intercepts ami passes through (5, — 3). 

3. Line I passes through 0, and the angle from I to the line 
4a-7v/-28=0is45°. 

4. Line I passes through A (1.0. 2) and cats the x axis in C. 
AC heing equal to 18. 

5. Line I passes through A (4, 6) iwd cuts the axes in F, and 
C in such way thai. A is the mid point of B.C. 

Given - + ^ = 2, the equation of the line I, determine, a 
a b 

and /, under the followinff conditions: 

6. Line I is 4 units from 0, and the x intercept is — 8. 

7. Line I has equal intercepts and passes through (5, — •i). 
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Given xcos & + y sin/3 — p = 0, the equation of the line I, 
determine the eonAaidx -under the folhmimj t:oitdili-:>m-- : 

8. Line I passes through (— 4, 12), and /3 = 45". 

9. Line I passes through (14, — 2), and^? = 10, 

10. Line I tout-lies the circle x- + ;/=16, and tan /3 = !j. 

Given y — 4 — m(x -\- 6), the equation of a line I passing 
through (— 6', 4). determine m -under the j'uihvdng conditions: 

11. Line I is 2 units from the origin. 

12. The intercepl'.s of the line I arc numerically equal, hut 
have unlike signs, 

13. The x intercept of the line lis — 9. 

Find the equations of I he folbrwing lines: 

14. The line passing through " and meeting the line x+y=7 
at the point P such that OP = 5. 

15. The line ]>;> suing through 'be point (1, 7) and tangent to 
the circle a; 2 + 1/ 2 = 25. 

16. The line cutting the lines x + 2y =10 and 2x — y = 10 
in the points A and B such that the origin bisects AB. 

17. The line having the slope and cutting the axes at A 
and B so that AB = V37. 

18. End the distance from the line Ax + Zy = 5 to the 
point (6, 9). 

First find the equation of tin; line t,hmu<;li the rioint ((!, 9) parallel to 
the given line, ami then fiixi Ui« ilistanne between these lines. 

19. Find the distance from the line 5 x + 12 y = 60 to the 
point P(8, 6) by the following method : Draw the perpendicular 
PK to the line ; draw the ordinate MP of P, and denote by Q 
its intersection with the line; then find KP from the right 
triangle PKQ, in which the angle PKQ is equal to the angle /J 
for the line 5 x + 12 y = 60. 
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Problem. Distance from a Lime to a Point 

83. Given the equation of a line arid the <'oon.li)U!h'& of 
a point., to tut J. the lUxtaiict: front the line to the. /joint. 




Solution. Let I be the given line and let its equation in 
the normal form be # cos # + «/ sin £ — p = 0, in which /3 
and p are known ; and let l\ (x v y^) be the given point. 
We are to compute d, the distance KP V from I to P v 
Draw ON perpendicular to l. Then ON— p. Draw l' r A 
perpendicular to OX, and J\Q and All perpendicular to ON. 
Then d=NQ = OQ-ON 

= OQ-p 
= OS+SQ-p. 
To find OJi and RQ, and thus to find d, wc first see that 
OS = x x emSJ.0 

= :Cj COS ,8. 

Producing P X K to meet AB at 8, we have SP 1 =RQ, 

AP v = y v and both AR and Al\ perpendicular to tlie sides 

of (3. Therefore, whatever the shape of the figure, one of 

the angles formed by All and AI[ is equal to /3, and hence 

RQ = y l s'mfi. 

Therefore OB + M Q = x^ cos £ + y 1 sin ft 

and d=x 1 co$0 + y 1 sin (3 — p. 
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84. Distance from a Line to a Point. The result found 

in the preceding problem ('§ 8-1) inny now be stated in the 
following rule : 

To find the distance from a, given- line to a given point 
l^(x v ^j), write the equation, of the line in the normal form 
and substitute x 1 for x and y x for y. The left-hand member 
of the resulting eigtation expresses tin: distance, required. 

If, as is commonly the case, the equation is given in 
tht: general form Ax + llg + C — 0, we have 

± VA* + B* 

where the sign of V 'a 2 + B 2 is chosen by the rule of § 79. 

Thus, the distance from the line ix-5y + 10 = to P(-G,8) is 

4(-6)-5-3 + 10 _ 20 

-VF'^(-5? vTl' 

while tin- distance from tin- same lint' to P(5, 1) is 
4 - 5 - 5 - 1 4- 1(1 _ _ 2') 

- VP + (- sy Vii 

One of these distances is positive, while the other is negative. 

85. Sign of d. Only the length of d, without regard to 
the sign, is usually required, although the sign is occasion- 
ally essential. In the work on page 75, d denotes the 
directed length KP 1 \ that is, the distance measured from 
I towards P v In other words, d = OQ — ON, where ON is 
always positive (§ 75). Hence d is positive when OQ>OA T , 
and negative when OQ<ON. 

That is, d is positive when it has the same direction as the 
perpendicular from to I, and is -negative- when it has tlie 
opposite direction. 

If passes through 0, tin 1 , direction of p is from along the. upper 
part of the perpendicular, since ft < 180°. 
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86. Distance to a Point from a Line Parallel to an Axis. 
To find the distance to a given point -l' t (.>' v y{) from a line 
parallel to an axis, say from the line x — a, is a special case 
of § 83. In this case the distance 
is easily seen to be 

d=OQ-a = x l -a, 

Similarly, the distance from a line q 
parallel to the x axis, say the line y = b, • 
to the point (;i: v >/ t ) is d = y^— l. 



K-^-iP^Xi.yt) 



Exercise 25. Distance from a Line to a Point 

Find the didmices from the foU.oioi.ur/ linen to the points 
specified in each vase : 

I. Line &x + Gy = 55 ; points (10, 2), (9, 6), (4, 5), (4, - 1). 
(-1,1). 

3. Line 5 as - 12 y = 26 ; points (13, 0), (- 2, - 3), (0, 0). 

3. Line V - 4 x - 5 ; points (3, 6), (6, 1), (2, 2), (- 1, 
(- 2, - 0). 

4.- Line?/ -2a; + 7 = 0; points (-1,1), (0, - 1), (6, - 3) 
(-1,3). 

5. Line y = 5 x ; points (4, 1), (2, - 2), (- 3, 0), (- 1, - 5) 

6. Line y = mx + 4 ; points (0, 0), (1, 1), (- 4, 2), (a, l>). 

7. Line y = w + b ; points (4, - 1), (3, 2), (a, 1), (h, I). 

8. Lm?.f--6 = m(x+V); points (VT+m. 3 , 6+ Vl 4 
(1,4)= (-2,1). 

Find the altitudes of the triangles whose vertices are: 

9. (4,1), (8, -2), (1,-3). 10. (-5,-1), (5,|), (-8,11), 

Find the altitudes of the trianifes whose sides are : 

II. 8 y + x + 34 = 0, x - y = 2, 2 .r + ? y = 7. 

12. Zx = ly, 6a: + By- 5=0, 5 a -12// -1.7 = 0. 
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Draw the line, n^rem-ntud hi ranh of if n; following equations, 
locate C, draw tin' circle with center and tangent to the line, 
and find the radius and the et/iiuiion of the circle: 

13. 6b-8j/~25 = 0;C(4 j 3). 15. 1y = 5x; C(~l,4). 

14. y = 3x + 10; C(S, -2). 16. y = x; C(0, 6), 

Find the value of m in each of the following cases : 

17. The line y = 5 tax + 8 is 5 units from the point (4, 5). 

18. The line y = mx + 10 is tangent to the eircle with 
radius <j and center (0, 0). 

19. The line y — 1 = m(x — 7) is tangent to the circle 
x* + f = 25. 

20. The lines 8 x + y = 11 and 8 mx - 8 y = 7 are equi- 
distant from the point (1, — 2). 

Find the equation* of the. linen dencribed as follows: 

21. Perpendicular to the line 7x + y = B and 4 units 
from (6, 1). 

22. Passing through (— 1, — 4) and G units from (3, 2). 

23. Parallel to the line 5 x — 12 y = 17 and tangent to the 
circle a; 2 + j/ 4 — 8 x + 12 y = 12. 

34. Find this values of m and & if it is given that the line 
y = mx + b is 6 units from the point (4, 1) and 2 units from 
the origin. 

To find m and (j fr'jin the rreuitmiv ei:u;il!nii^ [irni <iiviile the members 
nt one equation by tliosu of the other. 

25. Find the values of m and Z> if the line y — mx + b is 
equidistant from the points (4, 1), (8, 2) and (5, — 3), 

26. Find the values of m and b i f the line »/ = m^ + & passes 
through the poiut (12, — 6) and the a; intercept is £ of the 
distance from the origin. 

27. Find the values of a and b if the line x/a + yjb = 1 
passes through (3, 4) and is 3 units from (6, 5). 
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38. Find the values of a and b if the line x/a + y/b — 1 has 
equal intercepts and is 4v2 units from (5, — 2). 

29. Find the values of a and b if the line x/a + y/b — 1 
is 2 units from (a, — 3) and the x intercept exceeds the 
y intercept by 5. 

30. Find the equation of the line which is 4 units from 
the point (— 2, 6), the angle from the line to the line 
7 x + y = being 45°. 

31. Find the equation of the line which is as far from (4, 1) 
as from (1, 4) and is parallel to the line 5x — 2y = 1, 

32. Find the equation of the line which is equidistant from 
(2, - 2), (6, 1), and (- 3, 4). 

33. Find the equation of the line the perpendicular to which 
from (1, - 6) is bisected by (4, - 2). 

Given, {he fiillini'Wf) <;on>7i.!ionss, find k and I; 

34. Given that (k, I) is equidistant from the lines 
ix = 3y-12, 9 :c -1-12 j/ = 18, and 6a: — 8y= 25. 

In the formula of S 8-1 tins si^iis -± li«forn tins rn.il iwil eorrespoml lo 
distances on opposite sides of the line. Here we have d = ± d' = ± d", 
giving four casus. The stiulunt should complete one of them. 

35. Given that (k, I) is — 4 units from the line 
12 x — 5 y = 49 and — 3 units from the lino 4 y = 3 a; + 24. 

36. Given that (/(, I) is equidistant from the lines 3x—y—0 
and x + 3 y = 4, and that A = Z. 

37. Given that (&, Z) is equidistant from the lines 
ix — 2 y = 15 and x — 2y= 5. and also equidistant from the 
lilies x + y = 6 and x = y. 

38. Given that (ft, Z) is on the line 2y + ?/ + 2 = 0, and is 
4 units from the line 3 x — 4 y = 10. 

39. Find the equation of the locus of a point which moves 
so that its distance from the line 6^ + 2y — 13 is always 
twice its distance from the line y = 3x + 8. 
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Theorem. Limes through the Intersection of Likes 

87. Given A l x + B l y+C l = and A 2 x + Ii 2 y + C 2 = 0, 
the equations of the lines L x rind t t rexpeetivdy, then the equa- 
tion A 1 x + B i y + C 1 +k(A^x+B 2 y + C 2 ) = 0, where k is an 
arbitrary constant, re/jreseids i/w sy.tfem of lines l a through 
the intersection of the lines l x and l v 

Proof. The equation of l 3 is of the first degree in x and 
y, whatever may be the value of k, anil hence represents a 
straight lino. § 65 

Furthermore, l s passes through the intersection of I, and 
l 2> since the pair of values which satisfies the equations of 
fj and l % also satisfies the equation of l. A . 

Moreover, k can be determined by the condition that l z 
passes through any other point (x v i/ 1 ) of the plane, for 
the substitution of x± for x and of y l for y in the equation 
of l % leaves k the only unknown quantity. 

Hence the equation A J :r,+ U 1 y + C 1 +Jc(A 2 x+B 2 y+C 2 ') = 
represents, for various values of k, all the lines passing 
through the intersection of l x and l 2 . 

88. Illustrative Examples. 1. Find the liquation of the 
line through the intersection of the lines 3 x — 2y — i and 
y = 4 x — 7, and through (4, — 2). 

By § 87 the equation, is 3 x - 2 y - 4 + t (?y - 4 x + 7) = 0. Since 
the line passes through (4, — 2), by substituting i for x and — 2 
for y we find that h= ] if. Substituting It for h and simplifying wi? 
have 3# + 2y = 8as the required equation. 

2. Find the equation of the line through the intersection 
of the lines ix + y — 11=0 and %x — y = 3, and perpen- 
dicular to the line # + 10 y = 7. 

In 4 x + y — 11 + k (3 .1; - y - 3) = 0, fc is to be so chosen that the 
slope is 10; that is, - (4: + 3 A)/(l- t) = 10; whence £ = 2. Sub- 
stituting -J for /;: iui.il simplifying, we have 10: r — >/ — 17 = 0. 
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Theorem, equivalent equations 

89. The equations Ax+By + C=0 and A'x + B'y + C'= 
represent the same line, if and only if the corresponding 
coefficients are proportional. 

Proof. The equations represent the same line if and 
only if either can he reduced to the other by multiplying 
its members by a constant, say r. Then the equations 
Ax+By + C — and rA'x + rB'y + rC = are the same, 
terra for term, so that rA'=A, rfi' = B, and rC' = C. 
That is, £_^__£_ 

A' ~" B' ~~ 0" ~ T ' 
For example, if mx + ny + 6 = and ix — 2 j + 3 = vepvesent 
the same line, then m/i=n/- 2 = 6/3, and hence m = 8, ti=-4. 

The above proof assumes that A', B', and Care not zero. If A' = Q, 
then A = 0, and both A and A' disappear from the equations. 
Similar remarks apply if B' = 0, or if (7 = 0. 

Exercise 26. Lines through Intersections 

Find the equation of the line throv/fh the intersection of 
each of these pain of lines and svjfcct to the condition stated: 

1. 3 x — 2 y = 13 and x + y - 6 = 0, passing through {2, — 3). 

2. ± x + y — 7=0 and 3x — 2y =10, parallel to x -Si/ = G. 

3. 3 x + 5 y — 13 = and x + y — 1 = 0, perpendicular to 
7 a: - 5 y = 10. 

4. Find ? if the line gas + 2y = 3 passes through the inter- 
section of the lines 4 as + 3 y =7 and 2 x — y = 10. 

Since the equations 4s + 3?/ - 7 + fc(2x - y - 10) = (§87) and 
qx + 2y = 3 represent the same Hue, S ^ !! '"ay bo used to find i/. 

5. Show that the lines 2x + y-S = % x-y + 2 = 0, 
and x + y = 4 are concurrent. 

That is, show that the third line, z + y — 4 — 0, is the same as the 
line 1x + y — 5 + it (as — y + 2) = for a certain value of k. 
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Exercise 27. Review 

Find the equation of the Hue. through the point (—3,4) 
and subject to the folio-wing conditions! : 

1. It is parallel to the line 5 x -f- 4 y = 6. 

2. It is perpendicular to the lino through (1, 1.) and (7, 3). 

3. The x intercept is 10. 

4. The sum of the intercepts is 12. 

In Ex. 4, as in many of the other problems in this exercise, there is 
more than one Hue that satisfies the given conditions. The complete 
algebraic treatment oi such y, probk'in sh'iidd be given, thus finding all 
tilt; lines i:i i.:i.u;h ciroe. 

5. The product of the intercepts is t>0. 

6. It is 2 units from the origin. 

7. It is 5 units from the point (12, 9). 

8. It is as far as possible from the point (10, 6), 

9. It is equidistant from the points (2, 2) and (0, — 6). 

10. It passes through the intersection of the lines x + y = 8 
and 4 as- 3 y =12. 

11. The sum of the intercepts is equal to twice the excess 
of the y intercept over the x intercept. 

Find the equation of the line with dope — | and subject 
to the following conditions: 

12. The x intercept is 6. 

13. It forms with the axes a triangle whose perimeter is 24. 

14. It is 6 units from the origin. 

15. It is 4 units from the point (10, 2). 

16. It is equidistant from the points (2, 7) and (3, — 8). 

17. It is tangent to the circle '.^ + /f — ix — 8 y = 5. 

That is, the distance fnmi tiro lino tn tiro center uf r.lie circle is equal 
to the i-adins. 
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Find the equati>,-i>x of t/w, following lines; 

18. The line forming witli the axes an isosceles triangle 
whose area is 60 square units, 

19. The lino through (— 1, 3) and having equal intercepts. 

20. The perpendicular to the lino 4 a; — y =7 at that point 
of the line whose abscissa is 1. 

21. The line which has equal intercepts and is tangent to 
the circle with center (4, — 2) and radius 10. 

22. The line parallel to the Hire 3 x — y = 4 and tangent to 
the circle x 2 4- f = 9. 

23. The line midway between the parallel lines 3 a; — y = 4 
and Gx — 2 y = 9. 

24. The line through the point Q(i, 2) and cutting the 
x axis at A and the y axis at B so that A Q ; QB = 2 : 3. 

25. The line parallel to the parallel lines 3a; + 4y = 10 
and 3x + iy = 35, and dividing the distance between them 
in the ratio 2 ; 3. 

26. The line through the point (0, 0) and forming with 
the lines 4 x — y = 7 and a; + 2 y = 8 an isosceles triangle. 

A line through the origin is usually most conveniently represented by 
the equation y — mx. 

27. The lines through the point (4, 3) and tangent to the 
circle x 1 + if = 4. 

28. The lines tangent to the two circles a; 2 + f = 16 and 
x * + f-2x-8y=19. 

29. The lines tangent to three circles wiiose centers are 
(2, —3), (5, —1), and (—5, 1) and whose radii are pro- 
portional to 1, 2, and 3 respectively. 

30. The line with slope jj and passing as near to the circle 
a? + if = 1 as to the circle x 2 + if — 1 2 x = — 27. 

31. The diagonals of a parallelogram having as two sides 
4a;- 2?/ = 7 and 3x-f-y=6aud as one vertex (12, -3). 
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32. The hypotenuse of a right triangle is AB, where A is 
the point (3, 1) and B is the point (8, 7). If the abscissa of 
the vertex C of the right, angle is o, what is the ordinate of C"? 

33. The hypotenuse ^JJ of an isosceles right triangle ABC 
joins (3, 1) and (0, 0). Find the coordinates of C, 

34. The vertex C of the riglit angle of a right triangle ABC 
is (2, 3), and A is the point (4, — 1). If the hypotenuse is 
parallel to the line 2 x = y — 7, find the equations of the 
three sides of the triangle. 

35. Find the distance between the parallel lines 2x-\-y = 10 
and 2 x + y = 15. 

36. Find the equations of the tangents from (7, 1) to the 
circle x 2 + f — 25. 

For any straight line prove that : 

37. b=-ma. 38. m=-cotj3. 39. aV =f(l + m 2 ). 

40. Equidistant from the line 3 y — 4 x — 24, the x axis, and 

the y axis. 

41. On the x axis and 7 units from the line 4 x + 3 y = 15. 

42. In the second quadra.nt, equidistant from the axes and 
2 units from the line 6# — 8y = — 33. 

43. Equidistant from (4, 2) and (- - 2, .">) and also equidistant 
from the lines 2ai + J/ = 10and2rc + 4j/ + 9 = 0. 

Given the points A(2, 4), B(8, 8~), and C(ll, 8), draw 

the trUwii/U: A.'HC awl find thif<ill'>win<i -/miids : 

44. M, the intersection of the medians. 

45. L, the center of the circumscribed circle. 

46. N, the intersection of the altitudes. 

47. Show that the points L, M, and N, found in the three 
problems immediately preceding, are collinear. Show also that 
NM: ML = 2:1. 
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Given the points A(p, i), B(0, 9), and C(3, 5); 

48. Find the point P such that the triangles BAP, ACP, and 
CZ2P are equivalent. 

Because of the double sign (1) in tins formula- for tlie distance from 
a line t.o a point, there arc four cases. 

19. On the lines AB, BC, and CA lay off the segments 4, 5, 

and 10 respectively, and find !' such that the triangles having 
P as a vertex and these segments as bases are equivalent. 

50. Consider Ex. 4<J for the ease in which the three segments 
are a, b, and c respectively. 

51. Let the three lines l v l 1} and l s be 2 y = x, y = x, and 
y = % x respectively. Then on l t locate the points A (8, ?) and 
A'(li, ?); on / a the points B(7,?) and /J' (9, ?); and on l g the 
points C(2, ?) and C"(5, ?). 

52. The three pairs of corresponding sides of the triangles 
ABC and A'B'C" in Ex. 51 meet in collinear points. 

The corresponding sides are A B and A'B\ BC and B'G', CA and CA', 



Taking any triangle ABC, letting the x axis He along AB 
and the, y oris bisect A I', and denoting the vertices by A(—a, 0~), 
B(a, 0), C(Jc, l~), proceed as follow* ; 

53. Find the common point P of the 

perpendicular bisectors of the sides. 

54. Find the common point M of the 



. Eind the common point H of the altitudes. 

. Using the notation of Exs. 53-5o, prove that P, M, and 



57. Show that the points P, M, and H referred to i 
Cxs. 63-56 are such that PM-.MH = 1:2. 



o find the lengths PjY and MM. 
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86 THE STRAIGHT LINE 

If the parallel lines Ax + By A- C—0 and Ax -f By + C =0 
are represented by L—0 and L' — O respectively, show that : 

58. L + IcV = represents ;i line parallel to them. 

59. L + /.' = represents a line midway between them. 

60. L — L' =0 represents no points in the plane. 

61. If L = and V = represent the normal equations of: 
any two lines, then L + V = and L — V = represent lines 
winch are perpendicular to each other. 

i Ex.01 do no:- denote 



62. In the system ol lines (k +l)x +(k — l)y = k q — 1 the 
difference between the interrupts is the same for all the lines. 

63. Draw the lines of the system in Ex. (12 for the following 
values oik: - 5, - i, - 3, - 2, - 1, 0, 1, 2, 3, 4, 5. Describe 
the arrangement of the system. 

It will be found best to use coovdina.te paper with ten squares to 
the inch. Extend every line to the margiim. 

64. The lines of the system kx -\- iy = 7c. are concurrent. 
Find the common point of any two Hues ot the system and show that 

this point is on each of the other lines. 

65. If ?■ is the radius of a circle with center at (0, 0), all lines 
of the system y = mx ± r Vl -f «? are tangent to the circle. 

66. All lines represented by the equation 

(k + A) as + (7c - h)y = 10 VA S + h* 
are tangent to the circle -x' 1 + if" = 50. 

. 67. Itays from a point of light at A (10, 0) are reflected 
from the y axis. Find an equation which represents all the 
reflected rays and prove that all these reflected rays, when 
produced through the y axis to the left, pass through (— 10, 0). 
The direct ray anil i.lie reflected ray make equal angles with OF. 
From A draw a ray to any point Hi}), If) of the ij axis. Then draw 
the reflected ray, find its slope in terms of k, and write its equation. 
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REVIEW 87 

If 4x — By = 19, represents the line, l l and 12% + 5y — 
represents the line ! % . find the rtjuution- of the loints of P under 
the following conditions : 

68. P is twice as far from l t as from l v 

69. P is equidistant from l t and Z 2 . 

70. P is as far from as from l r 

71. P is the vertex of a triangle of area 20 and of base 8, 
the other two vertices lying on l r 

72. AB = 10 and CD =13, AB is a segment of \ and CD is 
a segment of l t , and P moves so that the triangles PAB and 
PCX* have equal areas. 

73. Find the equations of the bisectors of the angles formed 
by the lines Ax + By + C = and A'x + B'y + C" = 0. 

74. Using oblique axes with any angle, find the equation 
of the line through the points P,(x v J 1 ,) 
and PJr.y 2/ 3 ). 

Draw P a Q, P X Q, F,E, and PR parallel 
to the axes, P (ie, y) being any point on the 
tine 1. The required equal. ion is then found 
from the condition RP/P l Ii = QP 1 /P. 1 Q. But 
KP= y — j/j, and similarly lor othnr values. 
It will be seen t.lutt the result is the- same as 
iu ret I. angular coordinates. 

75. Using oblique axes, find the equation of a line in terms 
of its intercepts. 

Employing the result of Ex, 74, use tlio same method as the one em- 
ployed for rectangular coordinates (§ 77), 

76. In the figure of Ex. 74, denote the constant ratio 
QP, : P 2 Q or RP : PJt by m i and find the equation of the line I 
when m and a point l\ (x x , j/J are given. 

77. As in Ess. 74 and 7fi, find the equation of I when in and 
h are given. 

The equations found in Exs. 74-77 am identical in form with the 
corresponding equation^ in reei.aimular ciuirdinatL-.s ; bat m is not equal 
to tan a, that is, m is not the .slope of I, 
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88 THE STRAIGHT LINE 

If 01) and OB are any two linen, and AB and AC any 
other two lines, the oblique. a,;r,es beiny taken as shown in the 
figure, and the points A, B, and E 
being (a, 0), (0, 6), and (e, f) respec- 
tively, find the following : 

78. The equations of OB and AC. 

79. The coordinates of C. 

80. The equations of 0D and AB 
and the coordinates of D. " .Ata.oi 

81. From the coordinates of C and D as found in Ess. 79 
and 80 find the equation of CD, and find the coordinates of the 
point Q in which CD cuts the x axis. 

82. Find the coordinates oi" the point il in which BE cuts OA. 

83. Show that the points li and Q divide OA internally and 
cxtenudly, respectively, in the same ratio. 

B4. For all lines in the plane prove that-j -\-ji= — > where 
a, b, andjj have their usual meanings. J ' 

85. Since in any given length the number of centimeters 
a is proportional to the number of inches i, it is evident that 
c = ki, where k is a constant. Given that 10 in. = 25.4 cm., 
lind the value of k and plot the graph of the equation c = ki 
From the graph estimate the number of inches in 20 em. 

li the graph is accurately drawa on a reasonably largo scale, any 
desired number oi inches may lie ooiivf-rted inn> eciiiiinw.erH at a glance. 
and vice versa. Such a graph is called a wnra-sioji graph. 

86. Given that 2cu. ft. = 15 gal., find the conversion for- 
mula for gallons and cubic, feet, and draw the graph. 

87. Two variables x and y are related by the linear for- 
mula y = ax + b. If, by substituting for x any value, say x', wo 
obtain for y the value y', and if. by substituting for x a changed 
value x' + h, we obtain for y the changed value y' + k, prove 
that le = ah. That is to say, prove chat the change in y is 
proportional to the change in x. 
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88. A wheel 3 ft. in diameter niiilics 20 rev. /see. A brake is 
then applied and the velocity of the rim decreases F ft./sec., 
F being a constant. If the wheel eomes to rest in 4 sec., find 
a formula for the velocity v of the rim. in ft./sec. at the end 
of t seconds after the brake is applied, and draw the graph. 

The symbol " rev. /set." is read " revolutions pur second," and simi- 
larly in Hit: otln-i: eases. 

89. The height h of (he mercury in a barometer falls prac- 
tically 0.11 in. for each 100 ft. that the barometer is carried 
above sea level, rip to a height of 2000 ft. An airplane ascends 
from a point 500 ft. above sea level, the barometer at that 
place reading 29.56 in. 1'ind in terms of h the formula for 
the height II of the airplane above sea level, assuming that // 
does not exceed 2000 ft. and that there is no disturbance in 
the weather conditions. Draw the graph. 

It is evident that ft = c — 0.11 FT/100, where h and c are measured in 
inches and c, the baionietvie reading at sea level, i.-i to be found. 

90. If E is the effort required to raise a weight IF with a 
pulley block, E and W are connected by a linear' relation. If 
it is given that W = 415 when E = 100, and W = 863 when 
E — 212, find the linear relation and draw the graph. 

91. In testing a certain type of crane it was observed that 
the pull F required to lift the weight W was as follows : 



p = 


18 


m 


83.5 


106.8 


120 


145 


w = 


800 


1200 


1000 


2000 


2400 


2800 



Locate points with these pairs of values and note that they 
lie approximately on a straight line. This suggests a linear 
relation between P and W. Draw the straight line which seems 
to fit the data best and find its equation, measuring the coordi- 
nates of two of its points for this purpose. 

The two points should be tulien some disl.ance apart. Different units 
may be used on tbe two axes. 
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THE STRAIGHT LINE 



92. From the equation found in Ex. '.)'!. compute the values 
of W foe the values of P given in the table and compare the 
results with the given values of IF. 

Some values <>f !!■' found from II ie equation sin mi it be more and others 
less than the values given in the table. Add together sneh of the differ- 
ences as represent excesses over the true values and also add such of 
the differences as riipriisont deficiencies anil couniare the totals. If these 
totals are about equal, leave the line as it is ; but if one of them differs 
considerably fv run the. other, move the lino accordingly, find the equation 
again, and then test it as before. 

93. In a study of the friction between two oak surfaces it 

was found that the following table shows the pull P which is 
required to j;he ;i slow motion to the- weight !]■': 



]' = 


5 


12 


10.4 


26.2 


84 


89.5 


48 


w = 


2 


4 


6 


3 


10 


12 


14 



Find the relation between P ami IV as in Ex. 91. 

94. Test the equation of Ex. 93 as in Ex. 92. 

95. The condition in determinant form that tile three lines 
Ax+By + C = 0, A'x + B'y + C< = 0, and A"x +B"y + C" = 
shall be concurrent is that 



Ex. 05 should be omitted by those who have jsot studied determinants. 

96. From P (4, (i) and Q (J, 1) draw the perpendiculars I'll 
and QS to the line 5 x — 8 y = 3(5, and find the length of RS. 

j;.S is called tin: 'i,roj<:Cthm u( the segment i'Q. 
U|ioii [he line. Kor :\ si:i:V'li.i dilution, see Ex. 07. 

97. Show that the projection of the 
line I upon the line A P. is equal to I cm a, 
and then find the projection of I upon a 
line CD which is perpendicular to All, 
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CHAPTER V 

THE CIECLE 

Problem, equation of the circle 

90. To find the m'f nation of the. clrdu with <fl,ven center and 
given radius. 

Solution. Let G(a, 6) be the center and r the radius of 
the circle. Then if P (x, y) is any point on the circle, the 
circle is defined by the condition that 

CP = r, 



and since V(z - af + (y - b'f = CP, 



we have V(x - ctf + (y — i) a = r, 

or (x-ay + (y-by = r\ (1) 

This is the desired equation. It may be written 
& + f- 2ax-2by + a i + l?-r 2 =Q, 
or x* + ff* - 2 ax - 2 by + c = 0, (2) 

in which c stands for <i a + !?■— r\ 

If the center of the circle is the origin, then a=0, 6—0, 

and the equation is , 

X s + y 1 - r\ 

It must not be inforrnd that every equation which has one of the 
above forms represents a real eirele. For example, there are no real 
points (x, y) that satisfy the equation 

(a -3)3 + (j, + 8)* =-20, 
because (:r — 2) 5 + (y + ■',)", being the sum of two squares, cannot 
be negative. 
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THE CIRCLE 



. COHVERSE OF § 90 

91. An equation of t/i.e. form x 2 + y 2 — 2 ax — 3 by + e = 

repreeentu a real circle excerpt irli.cn a 2 -f b 2 — c n ueijative. 

Proof. Writing Hie given equation in the form 
a? — fyax + y 2 — 2by = — c 
and completing both squares in the. first, member, we have 

x 2 - 2 ax + a? + f ~ 2 by + b 2 = a 2 + b 2 - e, 
or (x - ay +(jf- by = a 2 + b 2 -c. 

Letting a 2 + I? — c = r 2 , we have 

an equation which evidently (S '•*") represents a real circle 
with center («, J) and radius r = V« 2 + J 2 — c except when 
a 2 + b 2 — e is negative. 

When o 2 +6 2 -c = 0, wo see at once that r = 0. Then the 
equation (k— a)- + (j — ?')~ - "7 since it is satisfied by no values 
except a; = a and ?/ = ft, represent!! only one- point, («, h). This point 
is called a point circle. 

When a 2 + V* — c is negative, say equal to — k, we say that the 
equation (a; — it) 2 + (1/ ~ bf ■ -■ — L represents an biMyinary circle. 

92. CoROLLAKY. An equation of the second degree in x 
and y represents a circle if and only if it has no term in xy 
and the coefficients of x 2 - and y 1 are equal. 

For such an equation, say Ax 2 + Ay 2 +Bx + Cy+D = 0, 
may be written ,, r ,, 

^ + f + -,x + -« + - = 0, 
A A A 

which is in the form x 2 + y% — 2 ax — 2 by + c = 0. 

It will be observed that many equations of the second degree 
in x and y do not represent circles, as, for example, the equation 
8 1 2 + 25 f = 225, which was discussed in § 42. 
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CENTER AND RADIUS 93 

Exercise 28. Center and Radius 

Find the center and the radius of cadi of the following 
drdt'.s and draw (Jto f.i/nrc : 

1. x i + y' i -8x + iy = 5. 5. x 2 + if-Gx = 0. 

2. a? + y*-12x-2y=12. 6. x> + if - G x = 1G. 

3. x* + f + 8x + Gy = 0. 7. a? + if + $y = 0. 

4. 2x i +2f-8x+10y = lll. 8. a? + f + 2x + 2 = 2y. 
9. The circle X s + if — 2 ax = is tangent to the y axis 

at the origin. 

10. The circle x 1 + if + Sx — 4 y + 1.6 = is tangent to 
the a; axis. 

11. Given that the circle (x — 2) 2 + (y — 5) a = j- 2 passes 
through (10, —1), find the value of r. 

12. Find the area of the square circumscribed about the 
circle x 2 + y % + 4 x + 4 j/ = 8. 

13. Draw the two circles a: a + ?/ 2 ~ 4a; — C y + 9 = and 
3? + if +12 x + 6?/ — 19 = 0, and prove that they are tangent. 

Show that, the line; joitiiiiL: the; ccuieii-s is i;i;nal to Liiu aum of the; radii. 

14. The circle x 1 + y 2 — lBx + 45 = is tangent to the 
line y = % x - 2. 

15. Show that the equation 

x* + f + x+k(x* + f-2x-$-y-l)=0 
represents a circle, ami find the center and the radius. 

Draw the circle* discrihi'd hahnv, and find fhdr equations: 

16. Center (- 1, 2), radius G. 

17. Center (4, 0), tangent to the line x = 8. 

18. Center (3, 4), tangent to the line 8?/ =15 — Gx. 

19. Passing through the points (4, 0), (0, - 8), and (0, 0). 

20. Tangent to the lines :r, — G, x =12, and y = 8. 

21. Radius 10, x intercepts and 12, 
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94 THE CIRCLE 

93. Three Essential Constants. The equation of the cir- 
cle involves throe essential const tints. If the equation is 
in the form (x — a) a + (y — h'f = r 2 , these constants are 
a, b, r ; if it is iii the form a 2 + y l — 2 ax — 2 by + e = 0, 

the constants are a, b, c. 

hi either case it is evident that three, constants are necessary and 
sufficient to fix the circle in size and in position. 

To find the equation of the circle determined by three 
conditions we choose cither of the two standard forms, 
(*-a) 2 +(j/-6) a = r 2 or a? + fp-2ax- 2by+ e=0. The 

problem then reduces to expressing the three conditions 
in terms of the three constants of the form selected. 

94. Illustrative Examples. 1. Find the equation of the 
circle through the points .,4(4, -2), 5(6, 1), <7(-l, 3). 

Let E 2 +?( a — 2 ax — %by + c = represent the circle. Then, since 
A is on the circle, its coordinates, '1 and — 2, satisfy the equation. 

That is, 4 2 + (- 2) a - 2 a • i - 2 b(- 2) + e = 0, 
whence. 8 a - 4 6 - c = 20. 

Similarly, for B, 12 a + 2 1 - c = 37, 
and for C, 2a-86+c=- 10. 

Solving, we have o -- j J, ?j — }■§-, c = — - r ^ 1 -, and the equation is 

or 5 a; 1 + 5 f - 23 x - 13 y - 84 = 0. 

2. Find the equation of the circle through (2, — 1), 
tangent to x + y = 1 and having its center on y = — 2 #. 

If we choose the form («— r») a + (y — bf = J a , the first condition is 
(2 - a) 2 + (- 1 - 6) s = »■», or a 9 + 5" - 4 a + 2 5 + 5 = r". 

Since the distance from the line x + // = 1 to the center (o, t) is 
i', the second condition is (a + b — 1)/(± V2~) = ?\ 

Since (a, li) is on the line;)/ = — 2 x, the third condition is b ——2a. 

Solving for a, b, and r\ we have o = 1, h=—% i s — 2, and the 
required equation is (i — l)' 2 + (y + 2) 2 = 2. 
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EQUATIONS OF CIRCLES 95 

Exercise 29. Equations of Circles 

Draw circles passht;/ thrmujh tJm follov:i,i;i sets of points, 
and find the equation of each circle: 

1. (4, 2), (5, - 1), {- 2, 4). 3. (0, 4), (0, - 4), (6, 0). 

2. (6, - 3), (4, - 2), (0, 4). 4. (5, 1), (3, 2), (3, 1). 

.Draw circles subject- to fh<\ follow! ay cotdlitioiis. and find 
the cqvf'tiott of each circle: 

5. Having x intercepts 6 and 10, and one y intercept 8. 

6. Haying x intercepts — 4 and 2, and radius 5. 

7. Passing throng] i (0, 0} and (— 1, 1), and having radius 5. 

8. Having a diameter joining ((>, '■'<) und (.— 2, — 5). 

9. Tangent to the x axis at (6, 0) and tangent to the y axis. 

10. Tangent to both axes and passing through (2, 1). 

11. Tangent to both axes and to the line 2 a; + y = 6 + V20. 

12. Tangent to the lines £ = 6 and as = 10, and passing 
through the point (8, 3). 

13. Having one y inter erpt 10 and tangent to the x axis at 
the point (— 5, 0). 

14. Passing through (0, 0) and the common points of the 
circles x 2 + f = 25 and x* + f - 4 x + 2 y = 15. 

15. Inscribed in the triangle whose sides are the lines 
ix- 3?/ = 12, &x + 6y = 36, and 12 as- 5 y =-- 3Q. 

16. Passing throngh (0, 0) and cutting a chord 5 V2 units 
in length from each of the lines as — y = and x + y = 0. 

17. Having for a diameter that segment of the line y = nix 
which is intercepted by the circle a; 2 + if — 2 ax = 0. 

18. Tangent to the lines ix — 3j/ = 10and6iB + 8y = 35, 
and having radius 10. 

19. Tangent to the circle as 2 + y 2 + 4 a: — iy—1, and having 
its center at the point (4, 10). 
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96 THE CHICLE 

Problem. Equation of a Tangent 

95. To find the equation of the tangent to the 
x 2 + y 2 = r 2 at any 'point f\(x v y{) on the circle. 




Solution. The center is at the origin. § 90 

The slope of the radius OP l is &■ §21 

Since the tangent at T[ is perpendicular to OI{, the slope 

of the tangent at JJ is L • § 24 

Therefore the equation of the tangent at ij is 

»-tfi=-^(. x - a O* § 69 

or a^as + y x y = xf + yf. 

This is the required equation. It may be simplified in 
the following manner: 

Since the point (x v y^) is on the circle, we have 

and hence the equation of the tangent as deduced above 

may be more simply written 

x 1 x + y 1 y = r 2 . 
It will be noticed that thy i'-quation of the tun gent is simply tin; 
equation, of the circle ;<? -V if = r" with :i.' ( i; written for a: 2 and y y y 
written for yK 
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TANGENTS 97 

Problem. Tangeht at a Given Poiht 

96. To find the equation of the tangent to the circle 
$+y i ~%ax—%~by+c=0 at any "point ij (xj, y^) on the circle. 




i-i: 



Solution. The center C of the circle is (a, J). 

The slope of the radius CI\ is Ul^ll. 

x i~ a x _ 
Hence the slope of the tangent at ij is * — 

Therefore the equation of the tangent at I{ ia 

ir Xjx + y x y - ax - by - (xf + yl -ax x - by t ~) = 0. 

This equation may bis uimplhied in the following manner: 
Since the point (x v y{) is on the circle, ws have 



t-yf- 



= o, 



S 90 



whence a£ + y% — ax 1 — by x = ax^ + hy x — c. 

Therefore the equation of the tangent may be written 
x i x + y\y~<w-hj- (ax x + %j - <0 = 0, 
or in simpler form 

x 1 x + yjf-a(x + x l )-b(y + y 1 ) + c = 0. 

As in § 95, it will bi; uoiiwrl thai; the equation of the tangent 
is simply the equation of tlio circle x 2 + y* — 2 ax — 2 hij + e = with 

XjX written for x", y^j for if, x + x, for 1 x, and y + y s for 2 y. 
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98 THE CIRCLE 

Problem. Tangents with a Given Slope 

97. To find the equations of the, Umgunls to the circle 
2? + ^ — r 2 having a given slope m. 




Solution. If we let t/ = mx + c represent any line of 

slope m, the problem reduces to finding 11k: value of c for 

which the line y=mx+c is tangent to the circle x^+y^—r*. 

To find the points in which the line cuts the circle, we 

solve the equations as sin nil tan eons. Substituting, we have 

3? + (mx + cf=r\ 
or (1 + m 2 ) 3? + 2 mex + c 2 — r 2 = 0. 

The two roots of this quadratic in x are the abscissas 
of the common points of the line and the circle ; but in 
order that the line shall be tangent, these points must 
coincide and thus have the same abscissa, and hence the 
roots of this quadratic in x must be equal. Since the con- 
dition that the roots of any quadratic Ax*+Bx + (7=0 
shall be equal is that B 2 —4:AG= 0, we must have 

4 m V- 4(l+m a )(c 2 -^)= 0, 
whence, e = ± r Vl + m 2 . 

Therefore the required equations of the tangents are 
y = mx± rvl + m a . 
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TANGENTS AND NORMALS 99 

98. Normal. The line which is perpendicular to a tan- 
gent to a curve at the point of contact is called the normal 
to the curve at that point. 

99. Angle between Two Circles. When two circles inter- 
sect and a tangent is drawn to each 
circle at either point of intersection, 
the alible between these tangents is 
callod the mii/Ie bdwuen. the t;irvh'-% 

In the figure the angle between the 
two circles is APB. 

100. Illustrative Examples. 1. Find the equations of 
the tangent and the normal to the circle a?+ y^ = 29 at the 
point (5, — 2). 

Since 5 2 -f (— 2) a = 20, the point (5, —2) is on tho circle, and hence 
the equation of tho tangent at, this [xiint is ~i x — 2 ;/ = 20 (§ 05), 

Since the noi'iiiii! pa^-.es through (.">, — 2) ami is perpendicular to 
the tangent, its equation (§60) is y-H 2 =- £ (a; - 5), or 2s + 5 y = 0. 

2. Find the equations of the tangents to the circle 
23+ j/ 3 =13 which pass through the point (—4, 7). 

Since (- 4) 2 + 7 3 is not equal to 13, the point (- 4, 7) is not on 
the circle and therefore i,iie point of contact is unknown. In such 
cases it is often better to use the equation y = mx ± rVl + m 2 . 

In this example r = Vl3, and m is to be chosen so that the 
tango lit: i/ = »j'iv'lS\'"l + )ir passes through (— 1, 7): therefore 
7 = -4m±vT3vT+m 2 . Solving this equation, m=~ jj- or -18. 

If ra = -|, the tangents are y =- |x ±Vl3 Vl+ J (§97), or 
2 x + 3 y - ± 13, but only 2x + 3y-lS passes through ( —4, 7). 

If m = -18, the tangents are y = -18i±Vl3 VI + 324 or 
18 a + #=± 65, but only 18k + >/ = — 65 passes through (—4, 7). 

3. If the line 4 x — 3 y = 50 is tangent to the circle 
a?+j a = 1.00, find the point of contact. 

If (x v i/ t ) is the point of contact, rr,.):-! i; l /;--~10Q is the tangent (§ 03). 
But the tangent ia 4 x - 8 y = 50. Hence *, : 4 = j, : - 3 = 100 : 30, 
by § 89. Then x, = 8, j h = - 6, and the point (* x , j/J is (S, - 6). 
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100 THE CIRCLE 

Exercise 30. Tangents and Normals 

In each, of them: eases show that. 7J in on the i/iven circle, and 
find the equation of the tangent and also of the normal at I[: 

1. rf + /«=26j 2>,(M). 4. a*+»"-l;P 1 (i>-i->^> 

2. a* + tf=2Q; l\(2,-5). 5. ^+^ = 20^^-4,-2). 

3. 3 a +y=34; P^-5,3). 6. ^+^ = 37; P^-l, -6). 
j. ^ + /_6^ + 2 ? / = 0; i\(2,2). 

8. a?+y* + 4a;-7y-ll=:0; i\(3,2). 

.JYwcT. Me equation's of the tangents to the following circles 
under the stated eondifionn. and find the -points of contact : 

9. a: 3 + j/ 2 = 25 ; the slope of the tan gem. is l- 

10. a; 2 -4- y* — 49 ; the slope of the tangent is — - 1 - 5 3 -. 

11. a: 3 + f = 36 ; the- tangent is pa.rallel to 4* = 3 j/. 

12. ic 2 + !/ 1 = 13; the tangent is perpendicular to x — ^y, 

13. x i + if= 104 ; the point (— 8, 12) is on the tangent. 

14. a? + y* = 64 ; the tangent passes through (8, 4). 

Since y = mx + vlii v'l 4- hi.- must bii satisfied by (8, 4) we have the 
equation 4 = 8m + 8Vl + ttfi, whence l-4m + 4m 1 = 4 + 4» ! , or 
0-nl 2 + 4m, + 3 = 0. This mny be i't iiisiiU-n.nl as a special ijuadratic, and 
il.s .solution is considered in J (i o:i pap.' 283 ol Lin? Supplement, 

15. In this figure, if PF represents the direction and inten- 
sity of a force applied to a wheel at P, PF is the resultant of 
two other forces, a tangential component 
PT which turns the wheel, and a normal 
component P.V which produces no turn- 
ing. Then PF is the diagonal of the paral- ' 
lelogram of forces of which PT and PJV 
are sides. If, now, it is given that P is 
(4, 3), F is (Y, jo), and OA is 5, find the values of PT and PN. 

16. Find the angle Letwecn the circles a; 2 + y* — 34 = 
and a? + f - o x + 10 y -f 1 = 0. 
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SYSTEMS OF CIRCLES 101 

Theorem. System op Circles through Two Points 

101. Denoting ilia two expressions :e~ + y 2 — Sax — %by + e 
and x 2 + y 2 — 2 a'x — 2- Vy + c' by $ and S' respectively, the 
equation S+kS' — 0, k being an arbitrary constant, represents 
tJw system of circlet fhi'oue/h lite tv.'o points if intersection of 

the circles S= and A" — 0. 

Proof. Writing S+kS'=0 in full, we have 

x*+y ! -2az-2by + c, + k(y?+y 2 -2,a'x-2b'y + c<) = <), 
Ov(l+/c)2 ,i +0+k)y 2 - , 2(a+a'k-)x-2(b+b'kyy+e+c'k=O, 
which (§ 92) represents ii circle for every value of k, with 
the exception of. the value k=— 1. 

Since each pair of values thai satisfies both S— and 
S' = also satisfies S + kS' = 0, the circle S + kS' = 
passes through the common points' of the circles S— 
and S' = 0. 

And since the substitution of x f for x and of y l for y in 
the equation $+kS'=0 leaves k the only unknown, we 
see that k can be so determined that the circle &'+ kS' — 0, 
which passes through the common points Q and K of the 
two circles, passes through any third point (x^ y^). 

Hence S+ k,S : — represents all circles through Q and li. 

For example, the circle- passing iJumigli (2, — 1) and the common 
points of the circles a ,a + if — x + 2 y — 3 and s 2 + if — 8 x = i is 
x? + -f-x + 2i/ — 3 + k(x* + y" — 6x — i)=0, where k is to 1)6 so 
chosen that the equation is satisfied by x = 2 and y = — 1; that is, 
fc = — -ft. Hence the required equation is 8xZ + Qf + x + 22y = 25. 

102. Radical Axis. If It =- 1, the equation S + kS' = 
becomes S -S'= 0, or 2 (a - af) x+2(l.-b'-)y+ c'- c = Q. 
This equation, therefore, represents the straight line through 
the common points of the circles S— and S' = 0. Such 
a line is called the rail'toal axis of the two circles. 
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102 THE CHICLE 

Problem. Lewgth of a Tangeht 

103. To find Ike length of the tangent from any external 
point ij (x v tj-y) to the circle (x — a)' 1 + (y — b") 2 = r 2 . 



'I'soiLi 




Solution. Let C (a, ft) be the center of the circle and 
Q the point of tangency. Then in the right triangle CI[Q 

the wide 1\Q is the tangent the length of which is required. 
Since iJQ^CTJ"-^ 

»( ^-«y+(yi-»)'-* a . §17 

we have P X Q = V^ - af + (j^ — bf — r 2 . 

That is, the length of the tangent from an external point 
(x v y{) to any circle may be- found by l.rampomig to the first 
member all the terms of the equation of the circle, substituting 

x t for x and j/ 1 for y, and taking the. xqiiare root of the result. 

Exercise 31. Two Circles and Lengths of Tangents 

1. The radical axis of any two circles is perpendicular to 
the line of centers. 

2. The radical axis of any two real circles is real, even if 
the circles do not intersect in real points. 

3. The tangents to the circles S = and S'^=0 from any 
point on the radical axis are equal. 

4. The three radical axes determined hy three circles meet 
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Exercise 32. Review 

1. In the circle x % + if — ix + Qy = 12, find the x inter- 
cepts and the sum, product, and difference of these intercepts. 

2. Find the sum, difference, and product of the a; intercepts 
and of the y intercepts of the circle x'-+y- + 2 x~ 13 y + 40 = 0. 

Given any circle x 2 + g 2 — S ax — H by + c = 0, prove that : 

3. The difference of the x intercepts is 2 V« 2 — c. 

4. The sum of the x intercepts is 2 a aud the product is e. 

5. The sum oi (.lie y intercepts is 2b and the product is <;. 

6. The difference of the squares of the chords cut by the 
circle from the axes is 4(V — b'*). 

Find the equation of each of the following circles: 

7. Tangent to OY at. the point (0, C) and cutting from OX 
a chord 16 units in length. 

Notice that the chord i- equal to the iMli'trerxi; of the x intercepts, 
and then use the result ol Ex. 3. 

8. With center (— '■'<, a), the product of the- four intercepts 
being equal to 225. 

9. Tangent to both axes and having the area included 
between the circle and the axes equal to 16(4 — ir), 

10. Passing through ('4. 2) and (— 1, 3) and having the sura 
of the four intercepts equal to 14. 

After the equation of the civile has been found, draw the circle, find 
the four intercepts, ami note thai, two of these intercepts are imaginary. 
Flow much do l.liOHi; itiLa.diiary iuUovopwS ciii] tribute to the given sum ? 

11. Show that the square of the tangent from the origin to 
the circle a? -f- if — 2 ax — 2 by + c = is equal to c, and there- 
fore show that the origin is outside the eirele when e > 0, on the 
circle when e = 0, and inside the circle when o<0. 

12. A ray of light from (1 (I, 2) strikes the circle x'* + f = 25 
at (4, 3). Find the equation of the reflected ray. 
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104 THE CIRCLE 

13. Find the equation of the circle having (a, b) as center 

and passing through the origin. 

14- The tangent to the circle ■£■ -|- f — 2 ax — 2 by = at 
the origin is ax -\- by — 0. 

15. Show that the tangents drawn from the origin to the 
circle (x — a)'' -f (y — b'f = I s are also tangent to the circle 
(a; — kdf + (?/ — Jcbf = {kv'f, where k is any constant. 

16. The circles x 2 + if = 36 and x? + y* — 24 a; = 108 inter- 
sect at right angles. 

Sueli circles arc said to be nrtkoijonal 

17. The condition that the circle x 2 + y 1 + Dx + Ey + F= 
shall be tangent to the x axis is that D 2 = 4 F. 

18. Find the condition that a; 2 + f + Dx + Ey + F=0 and 
$ + 1? + D'x + E'y + F= shall be tangent circles. 

19. Find the equations of the three circles with centers (2, 5), 
(5, 1), and (8, 5), each circle being tangent to both the others. 

30. Find the points of intersection of the line 3a; — y = 3 
with the circle x* + y- + x — &y — 3 = 0. 

21. Find the points of intersection of flic line 2k + ?/ + 3 = 
with the circle x~ + f — ix — Gy=7. 

22. Find the points of intersection of the x axis with the 
circle 3? + y*-2 x + 4y = 8. 

23. Find the condition that the Hue Ix + my + n = shall 
be tangent to the circle x 2 + y 2 = r 2 , 

24. Find the equation of the circle with radius 10 and tangent 
to the line 3 y = 4 x + 3 at the point (3, 5). 

25. Given that the circle x} + y 2 — Qx + hy + I = is tan- 
gent to the line 4 y = 3 x — 8 at the point (4, 1), find h and I 

The results found in §{j 9(i ami SS> may be employed to advantage. 

26. Find the equation of the chord through the two points of 
contact of the tangents from P(— 1, 7) to the circle x 2 -\-y' i =2h. 

Such a chord, is called the chord of contact. 
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27. The equation of tlic chord of contai't of the tangents 
from (x v i/j) to Liu: circle sr-f- y"= i s is x^x + y t y = r 2 . 

How is tills fact related to the fact that when (;r,, y t ) is oil the circle 
the equation of the tangent, at (x. u i/,) inx-,x + y,'!/ = r 3 ? The correspond- 
ing problem for the parabola is solved in § 21a. 

28. A wheel with radius |- Vil ft. is driven by steam, the 
pressure being transmitted by the rod ATI, which is 10 ft. 
long. If the thrust on AS is 

25,000 lb. when B is at (2, f), 
find the corresponding tangen- 
tial and normal components of 
the thrust. ■ 
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For l.iit explaaalioa of the teeh- 
nical terms, see Ex. 15, page 100. 
It will be found convenient to tiike 
die origin at. the center of the circle. 
If the segment BQ represents the thrust of 25,0001b., BT and BN 
represent the required components. Since li'j' ■■-■ JlQcosQ, the prob- 
lem reduces to finding <£ by means of the slopes of BT and BQ. 

29. Two forces, 2? =20 lb. and 

F'=301b., are applied at P(12, 5), 
a point on the circle x 2 + if = 1G9, F 
acting along a line with slope -J and 
F' along a line with slope 2. Find 
the sum of the normal components of 
F and F\ 

30. If a wheel with radius ~> ft. rotates so that a point P 
on the rim has a speed of 10 ft./sec, find the vertical and 
the horizontal components of the t 
of P when P is at the point (— 4, 3), 

In the figure, if PQ = 10, the problem is to 
find PV and PH. 

31. In Ex. 30 find a formula for the 
horizontal speed of 7' at any instant; 
that is, when P is tit any point on the rim. 
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THE CIRCLE 




32. If two tangents are drawn from (a, 0) to the circle 
a?-{-y*=t a i find the equation of the circle inscribed in the 
triangle formed by the two tangents and the chord of contact. 

33. A ray of light parallel to XO /N 
enters a circular disk. of glass of 
radius 13 cm. at P (12, 5) and is re- 
fracted in the direction 1'Q. If the 
direction l'<i h dei.ermmed by the 
law sin $ = 3$>- sin <£, PN being 
the normal at P, find the equa- 
tion of PQ. 

34. Show that the three circles a? + f — 6 a; — 12^ + 41 = 0, 
af-hy 1 — 10a;-8y = -37, and x 2 + if - 14a; - 4 y = - 49 
have two points in common. 

35. Find the equation of a circle passing through the point 
(1, 3) so that the radical axis of this circle and the circle 
^ + ? / _ 8 £ +7y =10 is 2a: -- 3;/ = ti. 

36. Find the locus of a point which moves so that the square 
of its distance from a given point is equal to its distance from 
a given line. 

37. A point moves so tliat the sum of the squares of its 
distances from the sides of an equilateral triangle is constant. 
Show that the locus of the point is a circle. 

38. Given an uqivi lateral, triangle A ISC. find the locus of the 
point P which moves so that PA = PB + PC . 

39. If the point P moves so that the tangents from P to 
two given circles have a constant ratio, the locus of P is a 
circle passing through the common points of the given circles. 

40. In the triangle ABC it is given that A IS = 10 in., that 
AC =12 in., and that A C revolves about A while .-1 IS remains 
fixed in position. Jvind the locus of the mid point of ISC. 

41. Given any two nonconcetitric circles S = and S' = 0. 
and k any constant, then the center of the circle S + kS' = 
is on the line ol' centers of S = and S' = 0. 
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42. In Ex. 41 show that the line, of centers is divided by 
the center of S 4- kS' — in the ratio k : 1. 

Wliat interpretation is to be <;iv«ii to the- problem if fe = ? if fc = 1 ? 

43. The equation of the circle determined by the three 
given points (aSj, yj, (x v y^l, and (sE g , y s ) may be written in 

determinant fur 111 as follows: 



1+tf* X „ V, 1 

Comparing tin- cooiUouuitH of s- :i;ul ;/- in tlu; expansion of the deter- 
minant, show by § 92 thai, t.lic equation rciivi'sunis a circle. Tlien show 
that the equation isttiuisiied wliuii x i i.swilwtUutKi f or ■?,, and#, for y, and 
similarly for tliu coordinates of (a'., ;/.,) and (a;.,, ?/ a )- The exercise may 
in; omitted l>y t-lioso who are not faiuiliav witli determinants. 

44. Determine the point from which the tangents to the circles 
x? + f- 2x- 6)/ + 6 = and a: 2 -f */ 2 - 2y - 2x + 14 = 
are each equal to Vl02. 

45. Find the equation of tin: locus of the point I' which moves 
so that the tangent from P to the circle a? + y' 1 — 6 a; + ?/ = 7 
is equal to the distance from P to the point (— 7, 5). 

46. The point P moves so that the tangents from P to the 
circles ar'+j/ 1 — 6x — and a?+y*+ 6x — 2y = 6 are in- 
versely proportional to the radii. Find the locus of P. 

47. Find the equation of the locus of the point P which moves 
so that the distance from P to the point (6, —1) is twice the 
length of the tangent from P to the circle 3? + if — Ix = 17. 

48. Show that the locus of points from which tangents to 
the circles a? + f -12x^0 and 3? + f + Sx - 3 y - 4 = 
are in the ratio 2 : 3 is a circle. Find the center of this circle. 

49. If three circles have one and the same radical axis, the 
lengths of the tangents to two of the circles from a point 
on the third are in a constant rsuiu. 
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108 THE CIRCLE 

50. Find the equation of the circle having the center (5, 4) 
and tangent internally to the circle a; 3 4- y 2 — 6x — 8 y — 24. 

51. Find the equation of the circle having the center (A, k) 
and tangent internally to the, circle x" ! -f y 2 — 2 ax — 2 by 4- e = 0. 

52. If the axes are inclined at an angle «, the equation of 
the circle with center (a, V) and radius r is 

(»-«)' + (!*-»>' + 2 (»-«) (S - ») «» -- '' , - 
PiJirf (Ae equation of the focus of the. center of a variable 
circle satisfying the. j\>Uov:mg conditions: 

53. The circle is tangent to two given fixed i>irele3 one of 
which is entirely within the other. 

54. The circle is tangent; to a line . I li and euts the- constant 
length 2 e from a line A C perpendicular to A B. 

55. The circle is tangent to a given lino and passes through 
a fixed point at a given distance from the given line, 

56. Given the two lines y = mx — 4 and y = - — - x + 4 j 
when m varies, the lines vary and their intersection varies. 
Find the locus of their intersection. 

1 i Hiri'i nl i i is* Uu: tijUiiLiniirt as ,-4:imllaniH'n;s, ii' we eliiniiuitu m we obtain 
the required equation in x and y ; for this equation is satisfied by the 
coordinates of the intersect Ion of the linns, whatever the value of m. 

57. Find the equation of the locus of the intellection of the 

lines y = mx +Vm a + 2 and y — £ 4--\| — i + 2. 

To eliminate m transpose the x term in cadi equaiitm, clear of frac- 
tions, square both members, and add. 

58. All circles of the system x* + -if — 2 ax — 2 ay + a? = 
are tangent to both axes. 

59. All circles of the system x 1 -\- y" — 2 ax — 4 ay -4- 4 o? = 
are tangent to the line iy = ?<x and also to the y axis. 

60. Find the equation that represents the system of circles 
with centers on OX and tangent to the line y — x. 
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CHAPTER VI 



Tl'lAXS FORMATION OF COORDINATES 

104. Change of Axes. The equation of the circle with 
center 6' (2, 3) and radius 4 is, as we have seen, 
(z- 2)2+(y-3)2= 1(5. 

Here the y axis and x axis are respectively 2 units and 
3 units from C. But if we discard these axes and take a 
new pair CX, CY through the center C, 
then the equation of the circle referred to 
these axes is 

z? + f = W, 

which is simpler than the other. 

In general, the coei'licients of the equa- 
tion of a curve depend upon the position 
of the axes. If the axes are changed, the coefficients are, 
of course, usually changed also, and it is to he expected 
that often, when we know the equation of a curve referred 
to one pair of axes, we may find a new pair of axes for 
which the equation of the same curve is simpler. 

The process of changing the axes of coordinates is 
called transformation of coordinates, and the corresponding 
change in the equation of the curve is called transformation 
of the equation. 

The two transf or (initio jjs explain^] in (.his chapter are merely 
the special cases which are most often needed in our work. The 
general problem is to change- from any pair of axes to any other 
pair, rectangular or oblique. 
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Problem. Translation of Axes 

105. To change tkn origin from the point (0, 0') to tJtepoint 

(h, 7e), 'without ehanghig the. direction of the axes. 
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Solution. Let OX, OY be the given axes, 0' the point 
(It, 7c), O'X', 0' Y' the changed axes. Denote by (x, y) the 
coordinates of any point P referred to the given axes, and 
by (»■', y 1 ') the coordinates of I' referred to the changed axes. 

Then x^OA+AM, 

and y—AO'+M'P. 

That is, X = x' + ft, 

and y = y'-\-k. 

Hence, when we know the equation of a curve referred 
to one pair of axes, we find its equation referred to another 
pair of axes through (7(, 7c) parallel to the, given axes by 
putting z'+h for x and y' + k for y in the given equation. 
No confusion results if in the new equation in x' and y 
we drop the primes and write x and y for x' and y'. 

That is, to find Ike transformed equation write x-\-h for . 
x and y + k for y in the given equation. 

106. Translation of Axes. The kind of transformation 
discussed in § 105 is called a translation. 

Tt is customary to spunk of the Uanxlati'm uf roon/inates or of the 
translation of axes. 
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TRANSLATION OF AXES 111 

107. Simplifying an Equation by Translation. Let us 

examine the possible effects of trans hitlon upon the equation 

2 a? - 3 xy + f + 5 x - 3 y - 1 = 0. 

If the new origin is (h, 7c), then the new equation is 

2(x + hy-3(x + JC)(y + k-) + (y + ky+?>(x+h) 

-3(j/ + &)-10 = 0, 

or 2 x?- 3 zy + f + h-$k + 5)x + (-3h + 2k- 8)# 

4- 2 tf- ,3 AJb + »+ 5 A - 3 h -10 = 0. 

Only the x term, the y term, and the constant term 
depend on h and 7c. To make the equation simpler, let 
us determine h and k so that the coefficients of two of 
these terms, say the x term and y term, vanish; that is, 
so that 4 h - 3 Jc 4- 5 = and -3A+2&-3 = 0. 

This gives A = l, 4 = 8; and the Hew equation, referred 
to axes through (1, 3) and parallel to the old axes, is 
2^-3^ + ^=12. 

108. Equation Ax 2 + By 2 + Cx + Dy + E=0. We shall 

frequently meet an equation of the second degree which 
has an k 2 term and a y % term but no xy term. 

The following example shows an easier method than the 
one given above for transforming such an equation into an 
equation which has no terms of the first degree. 

For example, consider t.be equation 2:c 2 — f — 10^ — 12?/ =1. 
We may first write it in the form 

2(iP-8*)-6(jr' + S|r) = l ) 
and then 2 (x - 1)°- - 8 (?/ + l) 1 = 1 + 32 - 6 = 27. 

It is now obvious thai, Lin; dmved new origin is (4, — 1); for, by 
writing x + 4 for s and y — 1 for t/, we have 
2^-6^ = 27. 
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112 TRANSFORMATION OF COORDINATES 
Problem. Rotation of Axes 

109. To change the direction of Ui.e a:n:n without changing 
the origin, hoth. sets of a 




M R 



Solution. Let (x, if) be a point P referred to the given 
rectangular axes OX, OY, and let (a;', y") be the same point 
referred to the changed axes OX', OY'. Then we have 
OM=x, MP=y, ON=x', NP=y'. 

Let 9 represent the angle XOX 1 . Draw XQ perpendicular 
to PM, and NB perpendicular to OX. Then angle QPN= 9, 
since their sides are perpendicular each to each. 

Hence OM= OK-QN= ON eos 8-XP sin 0, 

that is, x = x' cos 6 — y' sin 6. 

Also t *J&?= SiT+ QP = O.A r sin + JVP cos 5, 
that is, . y = x 1 sin & + y' cos 9. 

Ilenee, when we know the equation of a curve referred 
to one pair of rectangular axes, we can find its equation 
referred to another pair of rectangular axes with the same 
origin and making the angle 8 with the given axes. 

To find the trantfo-nned equation write x con 8 — y sin 8 
for x and x mi I) + y eon 8 for y in the given equation. 

110. Rotation of Axes. The kind of transformation dis- 
cussed in § 109 is ealled a rotation. 
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ROTATION OE AXES 113 

Theorem. Elimination of the xy term 

111. In reetanyt'lar coord in atex it -in ah.rayn jjo-sxible t» 
determine a rotation, which tranvforiii-i any equation of the. 
wond di'ijrei'- into an equation- whir]} lack* the xy term. 

Proof. Let ax 2 + 2 hxy + by 2 + ex + dy + e = represent 

any equation of the second degree. notation of the axes 

through an angle transforms this equation into 

a (x cos 6 — y sin t?) 2 + 2 h (x cos 8 — y sin 8) (x sin + y cos d) 

+ b(x sin + y cos &)" + (terms of lower degree) = 0. 

In tins equation, collecting all the xy terms, we have as 
the coefficient of xy 

-2 a sin cos + 2h cob 9 - 2 A sin 3 <? + 2 b sin 8 cos 0. 

Then, since by trigonometry 2 sin 8 cos 8 — sin 2 and 

cos a f? — sin 2 — cos 2 (page 28t>), the coefficient of rs/ is 

- (« - 6) sin 2 + 2 A cos 2 8. 

Then, as is always possible, we choose 8 so that 

- (a - b) sin 20 + 2Aeos20 = O; 

2 A 

that is, so that tan 2 = 7 ■ 

(( — 6 

The transformed equation will then have no xy term. 

For example, to transform the equation 3 x 2 + 3 xy — ?) 2 = 1 into 
an equation which has no :n/ term, wo have tan 2 = ^. Since we 
must use sin and cos 0, we substitute § for tan 2 in the formula 

tan 20- —fa (page 28f>). Charing of fractious and simplifying, 

wc have 3 tan 5 + 8 tan 0-3 = 0, whence tan0=J.or-S. Choosing 
tan 0= J, we find by calculation that sin = 1/VlO and cob0=8/VT6. 

Completing the transformation of laic equation !5 a- 2 + 3 ay — y* = 1 
by writing (3 a — i/)/Vl0 for a: and (.< + 8 y)/VlO for j and simpli- 
fying, we have the transformed equation 7 a? — 3 if — 2 = 0. 
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Exercise 3 



Transformation of Equations 



Tmnfiform each of (he J'oV.ovAng c'/iiatioiis b;_ 
tr initiation,, making 0' the. new origin: 

1. a; 2 -2?/-6£ + 8?/=9; 0'(3, 2). 

2. f-4x + 4y + 8 = 0; 0'(1, - 2). 

3. (x-af + { V + af = xy; 0\a, -a). 

i. x a -6xy + y , -6x + 2y+l=Q; O'(0.- 



means of a 



5. 3 a; 2 - 



•£xy- 



\-Ux 



■ 0'(_1, 4). 



Transform each of 1.1a' fill-owing c'/uo.lions into an equation 
■which has no firKt-dc.gr.cc, terms: 
6. rf + s "-6<B + 2y=8. 
1. 2x 2 -2f-8x-4:>/ = 5. 

8. 3^ + xy -2f + ix + 9^=15. 

9. aP-Sxy-Stf + Sx + 12 3/ =16. 

Transform each of the Jul lowing cjii/diiiiw by means of a 
rotation of the axes Ui.rov.gli the avi.de angle 8: 

10. x 1 -y' = 4; 6 = 45°. 

11. (x + y~ 2) a = 4 xy ; 8 = 45°. 

12. 2x* + 21xy- 5y"- = S; 6 = sin-' -|. 

13. 3?-2xy + 2f^l; I) = tan" 1 2. 

Tmnxform each- of the fJi<, wing c^nationrt into an equation 
which has no xy term: 

14. ay =12. 16. k 2 ~ Ixy + y* = V2(x + y). 

15. a: 2 + f + xy = 3. 17. 3a a +12z?/ + 8y* = 5. 

18. Show that, there is no translation of axes which trans- 
forms the equation y* — Gy — 2 a; + 11 = into an equation with 
no first-degree terms. Find a translation which removes two 
of the terms of the given equation. 
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CHAPTER VII 
THE PARABOLA 

112. Conic Section. The locus of a point which moves so 
that the ratio of its distances from a fixed point and a fixed 
line is constant is called a conic section, or simply a conic. 

We shall designate the moving point by P, the fixed 
line by I, the fixed point by F, the distance of P from 
F by d, the distance of P from £ by d', and the constant 
ratio d : d' by e. The fixed line I is called the , 
directrix of the conic, the fixed point F is called ? p 

thefoeus of the conic, and the constant ratio e. J Jjp 
is called the eccentricity of the conic. 

Conic sections arc so called because they wenj first studied by 
synthetic geometry as plane sections of a right, circular cone. We 
shall now study conk sections l>v means of coordinates, a plan much 
simpler than the- ancient geometric nhm. 

The proof that conic sections, as defined above, are plane sec- 
tions of a right circular cone is not given in this book. 

113. Classes of Conies, The form of a conie depends 
on the value of the ratio d : d'. 

If e =sl, that is, if d = d', the conic is called a parabola. 

If e < 1, the conic is called an ellipse. 

If e > 1, the conic is called a hyperbola. 

As we shall see later, the circle is a speciaf case of the ellipse. 

114. Parabola, The locos of a point P which moves so 
that its distances from a fixed point F and a fixed line I 
are equal is called a parabola. 
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116 THE PABABOLA 

Problem. equation op the Parabola 

115. To find tin; equation of the parabola when the line 
through the focus perpcndleidar to the directrix is the x axis 
and the origin is midway betivrn the- focus and the directrix. 




Solution. By the definition in § 114 it follows that a 
locus is a parabola if it satisfies the condition FP = QP. 

Denote by 2 p the fixed distance 7t7< T from I to F. Then 0, 
the mid point of KF, being equidistant from I and F, is a 
point on the parabola. Taking the origin at the point 
and the x axis along KF, the fixed point F is (p, 0); and 
if J'(x, y) is any point on the parabola, the equation of the 
parabola is found from the condition 

FP = QP ; 



that is, " ^(x—py^+y* — p + %. 

Therefore y 2 = ipx. 

This equation of the parabola is the basis of our study of the 
properties of this curve. 

116. Position of the Focus and Directrix. The focus of 
the parabola y 2 = ipx is evidently the point (p, 0), and the 
directrix is the line x — — p. 

Thus (0,0) is LI io focus of the parsdiola- ;/ ■ - 2-1 .r, and the directrix 
is the line ?: =— G. 
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DRAWING THE 1'ARAttOLA 



117 




few of 
smooth curve. 



117. Drawing the Parabola. Since the equation of the 
parabola y* = ipx may be written y = ± 2^/px, the parab- 
ola is evidently symmetric with respect 
to OX. From the equation it is also 
apparent that as x increases, y increases 
numerically. 

If f is positive, the curve lies on the 
positive side of OY because any nega- 
tive value of x makes // imaginary. 

If p is. negative, F lies on the left of 
I and the curve lies on the left of OY, 

To draw a parabola from its equation, plot 
its points and connect these points by 

118. Axis and Vertex. The line through F perpendicular 
to the directrix is called the axis of the parabola, and the 
point where the parabola cuts its axis is called the vertex. 

119. Focus on the y Axis. When the y axis is taken as 
the axis of the parabola, the origin 
being at the vertex as in this figure, 
by analogy with the result of § 115 
the equation of the 

x 2 = lpy, 

120. Chord. A line joining any two points on a conic 
is called a chord of the conic. A chord passing through 
the focus of a conic is called & focal i.-hord. A line from the 
focus of a conic to a point on the curve is 
called a focal radius. 

The focal chord perpendicular to the axis 
is called the fw.al width or latus rectum. 

For example, AD, BC, and BE are chords of 
this parabola; AD iitid BC avis focal chords; FB 
is a focal radius ; aad A D is t-lio focal width. 
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118 THE PAltABOLA 

Exercise 34. Equations of Parabolas 

Draw each of ihefoJlotcin// para/iolna ; find, the focal width., 
the coordinates of tliefoews, and tin: c/nation. <f the directrix; 
mark the foeua and draw the directrix in ea.r.h, jif/v.re : 

1. y*=8z. 3. y' 1 = 12x. 5.6x = -y\ 7. » s =-8y. 

2. if = -& x . 1. x = 2y*. 6.^=8;/. 8. 2x s =$y. 

In the equation \f = 4px find the value of p under each 
of the following conditions ; 

9. The parabola passe;) through the point (2, G). 

10. The focal width is 16. 

11. The distance from the vertex to the focus is 3. 

12. The focus is the point (- 5, 0). 

Under each of Lite foU'.ni'in;/ condition.* find the equation of 
the parabola irhose vertex w at the origin and ivhose axis is 
one of the coordinate axes : 

13. The line from (- 2, 5) to (- 2, - 5) is a chord. 

14. The Hue from (- 2, 6) to (2, 6) is a chord. 

15. The focus is (0, -3). 

16. The focus is on the line 3 x + 4 y = 12. 

17. The directrix is the line y — 6. 

18. Show that the local width of the parabola </ = <±px is ip. 

19. For what point; on the parabola x~ = — 12 y is the ordi- 
nate twice tlit: abscissa? 

20. From the definition of the parabola give a geometric con- 
struction by which points on the parabola may be found when 
the directrix and focus are given. 

21. The distance from the focus to any point P 1 (x^ y^) on 
the parabola y 2 = ipx is p + x v 

22. If the distance from the focus to a point P on the 
-4a; is 10, iind the coordinates of P. 
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EQUATIONS OF PARABOLAS 119 

23. In the parabola y^^ipx an equilateral triangle is 
inscribed so that one vertex is at the origin. Kind the length 
of one side of the triangle. 

A tyuve i* inwilbt-il in a curve K nil tin: vtnitcs iii; 0:1 Hie curve. 

24. Given the parabola y i =l&x l find the equation of the 
circle with center (12, 0) and passing through the ends of the 
focal width. By finding the points of intersection of the circle 
and parabola, show that the circle and parabola are tangent. 

Draw the grapiim of each of the. following pairs of equations 
and find the common points in each case: 

25. y*=9x; 3x-7y + 30 = 0. 30. x* = y; y> = x. 

26. j/ a =S'aj; 5C-4j/+12 = 0. 31. ^ = 4; f=% 

27. x*=18y; 2x-Gy + 3 = 0. 32. as s = 4> j if = Vx. 

28. if = 12x; as -3/ = 9. 33. B'=9y; f = 2x. 

29. a? + jf_4z = 4i *; = ?/. 34. rf = y; y = l. 

35. Draw the parabola ?/ 2 = 6 a; and the chords made by the 
parallel lines y = x, y = x — f , and y — x — %. Show that the 
mid points of these chords lie on a straight line. 

36. Draw the parabola x 2 = — Ay and on it locate the point 
P whose abscissa is 6. Join P to the focus F and prove that 
the circle whose diameter is FP is tangent to the x axis. 

From the definition of the -parabola find the equation of the 
parabola in each of the following cases : 

37. The y axis lies along the directrix and the x axis passes 
through the focus. 

38. The x axis is the axis of the parabola and the origin is 
the focus. 

39. The directrix is the line x = 6 and the focus is the 
point (4, 2). 

40. The directrix is the line ?iX — Ay — Z and the focus is 
the point (1, 1), 
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Problem. More General Equation of the Parabola 
121. To find the 



parallel to t 



ion of the parabola with itn axis 
ivith its vertex at the point (h, &). 




Solution. Letting V(h, k') be the vertex, we are to find 
the equation of the parabola referred to the axes OX, OY. 

If we suppose for a moment that the axes are taken 
through V parallel to OX and OY, the equation of the par- 
abola referred to these axes is y 1 = ipx. Referred to V as 
origin, is the point (— h, — &). If we move the origin 
to (§ 105), we must write x — h for x and y — h for y 
in the equation y 2 =±px, and the equation becomes 

(y-kf = ip(x-h). 

This is therefore the equation of the parabola referred 
to the axes OX, OY. 

122. Corollary. The equation Ay 3 + By+Cx + D = 0, 
where A^ and C =£ 0, represents a, parabola with its axis 
I to the x axis. 



For, by completing the square with respect to the terms Aif + By, 
this equation may he written in the form (j/ — £) a = ip (x — ft). 

For example, the equation '■> jr 5 — 12 y — 5 rr + 2 = may be written 
B(s*-4y) = 5z-2, or 8(y-2)a = 5z + 10, or ( V -1f = $(* + 2). 

This is therefore the equation of a parahohi- with its axis parallel 
to OX and with its vertex at the point (— 2, 2), 
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EQUATION OF THE PARABOLA 121 

123. Axis Parallel to the y Axis. When the axis of a 
parabola is the y axis and the vertex is the origin, the 
equation of the parabola (§ IT.)) is x 2 = ±py. Therefore 
by § 121 the equation of a parabola with its axis parallel 
to OY and with the vertex (A, k') is 

(x-ky = ip(y-k); 
and if A 3= and C =£ 0, every equation of the form 

A&+ Bx + Cy+D=Q §122 

represents a parabola with its axis parallel to the y axis. 

Exercise 35. Axis Parallel to OX or to OY 

Find tlie vertex V of eaeh of the folloiroo'f p<:imholax, draw 
new axes through V parallel to the 'jiven axes, find the new 
equation, and draw the parabola : 

1. f-iy- Gx +10 = 0. 4. y 1 = 3x + 2y + 5, 

2. 2if + 12y + 3x + 3 = 0. 5. y = 2a?-6x + 3. 

3. 3 if + 12y + 16 = ix. 6. Bar 1 — 5 a; = 4 y. 

7. What are the coordinates of the focus of- the parabola 
2y*=8y + 3x + l? 

8. Find the local width of the parabola 3jt— 6;b= &y — 11. 

9. Show that the two parabolas a; 3 — 2.* = 5y — 11 and 
f = iy + 5x — 9 have the same vertex, and find the other 
point of intersection. 

10. The equations y — ax? + bx + c, x =py* + qy + r repre- 
sent parabolas with axes parallel to OY and OX respectively. 

Find the. equation of the parabola, /jiven that : 

11. The vertex is (2, — 3) and the focus is (G, - 3), 

12. The focus is (0, 8) and the directrix is the line y = — 2. 

13. The vertex is (4, 3) and the directrix is the line x = 6 

14. The focus is (0, 0) and the vertex is (jt, 0). 
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122 THE PARABOLA 

124. Tangent. We have hitherto regarded a tangent to 
a circle as a line which touches the circle in one point and 
only one. This definition, of tangent does not, however, 
apply to curves in £ 



Thus, we may say that I is tangent to this ■ \ r ^- — --v^_y — 
curve at A, although I cuts the curve again at B. ' 

If c is any curve and P any. point on it, wc define the 
tangent to c at P as follows : 

Take another point Q upon the curve, and draw the 
secant PQ. Letting Q move along the curve toward P, 
as Q approaches P the secant PQ turns about P and ap- 
proaches a definite limiting position PT. q 
The line PT is then said to be tangent to 1S^£^^_ 
the curve o at P. 

The secant PQ cuts the curve in the two points P 
and Q. As the secant approaches the position of the 
tangent PT, the point Q approaches the point P; and when 
the secant coincides with the tangent, Q coincides with P. 

We therefore say that a tangent to a curve cuts the curve 
in two noi.iudih.nt -points at the point of tangency. 

The tangent may even cross the curvs at P, as shown in this 
figure, but in such a case the tangent cuts the 
curve in throe coincident points, as is evident 

if the secant PQ is extended to cut the curve — — 

again at the left of the point P. /^ 

125. Slope of a Curve. The slope of the tangent at a 
point P on a curve is called also the dope of the curve 

at the point P. 

Thus, in the case of the purahola shown on the opposite page, the 
slope of the curve at the point /'. is the slope of the tangent ]\T, 

While the slope of a straight line does not vary, the slope of 
a curve is different at different points of the curve. 
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TANGENTS AND SLOPES 123 

Problem. Slope op the Parabola 

126. To find the slope of the parabola y' i = 4px at any 
point I[(z v y{) on the parabola. 




Solution. Take another point Q^x^+h, j/ 1 + k~) on the 

parabola. Then the slope of the secant i}() is k/h, and 

the slope m of the tangent at 7J is the limit of the slope 

of the secant as Q approaches P t . That is, 

k 
m ~ lim - • 

Since I[ and Q are both on the parabola, we have 

yl = Apx 1 (1) 

and (,?/!+ lcf= ip{:>\+ h). (2) 

Subtracting (1) from (2), we have 
Jc(2y 1 +k') = 4ph; 
whence k/h = 4 p/(2 y i + 7c). 

Now when Q — *• J{, k — *■ ; and hence lim h/h= ip/% y v 



But lim Te/h -- 

Hence 



m, the slope of the tangent I\T- 



That is, th.i'. dope, of the parabola y- = 4px at any point in 
equal to Sp divided by the ordinate of the point. 
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Problem. Tangent to the Parabola 

127. To find the equation of the ianyent to the parabola 

y l = 4px at any point f[(x v y Y ) on the parabola. 

Solution. Since the tangent pusses through the point 
(x v i/j) and has the slope "2p/y v its equation is 

M { 

V\ 

Clearing of fractions, we have 

and since (x v y v ) is on the parabola if = 4px, we have 
yf — ^px v and the equation takes the convenient form 

For example, the equation of the fangi'.n! Uj (lie- j iiirabula, j s = 12# 
at the point (i, -2) ia - 2y = 6(x + £), of 3 x + y + 1 ■= 0. 

128. Slope of any Curve. The method of finding the 
slope of the parabola (J; 12o') may be used to find the slope 
of any curve when tlie equation of the curve is known, 
thus solving a problem not only of great historic interest 

but of the greatest practical importance. 

Finding the limit, of !:/h, tin; slope of the secant, turns out to be 
a difficult matter in tin; case of many curves, and i,he treatment of 
such cases is explained in the calculus. 

129. Subtangent and Subnormal. The projections upon 
the x axis of the segments of the tangent and the normal 
included between the point of tangency /■' 
and the x axis arc called the mhtawjent and 
the wJ, normal fur the point P. 

Thus, in the figure, if PT is the tangent at P 
and PN is the normal, 'I'll is i.lic siilitaugeut, and (J.V the subnormal. 
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Exercise 36. Tangent at the Point (*„ y,) 

In each of the follow iny -parabolas show that P is on 
the curve, and find lite nqwdimtK of the, tangent and the 
normal at P: 

1. y*=%x; P(2, 4). 3. f+x = 0; P(-l, 1). 

2. jf=-10se; P(~-3.6,-6). 4. x = 9f; P(9, -1). 

" 5. Find the intercepts of the tangent to the parabola 
j/ 2 = 12 a; at the point (±g 6 -, 8). 

6. Find the intercepts of the tangent to the parabola 
y 2 = ipte at the point P,^, */f). Show that the x intercept is 
— Xj and that the y intercept is \y v Draw the figure. 

7. From Ex. 6 find a geometric con struct ion for the tan- 
gent to any parabola at any point on the parabola. 

8. Find the equations of the tangents to the parabola 
y 1 — — 16a; at the ends of the focal width. Show that these 
tangents are perpendicular to each other and that they meet 
on the directrix. 

9. 'The tangents to any parabola at the ends of the focal 
width meet at right angles on the directrix. 

10. A tangent is drawn to the parabola ?/ = 4x at the point 
(9, 6). Find the snbtangent and the subnormal. 

11. A. tangent is drawn to the parabola y 2 = ipx at the 
point (x v ?/,). Find the subtangent and the subnormal. 

12. On the parabola y*~10 x find l, he point (a, l>) for which 
the subtangent is 12, 

13. On the parabola 3 a; + 8?/= find the point P such 
that the tangent at P has equal intercepts. 

14. On the parabola 2?/ 2 = 9* find the point P such that 
the tangent at P passes through the point (— 6, 3). 

15. Suppose that a ray of light from the focus strikes the 
parabola y' J = 4a; at the point (9, 6). Draw the figure, draw 
the n'flected ray. and. liml the equation of this ray. 



,Google 



126 THE PARABOLA 

130. Properties of the Parabola, One important property 
of the parabola was proved in §12b'; namely, that the 
slope of the curve y*—4pz at the point (x v y{) is 2p/y v 
Other properties were expressed in Exercises 34-36, and 
the parabola has, of course, a great many more. The 
following properties, arising in connection with the tan- 
gent to the parabola y 2 — kpx at the point (x v y{), are 
of special importance and should be carefully studied: 
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1. Tim suUangent TQ is bisected at the origin. 

Proof. The equation of the tangent at J{(x v y{) is 
y-$~ 2p(x + x 1 '). The x intercept OT is found by letting 
y = in this equation and finding x. In this way we find 
that x = -x 1 =OT. BvLtOQ = x v and hence OT and OQ 
have the same length, so that is the mid point of TQ. 



2. Taking ./'' m th 

the directrix KM, the 

Proof. We have 

Furthermore, 

and, by property 1, 



Therefore 

Hence TFJ^Ii is a rhombus and j3 



focus and I\E as the perpendicular to 
tangent at J\ biaevts the angle h'/{F. 

P 1 E=P 1 F. §114 

BP l =p + x v . 

TF = TO 4- OF = OQ + OF 
= x l +p. 

HP, = TF = FP V 
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3. If Iil{ is produced to any point 8, FI[ and IJi* make 
eqtml angles with the normal ij*i\* 

Proof. We have <x~/3 from property 2. But it is evident 
from the figure) that angle /''^'.V .is [lie complement oicc, and 
that angle A'ij6' is the complement of £. 

Hence angle FT^N— angle NI^S. 

This is the important njkcl'wu property of the 

jllllilllllliL. 

Ruys nt' light from /''an: reflected parallel ti 
the axis. This fact is used in making headlights, N ^\ 

M-arehlight.s, am! relled-jug telescopes. Sound 
heat from F is also reflected parallel to 

i. The subnormal Q.Yi.x m/imi to 2-pfor nil position* of 1[ 
on the parabola. 

Proof. Since TFT'Jl is a rhombus, RF is perpendicular 
to TP V Hence RF\& parallel to J\N. 

Therefore' the triangles ]!!<!<' and 7\QN are congruent 

antl QN<=KF=2p. 

5. Through any point, (h, k) in the plane there are two 
tangents to the parabola y 2 — 4px. 

Proof, The tangent at (x v # x ) is y x y ~ 2p(x + Xj), and 
this passes through (A, k) if and only if y-Jz = 2 p (h + a^). 

Since y£ — ipx v the second equation reduces to 



yf- 2 4^+4^=0, 



which is satisfied by two values of y v Hence there are two 
points (x v y{) the tangents at which paws through (A, &). 

The two tangents may lx; disl.inrl or eolneidcjit., real or imaginary. 



,Google 



128 THE PARABOLA 

Exercise 37. Properties of the Parabola 
Draw the figure givm on page ISO, and prove that: 

1. The tangent id: i\ bisects RF at right angles, 

2. The lines TP V RF, and the y axis meet in a point. 

3. The line joining F and L is perpendicular to Fl\. 

4. The focus is equidistant from T, P v and JV. 

5. The focus is equidista.ut from v.lio points in which the 
tangent c:its (.be directrix and the foe;;] width produced. 

6. The segment RF is the mean proportion al between the 
segment Vl\ and the foeal width. 

The studio!, will p;v.bao!y have tlilKiiuky i:>. lhid'.r.s; a ^oo'iietrie proof 
of. (.Ills sta If ii i('i) l., but lUfj analytic proof is simple. 

7. TR* ■ XO = :/"/■' ■ <;*, where rf is the distance from K to TP,. 

8. The proof of property 2, § 130, is geometric. Give an 
analytic proof, rising the slopes of RP V TP V FP r 

9. Give an analytic proof of property 4, §130. 

As the first step "In': str.uoui. ill ay fi:id die ir. intercept of the normal. 

10- A. line revolving about a fixed point on the axis of the 
parabola if = ipx cuts the parabola in P and Q. Show that 
the product of the ordinates of /' and Q is constant, and like- 
wise that the product of the abscissas is constant. 

11. The line I revolves about the origin and cuts the parab- 
olas if=ip'x and if=&qx again in R and S. Show that the 
ratio OR : OS is constant for all positions of I. 

12. Using property 1, § 130, find a geometric construction 
for the tangent to a parabola at. a point P 1 on the curve. 

13. Consider Ex. 12, using property 4, § 130. 

14. Find a geometric construction for the tangent to a 
parabola from a point not on the curve, using Ex. 1 above. 

15. There are- three normals from (/;, /.') to the parabola 
if = ipx, and either one or three of them are real. 



,Google 



TANGENTS 129 

Problem. Tangent with a Given slope 

131. Tu find the equation of (In: line, -which has the slope 
n and is taw/eat to the parabola y i — 4fx. 




Solution. Let y = mx + k represent the tangent t whose 
slope is m. The problem then reduces to finding k from 
the condition that t is tangent to the parabola; that is, 
that t cuts the parabola in two coincident points (§ 124). 

To find the common points of ( and the curve we solve 
the equations y = mx + k and y* — ipx as simultaneous. 

Then (mx + k) 2 ^4px- : 

that is, mh? +2(km-2p')x + } l ?= 0. 

The roots of this quadratic in x are the abscissas of the 
common points of t and the parabola. But since these 
points coincide, the roots are equal. Now the condition 
under which any quadratic Ax 2 + Bx + C — has equal 
roots is that £ 2 -~4AC=0. Therefore we have 

4 (km - 2p) 2 - 4 W = ; 
whence k=p/m, and the equation of the tangent is 

»-«+£■ 

This is called the- dupe equation of the tangent to the parabola. 
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Exercise 38. Tangents with Given Slopes 

Find the equations of the taiy/euta to flu- following parabolas 
under the specified conditions : 

1. if = 16a:, tlie tangent having the slope 2. 

2. 1/* = 12 k, the tangent having the slope — ^. 

3. if = ix, the ta. n ge nt; being parallel to 2a: +o// = 1. 

4. 3y a = a;, the tangent, being perpendicular to x + y = 0. 

5. 3 «/ 2 + 16a; = 0, two perpend icuL it tangents, one of the 
two points of contact, living (— 3, 4). 

6. if = 12 x, through the point (— 2, — 5). 

The given point is nut on the parabola. Let y = mm + 3/m he tlie 
tangent, and find m from the condition that (— '2, — 5) is on the tangent, 

7. x = 2 y, from the point (8, - 2). 

8. 2 y> + 7 k = 0, from the point (- 3, - 1 /-). 

9. 3 y 1 = — 4 x, having equal intercepts. 

10. Show that the line y =— Sx + 2 is tangent to the 
parabola if — — 24a;, and find the point of contact;. 

11. Find the point of contact of the line which, is tangent 
to the parabola if = 3 a; and has the slope \. 

12. Find in terms of m the coordinates of the point of 
contact of the tangent with slope m. to the parabola if — 4px. 

13. Show that the intercepts of the tangent with slope in 
to the parabola if ~ Apx are — p/m* and p/m.. 

14. Aline with slope in is tangent to the parabola 5 f~ 8a; 
and forms with the a.xes a triangle of area 10. Find in. 

15. A line with slope rn is tangent, to tlie parabola 3?/= 80k 
and is also tangent, to the circle x 2 + if = 9. Find rn. 

16. If the line x — 2 ?/ + 12 = is tangent to the parabola 
if = ex, find a 

17. If two tangents to a- parabola are perpendicular to each 
other, they meet on the directrix. 
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PROBLEM. PATH OF A PROJECTILE 

132. To find the path of a projectile /''lien the initial 
velocity is given, dizriyardimj the- rfi-i.Kt.ance of the air. 




Solution. Take as axes the horizontal and vertical lines 
through the initial position of the projectile. Let the 
initial velocity he v, directed at the angle a with OX. 

Without the action of gravity the projectile would con- 
tinue in the straight line OQ, and after t seconds would 
reach a point Q distant vt from 0; that is, OQ = vt 

But the action of gravity deil.ects the projectile from OQ 
by a vertical distance PQ, which in i seconds is \ c/fi. 

It is assumed Unit, the student is familiar with tin- fact that a body 
falls from rest ^yP feet in t seconds; and that a body projected 
upwards loses in I seconds hi/f' feel, from the lmiglit. it, would have 
attained without tlic action of gravity. 

Therefore the coordinates 0.4 and AP of the position P 
of the projectile after t seconds are 

. x = vt cos a, 
and y = vt sin a — -|- gfi. 

That is, eliminating U we have 



y = x tan a 



But this equation is of the form Aa?+Bx+Cy +D = 0, 
which is the equation of a parabola (§ 1 28). 
Therefore the path of a projectile i 
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132 THE PARABOLA 

Problem. Mid Points of Parallel Chords 

133. To find the locus of the mid 'points of a system of 

■parallel chords of a parabola. 




Solution. Represent the parabola by if = 4px, the slope 
of the parallel chords by m, and any one of the parallel 
chords, say J,^, by y = mx + b. 

To find the coordinates of i\ mid T! 2 we solve the equations 
if = 4px and y = mx + b as simultaneous. Substituting 
tf/Ap for x in the equation y = mx + h, we have 
my 2 — Apy + &pb = 0. 

The roots of this quadratic are the ordinates y 1 and y^ 
of 1\ and P% ; and the ordinate «/ of the mid point M of i^ 
is half their sum (§ 27); that is, y = \ (y ± + y s ). 

But the sum of the roots of the quadratic is 4p/m. 

Therefore y = 2p/m, a constant. 

Hence the locus of the mid points of all parallel chords 
with slope m is the line parallel to the x axis and distant 
2p/m from it, and the equation of this locus is 



,Google 



DIAMETER OF A COBIC 183 

134. Diameter of a Conic. The Incus of the mid points of 
any system of parallel c;liords of a conic is called a diameter 
of the conic. 

The diameter of a circle- is perpendicular to Uk; chords bisected 
by it, but, in genera!, the perpend icuiiLrity is not true for other conies. 



Find the equation of the dia-im'tr.r ■"•hirfi hi suets chords of 
the following parabolas v.ndev ea<:h of the specified conditions: 

1. y* = 12 a:, chorda parallel to 3x — y = 1. 

2. if —— x, chords parallel to x ■+■ y = 0. 

3. 3a: — y' ! , chords perpendicular to 1 x = 5y — 2. 

4. y i = Gy -\- ix — 1, chords parallel to 2x = y. 

5. In the parabola if = §x find the coordinates of the 
mid point of the chord 2 a: — 3 y = 8. 

6. In the parabola )/ 2 = 8a: find the equation of the chord 
whose mid point is (6, 2). 

7. In the parabola ?f = — 10x what is the slope of the 
chords which are bisected by the line y = — 1 'I 

8. In the parabola if = ipx, if the diameter which bisects 
all chords with slope m cuts the parabola in P, the tangent 
at P is parallel to these chords. 

9. In the parabola if = ipx find the equation of the chord 
whose mid point is (a, b). 

10. Having a parabola given, how do yon find its axis? 
How do you find its focus ? 

11. Find the coordinates of two points A and B on the 
parabola j/ ! = 4ai, and prove that the tangents at A and B 
meet on the diameter which bisects A B. 

12- A line I insects all chords of slope m in the parabola 
y i = 4.p X . Find the slope of the chords bisected by I in. the 

1 7/ 3 = 4 qx. 
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134 THE PARABOLA 

Exercise 40. Review 

In the equation of the -po.rii.hohi- <f = 4 /».i; find the value 
of p, given the following conditions; 

1. One end of tho focal width is the point (6, 12). 

2. The parabola passes through the point (—10, 6). 

3. One end of the focal width ia 5 v5 units from the 
vertex of the parabola. 

4. For a point P on the parabola the fuibrangent is 15 and 
the foeal radius is 10. 

5. The line Zx — Ay =12 is tangent to the parabola. 

6. The tangent to the parabola at a point whose abscissa 
is 6 has 2 for its y intercept. 

7. "Find the points on the parabola. j^=12as which are 
9 units from the focus. 

8. Find the points on the parabola y 2 — — 24 x which are 
9 units from tho vertex. 

9. A parabolic trough, is 4 ft. across the top and 2 ft. deep. 
Choose suitable axes and find the equal. ion of the parabola, 

10. If a parabolic reflector is 6 in. across the face and 5 in. 
deep, how far from the vertex of the parabola should the light 
be set that the rays may be reflected parallel to the axis? 

11. This figure represents a par- j, 
abolie arch, ■with AB = 20 ft., CD = 6 ft 
Find the height of the arch at inter- 
vals of 2 ft. along AB. 

12. In the Brooklyn Bridge the distance AB between the 
towers is 1595 ft., the towers AP, BQ, rise 158 ft. above the 
roadway A B, and PMQ is designed as a. parabola. 

Find the length of an iron rod from PMQ per- .*■%. SK 

pendiealar to All, 100 ft. horn A. a 

Assume AMB to bo a straight line. This ia not 
quite the case with this bridge. The cable PMQ would not form a 
parabola unless so weighted at regular intervals as to cause it to do so, 
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REVIEW 135 

Find in each case, the. equation of the, parabola subject to 
the following conditions : 

13. The vertex is (4, 6) and the focus is (4, 0). 

14. The focus is (2, — 3) and the directrix is x = 8. 

15. The vertex is on the y axis, the axis is the line y = 2, 
and the foeus is on the line x + 2 y = 7. 

16. The equation of a parabola with axis parallel to OX 
or parallel to OY involves three essential constants and may 
always bo written in the form y = av? + hx + c, when the 
axis is parallel to OY, or x = ay 1 + by + c, when the axis ia 

1 to OX. 



17. What is the graph of the equation Ay 2 +By + Cx + D=0 
when C = ? 

18. Find the equation of the parabola through the points 
(2, 1), (5, - 2), and (10, 3), the axis being parallel to OX. 

Represent the parabola by one of the forms .uivi.-h in SS 121 and 123, 
or by one of those given in Ex. 1G above. 

19. What. parabola has the point (6, 5) for its vertex, has 
its axis parallel to OY, and passes through the point (10, 15)? 

Find the vertex, focus, and focal width of each of the 
following parabolas, and draw the figure: 

20. -.<? + y = - 6. 22. x = y 3 + y+l. 

21. 3# s = 12y + 2a;-16. 23. 3s 2 + 8s - 1y =16. 

Given the parabola y 2 + Ay +Bx+C=*0, find the follow- 
ing in terms of A, B, C: 

24. The focus. 26. The focal width. 

25. The vertex. 27. The directrix. 

28. Show that the two parabolas if — iy — 5x — 19 and 
5y = l + 6x — k 2 are congruent. Draw the figures. 

Prove that the distance from vertex to focus is l.hc snnic for both. 
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136 THE PARABOLA 

29. What does the equation if = ipx become when the 
origin is moved to the focus V 

30- Two congruent parabolas that have a common axis and 
a common focus but extend hi opposite rtireetions intersect at 
right aiiifl.es. 

31. Find the lowest point of the parabola y = 3x' + $x — 2. 

32. Find the highest point of the parabola y ~2 — 3 x — %x\ 

33. What point of the parabola x -- 2 f — 4 y + 5 is nearest 

If a projectile starts with, a vahir.iiy <f SOI) ft. J see. at an 
angle of 45° with the "horizontal, find : 

34. How high it, goes, taking g = 32. 

35. How far away, on a horizontal line, it falls. 

Tliia distance is called Hie; ntnijii of i.lm projertilix For present pur- 
poses jgnoni l.iie riisi stance of l.iio atmosphere. 

If a projectile starts with a velocity of v ft. /gee. at an angle 
of a degrees with the horizontal, prove that: 

36. Its range is i? 2 sin 2 a/g, and is greatest when a = 45°. 

37. It reaches the maximum height r sin 5 «/2 >j. 

38. The paths cor res ponding to various values of n all have 
the same directrix. 

39. Find the ai'o;s of the triangle formed with the axes by the 
tangent at the point (— 2, — 4) to the parabola >/ =—8*. 

40. The slope of the tangent to the parabola if = 4^>x at the 
point whose ordinate is equal to the focal width is -^-. 

41. Find the equations of the tangents to the parabola 
if = ix at the points for which the focal radius is 10. 

42. Find the sine and the cosine of the angle made with OX 
by the tangent at (— 9, S) to the parabola, -if + x = 0. 

43. Find the equation of the normal at (V p v/ ( ) to the parab- 
ola y 1 — Ipx, and show thai, the x intercept is x t + 2p. 
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REVIEW 137 

44. The angle between the tangents to the i >arabola y 1 = 8 x 
at the points -P,(f, — 6) and 1\(8, 8) is eipial to half the angle 
between the focal radii to P t and P a . 

45. The tangent to l.be parabola 6 x = if at the point (x', y') 
passes through the point (4, 7). Find x' and y'. 

46. Find the tangents to the parabola y 2 = ix that pass 
through the point (— 12, 6). 

47. A tangent to the parabola ;/ 2 = 20a; is parallel to the 
line x = y. Find the point of contact. 

48. G-iven that the line y = 3 x + k is tangent to the parabola 
'if =10;e, find the value of k. 

49. 2so line y = hx — k, where k is real, ean touch the 
parabola x = if. 

50. The condition that the line ox + by + c = shall be 
tangent, to the parabola f = ipx is ae=pft, 

51. Find the locus of the intersection of two perpend icular 
tangents to the parabola ;/" = &px. 

52. Given a parabola, find i.lie locus of the intersection of 
two tangents whose inclinations are complementary. 

53. A point P moves along the parabola if = 12 x with a 
constant speed of 20 ft./sec. Find the horizontal and vertical 
components of the speed of P when P is at (3, ?); that is, 
find the speeds of P parallel to OX and OY. 

Draw tlie rectangle with Kir.l«s parallel to OX and OY, and with the 
diagonal PQ lyins; almy the tanst'iit, I'Q riiiircsiiiitiiii; 20, the speed, 

54. A point starts at the vertex and moves on the parabola 
f — 8 a; with a constant horizontal speed of 16 ft./sec. Find 
its speed in its path, that is, in the direction of the tangent, 
at the end of 2 sec; at the end of * seconds. 

55. If A denotes the attraction between the sun and a 
comet C which moves on the parabola if = 4 x, the sun being 
at the focus, find the tangential and normal components of A 
when C is at the point (9, 6). 

For the technical terms see Ex. 15, page 100. 
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138 THE PARABOLA 

56. The slope of the parabola 3/ = car 1 at (x p y^) is 2ox r 

57. Using the result of Ex. 56, find the tangential and nor- 
mal components of a weight of 1000 lb. attached to the parabola 
x 2 = 16y at the point (16, 16). 

58. The tangents Id the parabola if ~ ipx at the points Qi,, k) 
and (A', k') intersect at the point ( V/1/1', -j-fjfc + A']). 

59. If the ordinates of P, Q, R on the parabola if = ipx are 
in geometric progression, the tangents at P and R meet on the 
ordinate oE Q produced. 

60. If a right triangle is inscribed in a parabola with the 
vertex of the right angle at the vertex of the parabola, then 
as the triangle turns about this vertex the hypotenuse turns 
about a fixed point on the axis of the parabola. 

61. If a line I through the vertex cuts a parabola again in 
/', and if the perpendicular to I at P meets the axis in Q, the 
projection of PQ on the axis is constant. 

62. Draw a parabola y 1 — ipx, and from any point Q on the 
focal width AJS draw perpendiculars (III, QS to the tangents 
through A and B respectively. Find tbc coordinates of fi and 5, 
and prove that US is tangent to the parabola. 

63. Any circle with a focal radius of the parabola if = ipx 
as diameter is tangent to the y axis. 

64. Any circle with a focal chord of the parabola if = ipx 
as diameter is tangent to the directrix. 

65. Find the locus of the mid points of all ordinates of the 
parabola y 2 = ipx. 

66. Find the locus of the mid points oC all the focal radii of 
the parabola if = iprx. 

67. As a point P moves indefinitely far out on a parabola 
its distance from any line in the plane increases without limit, 

68. Find the focus of the parabola wMeli pusses through 
the points (0, 6) and (3, 9) and has its axis along the y axis. 
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CHAPTER A r III 

THE ELLIPSE 

135. Ellipse. Given a fixed point F and a fixed line I, 
an ellipse is the locus of a point P which moves so that 
the ratio of its distances from F and I is a constant less 
than unity ; that is, 
FP/BP=e (§113). 

Drawing KF perpen- 
dicular to I, there is on 
KF a point A 1 so situ- 
ated that A'F/KA' = e, 
and on KF produced a 
point A so situated that FA/KA = p. Therefore A' and A 
are on the ellipse. Now let A'A=2a, and let be the 
raid point of A' A, so that A'0=OA = a. 

Let us now find KO and FO in terms of a and e. 
Since A'F= e ■ KA', and FA = e ■ KA, we have 

A'F+FA= e(KA'+KA), 
But A'F+FA = '± a, KA' = JiO - a, 

and KA=KO + a. 

Then 2n = e. 2JTO; 

whence KO = - . 

Also, FA - A'F= e (KA - KA') ; 

that is, (F0+ a)-(a-FO)= e ■ 2a; 
whence FO=ae. 
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40 THE ELLIPSE 

Problem. Equation of the ellipse 
136, To find- the equation- of the ellipse. 
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Solution. Taking Uic otigin at 0, the x axis perpendm 
ular to the directrix, and the y iixis parallel to the directrix, 
let P(x, y~) be any point on the ellipse. 
Then the equation may be found from the condition 



FP = 



i ■ up. 



§135 



Since F is (- ae, 0), then FP=^/(x+o 
Since BP = KO - MO = - + as, 

then e • BP = e(- + x) = a + ex. 



2 + f- 



§135 



Therefore V(» + aef +y' i = a+ ex, 
or (1- #)&+&= 0(1- #). 

This equation of the ellipse, simple as it is, may be even 
more simply written by dividing both members by cfi(l— e 2 ), 
and then, letting « 2 (1 — e a ) = J 2 , we have 

?- + £ = !. 

We shall often write this equatioN in t.lm form ^-.f- + a ! i/ s = n% 2 . 
Tt may also be written kt? t bf = \, where £ = l/n' J and / = \/b\ 
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DRAWING THE ELLIPSE 141 

137. Drawing the Ellipse. Solving the general equation, 
which was found in § 136, we have 

a 
From this result we may easily prove that: 

1. The x intercepts are a and — a. 

2. The y intercepts are b and — 5. 

Since in the solution of the problem in § 136 we put I? for a\l-e% 
and since e<l by § 113, we see that b<a. 

3. The value of y is real when — a ^x = a, and imaginary 
in all other cases. 

4. The curve is symmetric with respect, to the coordinate 
axes OX and OY, and with respect to the origin 0. 

Let us now trace the ellipse in the first quadrant. As 
x increases from to a, y decreases from h to 0, decreasing 
slowly when x is near 0, but decreasiug rapidly when x 
is near a. These facts are represented by the curve BA\ 
which we may now duplicate .symmetrically in the four 
quadrants to make Hie complete ellipse. 

For the plotting in a numerical cast; see § 42. 

We therefore see that to draw an ellipse when the 
equation is in the form found in § 136 we may first find 
the intercepts ± a and ± b, and then sketch the curve. 

138. Second Focus and Directrix. If the figure shown 
in §136 is revolved, through ISO" about Uie y axis, the 
ellipse revolves into itself, being symmetric with respect to 
the y axis. The focus then falls on OX at F', making 
OF' =FO, and the directrix KR falls in the position K'E'. 
Hence the ellipse may equally well be defined from the 
focus and directrix in the new positions, and we say that 
the ellipse has two foci, F and F', and two directrices. 
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142 THE ELLIPSE 

139. Axes, Vertices, and Center. The segments A'A and 
B'B are called respectively the mirivr a;ri& and the minor 
axix of the ellipse. The ends A' and A of the major axis 
are called the vertices of the ellipse: the point is called 
the center of the ellipse; and the segments OA and OB, or 
a and b, are called the semiaxes of the ellipse. 

140. Eccentricity. The eccentricity e is related to the 
semiaxes a and b by the formula V 1 = a 1 (\— e 1 "). § 136 

Hence e = 

It is, therefore, evident thai the distance «e from focus 
to center (§135) is FO = ae = yJc~f-UK 

141. Focal Width. The focal width or latus rectum 
(§ 120) of the ellipse x^/cfi + f/b* = 1 is found by doubling 
the positive ordinate at the focus ; that is, the ordinate 
corresponding to x =Va 2 — IP (§140). Substituting this 
value of x, we have for the positive ordinate y^W-ja. 

2 6 2 

Hence focal width = 

a 

142. Major Axis as y Axis. If the y axis is taken along 
the major axis, that is, along the axis on which the foci 
lie, the equation of the ellipse is obviously, 

as before, 



But hi this case a is the minor semiaxis 
and b is the major semiaxis. so that a and b 
change places in the preceding formulas. 

We therefore, see that 
a?=b*-0.-<:% e =^¥^?/b, F'O = be = VP - a?, X'0 = h/e. 
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FOCAL RADII 143 

Theorem, sum op the Focal Radii 

143. The sum of the dist./mws from the foci to any point 
on an ellipse is constant and ei/tial lo the major axis. 
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Proof. Let J 1 '( ; <ii ,V L ) be any point on tin; ellipse, V and 
F' the foci, and KM and K'li' tlie directrices. By § 135, 

FJ{=e - P 1 R = e(OK-x l }=er--x 1 ]=a-ex 1 , 

and F'P^e .H'J^= e(OK'+ x{)= e(- + as, )= a + ex v 

Therefore FJl + F'q =2 a, 

which, since a represents a constant, proves the theorem. 

Hence an ellipse may In; drawn Hy TiolcliiiLj a moving pencil point 

1\ against a string, l.hii I'-ntia o.( whir.h an: fastened at /*' and !•". 

144. Illustrative Examples. 1. Show that the equation 
4 a? +9 ^ = 36 represents an ellipse, and find the foci, 
eccentricity, directrices, and focal width. 

The equation, written in the form 2 3 /9 + j*/4 = 1, represents an 
ellipse (§ 136) with a a = S and I* = 4. Using a = 3 and ft = 2, the foci 
(§140) are (±Vo, 0); the eccentricity (§140) is £V5; the direc- 
trices (§ 135) are x = ± 9/Vo ; and the focal width (§ 141) is 2f. 

3. Find the equation of the ellipse with the foci (± 3, 0) 
and having e ~ \. 

Prom the equations V(i s — i* = 3 and Va a — &Va = g we have 
a = 5 and ft = 4. Hence the required equation .is a; 3 / 25 + ^ 3 /10 =1. 
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144 THE ELLIPSE 

Exercise 41. Equations of Ellipses 

Draw the ellipse for each of the followinfi equations and 

find the foci, cccenirieiVij, directrices, and focal width : 

1. 4 s? -(- 25 f = 100. 6. 9 a? + 4 if = 36. 

2. 9s 2 +- 16^ = 144. 7. a- 3 + 25 y 3 = 25. 

3. 3 a 3 + 4 / = 12. 8. 6x 3 + 9 / = 28. 

4. 3w a + 4y 3 = 24. 9. 2» 3 = 1-?/. 

5. 25 x 3 + 9 y 1 = 225. 10. 8^ + 3/ = 75. 

11. The equation 4 a 3 + 9?/ = — 36 can be written in the 
form of the equation of an ellipse, x'/a 2 + ifj'lr = 1, but there 
are no real points on the locus, 

12. The equation A-j? -\-Bif —C, where A and Care positive. 
represents an ellipse that is real if C is positive, a single point 
if C = 0, and imaginary if C is negative. 

13. Find in terms of A, B, and C the focus of the ellipse 
Ax* +By i = C where A and B are positive and A < B. 

Given the followi.nt) conditions, find the conations of the 
ellipses having aa-.es on XX' and, YY', and, draw the figures : 

14. Foci, (± 4, 0); vertices, (± 6, 0). 

15. Foci, (± 3, 0) ; directrices, x = ± 12. 

16. Minor axis, 6 ; foci, (± 4, 0). 

17. Vertices, (±8, 0); eccentricity, \. 

18. Vertices, (0, ± 8) ; cecentnciiy, \. 

19. Eccentricity, -|- ; major axis, 12 ; foci on OY. 

30. Vertices, (±7,0) ; the ellipse passes through (1, 1). 

21. Eccentricity, |; focal width, &??-. 

22. The points (2, 1) and (l, v -j-) are on the ellipse. 
The form fce 2 + b/ = 1, given in § 136, is tlirs simplest for tliis case, 

23. Pind the equation of the ellipse if the distance between 
the fori cnuiils V-he minor axis ar.il the focal width is 4. 
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EQUATION OF ELLIPSES 



1 10 



24. The lino joining one end of the minor axis of an ellipse 
to one of the foci is equal to half the major axis. 

25. An arch in the form of half an ellipse is 40 ft. wide and 
15 ft. high at the center. Eind the height of the arch at inter- 
vals of 10 Ft. along its width. 

26. An ellipse in which the major axis is equal, to the minor 
axis is a circle. 

27. In an ellipse with the fixed major axis 2 a and the 
variable minor axis 2 6, as b approaches a, the directrix moves 
indefinitely far away, the eccentricity approaches 0, and the 
foci approach the center. 

28. Draw an ellipse having the major axis 2« and the minor 
axis2Z>. Describe a circle having the major axis of the ellipse 
as diameter. Taking any abscissa <>M — x, draw the correspond- 
ing ordinatcs of the points P and P' on the ellipse and circle 
respectively. Show that the ordinates MP and MP' are in the 
constant ratio h/a. 

29. Dr-aw an ellipse, and then draw a circle on its major 
axis as diameter. Draw rectangles as 
Ex. 28 show that each rectangle R 
with a vertex on the ellipse and the 
corresponding rectangle K' with a ver- 
tex on the circle are related thus : 
R = bR'/a. Then, increasing indefi- 
nitely the number of rectangles, show 
that the area of the ellipse is irab. 

It should be observed that 
a special kind of ellips-; 1 , i.l.at 
a = b = r. In the circle irab = ire 

30. Prove the converse of the theorem of § 143 ; that is, 
prove that the locus of a point which moves so that the sum 
of its distances from two fixed points F' and F is a constant 
2 oi is an ellipse of which the foci are !•" and F, and of which 
the majorat is 2^ 



i this figui 
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16 THE ELLIPSE 

Problem. Ellipse with a Given Cekter 

145. To find the equation of the elliptic imving its center 
t (Ji, k) and itx axes parallel, to (he coordinate axes. 




Solution, The equation of the ellipse referred to the 
axes CX' and C'Y', taken along the axes of the ellipse, is 



« 2 + 5 2 



§136 



Now make a translation of the axes CX' and CY', mov- 
ing the origin C to the point 0, which with respect to C as 
origin is the point (— li, — /c). To effect this (§ 105) we 
write x — k for x and y — k for y, and the new equation 
of the ellipse, referred to OX and OF, is 

(x-ty.q,-*)' , 



It should he ohserved that this equation, when, cleared of frac- 
tions, is of the form Ax 1 + Bif + Cx +Dy + E = 0. 

if a is greater than b, the major axis of the ellipse is parallel to 
OX ; hut if a is less than b, the minor axis is parallel to OX. 

The form of the equation of an ellipse. wIiohc axes are not parallel 
to tlui coordinate axes iviil lie consul errd in Chapter X. 
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EQUATION OF THE ELLIPSE 147 

Theorem. The Equation ax« + By 1 + Cx + Dy + E — 

146. //' A mul B have, the, name ai-pi ami are not 0, every 
equation of the form As?+By s + Cx + Dy + E=0 represents 
an ellipse havimj its axes parallel to the coordinate axes. 

Proof. By the process of completing squares such an 
equation may always be written in the form 

A(x-hy + B(y-ky=G, 
where /*, k, and G are constants. 
But this equation may be written 

A(x-hf B(y-ky _. 
G G 

(x-Jff (y-kf 
G/A + GIB ' 

which, by § 145, represents an ellipse having its center 
at the point (Ji, li) and its semiaxes a and b such that 
a 2 = qja and & = G/B. 

For example, from the equation 

iz*+ Sf-Ux + 18ij = U 

we have 4 (x* - 4 z) + 9 (f + 2 y) = 11, 

4 <>- 2)* -t- 9 (? + !)* = 86. 



Then 

When the equation Ax 1 + By 1 + Cx + Dy + E = is reduced to 
the form A (x — A) a + B (j — £) 2 = G, if G has the same sign as A 

and B, the ellipse is ubvii.uL sly ivul ; that is, real values of a and 5 
satisfy the equation, ft i7 = 0, the- graph consists of one point only, 
the point (It, f), and Is called a point ellipse. If 67 differs in sign 
from A and B, there are no real points on the graph, and the 

equation represents an umitjinary diipse.. In this boot wc shall not 
consider imaginary conies. 
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148 THE ELLIPSE 

Exercise 42. Axes Parallel to OX and OY 

Draw the follow hi >j ellipffia, and find the center, eucen.tr kity, 
and foci of each: 

1. x* + 4 if - 6 x - 24 y + 41 = 0. 

2. 4av : +9?/ + l(ia:-18;//-ll = 0. 

3. 4ar 1 + 25y 1 -83;-100y + 4 = 0. 

4. 2 k 3 + 5 if - 16 a + 20 y + 42 = 0. 

5. 25^ + 4v, a + 50x-8y = 171. 

6. 2^ + 3/ + 12a;-12;/=6. 

7. 9a? + ;f-4y = 5. 

8. 9a: 2 + 16/-12^+l(iy = G4. 

9. 3x*-l-7 y*-ix + y= 20. 

10. a; 5 + 2^- 6i/= 9.75. 

11. The equation 4a: a +By* + Cx +Dy +E = 0, represent- 
ing an ellipse, involves four essential nous tan ts and can always 
be written in the form x 2 + cf + dx + ey +/= 0. 

In finding the equation of an ellipse wliicli satial-k's the given con- 
ditions in a problem, it i.s wcil i.r> malu: a chui;:i' ami'iii; ihis form of the 
equation, the forms yivus in 5 .l.;J(i, uml the i'onn given in § 14-5. 

In each of the following easen find the e..p<nt'<,rn of the ellipse 
having iti axes parallel to OX and OY and fulfilling the 
given conditions, and draw the figure : 

12. Center (4, '■*•'), ooeentrinity ■},-, ami major axis parallel 
to OX, 12. 

13. Foci (6, — 2) and (— 2, — 2), and major axis equal to 
twice the minor axis. 

14. Center (1, 2), and passing through ("I, 1) and (!>, 2). 

15. Vertices (0, - 2) and (0, 10), and one focus (0, 0). 

16. Intercepts 2 and 8 on OX, and 2 and — 4 on OY. 



,Google 



SLOPE OF THE ELLIPSE 149 

Problem. Slope of the Ellipse 

147. To find the slope of the ellipse a?/o? + y*/ffi = 1 at 
any point l\(x v y^) on the ellipse. 




Solution. Let a second point on the given ellipse be 

Q(x j + h, y Y + k), where PB = h,RQ- k. 

Then the slope of the secant P^Q is k/h. 

Since the points P x (x v y{) and Q (:r L + h, y x + Jc) are on 

the ellipse Ps? + ah/ = a 2 b% we have 

Wef + ahtf = aW, (1) 

and P (^ -f hy + « 2 Q/j + k'f = a%\ (2) 

Subtracting (1) .from (2), we have 

*(2 a% + a%) = - A (2 b\ + 6*A) ; 

ifc 2 Bfc. + S 2 A 

whence ■=■ = — „ ' — ^ • 

ft 2 «-v 1 •)- (r/c 

Now when $ — »- ij, ft — »- and 4 — *- ; and hence 

limk/h = -2b 2 x 1 /2<^y v 

But lim k/h= m, the slope of the tangent at -^(# p ^j). 



II i'n re 



a'Sx 



which is also the slope of the ellipse at 7* (.r-,, y-^). §125 
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150 THE ELLIPSE 

Problem. Tangent to the Ellipse 

148. To find- the equation of the tangent to the ellipse 
tf/cP + yytP^l at the point l[(x v y{). 

Solution. The slope of the tangent at ij being — ~~* 
(§ 147), the equation of the tangent is " 

a y x 

that is, 6%^ + a?y t y = b 2 xf + $y\. 

Since (x v y{) is on the ellipse, we have b 2 xf + a % y\ = '« 2 '' 2 - 
Hence IPx^c + <#y x y — a 2 l> 2 , 

The equation of the tiingciik tlii'rtifoiv. itiiiy be obtained from the 
equation oi the eliip.se l>y writing x v i: tur :c 2 j and i/[?/ for ?/ J . 

149. CoKOLiLAKY 1. TAe equation of the normal to the 
ellipse x?/o? + */ a /6 a — 1 at the -point I{(x v y x ) is 

150. CoxiOLIARY "2. Thf. intercepts of the tangent and 
normal at the point //(-''l' .'/]) on an ellipse are as follows : 

1. x intercept of tangent, x= — \ 

2. y intercept of tangent, y = — ', 

3. a: intercept of normal, X = x 1 = e 1 x 1 ; §140 

a' 

4. y intercept of normal, y — */,. 
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TANGENTS 
Problem. Tahgents having a Given slope 

151. To find the equations of the lines which have the b 
! to the ellipse tf/a 3 + ip/P = 1. 




Solution. Let the equation t/ = mx-\-7c represent any 
line having the slope m. To find the common points of 
this line and the ellipse we regard their equations as 
simultaneous. Thus, the equation of the ellipse being 

oh? + «V = «^ 2 > 
we have hh? + a 2 (mx + k") 2 = a 2 h 2 , 

or (5 2 + « 2 m 2 ) a? + 2 a 2 mkx + ^(k 2 - b 2 ) == 0. 

The roots of this quadratic in :r are the abscissas of the 
common points. 

The condition under which the line y = mx + k is tangent 

to the ellipse is that the common points coincide, and 

thus have the same abscissa; that is, that the roots of 

the above quadratic in x arc equal, which requires that 

(2 a*mkf - 4 (l? + «% 2 ) &(JP - S 2 ) = ; 



whence k = ± y/a 2 m 2 + 6 2 . 

Hence there are two tangents having the slope m, namely, 
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152 THE ELLIPSE 

Exercise 43. Tangents and Normals 

In each of the foltoivimj etput/umn xltow that P is on the 
ellipse, find the tan/jimt and normal at /', and draw the figure : 

1. 3^+8^ = 35; P(l,2). 4. 9^ + ^ = 25; P(4,-l), 

2. 5&+2tf = 9&; P(4,3). 5. 9^ + ^ = 25; P(-l, - 4). 

3. a- 2 + 4j/ 2 -2o;P(3,-2). 6. 6:^ + 11^ = 98; P(3, - 2). 

7. 1'ind the equations of those tangents to the ellipse 
7 # s + 3 y* = 23 which have the slope f , and also find the point 
of contact and the intercepts of -each tangent. 

8. Draw the ellipse a; a + 25 y 2 — 109, tin: tangent at the point 
PQ2, 1), and two other tn.ngents perpendicular to that tan- 
gent. Find the equations of the tangents. 

9. Find the equation of that tangent to the ellipse 
3 x a + 4 if — 72 which forms with the axes a triangle of area 21. 

Tlii.' student should iiud iliivl l-beve are cigh;. sneb tan scuts. 

10. If the normal at P to the ellipse ^x 2 + 2if = 50 passes 

through one end of the minor axis, find P. 

It is obvious geometric-ill ly that the minor axis itself is such a normal, 
but there may be others. Let I' lie the point (A, k). 

11. Through any point (/', /.') two tangents to the ellipse may 
be drawn. 

Consider Hie ease nf two coinuidetit t.atmeius ami the case of imaginary 
tangents. The .student may ruler to properly 5, 5 V-id. 

12. Tiiid the equations of the tangents through the point 
(8, -1) to the ellipse 2^+6^=70. 

13. Eind the equations of those tangents to the ellipse 
16 3? + 9 y 3 = 144 which have equal intercepts. 

14. An arch in the form of half an ellipse has a span of 
40 ft. and a height of 15 ft. at the center. Draw the normal at 
the point of the ellipse which is 10 ft. above the major axis, 
and find where the normal cuts the major axis. 
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TAXGENTS AiM) XOIIMALS 153 

Find the distance, to a Jvi.ru/: of the ellipse l 2 .c l + #f/ 2 = a 2 5 2 
from a tamjent drawn an follows : 

15. At any point (x v y x ) on the ellipse. 

16. At one end of a focal width. 

17. Having the slope m. 

Find the distance to the center of the ellipse lr.i?+a % ifi=cfflF 
from a tangent drawn as follows : 

18. At one end of a focal width. 

19. Having the slope m. 

20. Parallel to the line passing through one focus and one 
end of the focal wkUh through the other focus. 

21. Parallel to the line passing through one vertex and one 
end of the minor axis, 

22. Using the proper formula in § 1 50, (.'.(instruct the tangent 
to the ellipse x*/a s -f- if/V = 1 at the point (x v y t ). 

23. If we regard the major sennaxis « as conduit, but regard 
b as having various values, then the equation ar./u 2 + if /I/ = 1 
represents many ellipses, one for each value of b. Show that 
all the tangents to these ellipses at points which have the same 
abscissa meet on the x axis. 

24. By Ex. 23 construct the tangents to a given ellipse from 
any point on the major axis produced. 

25. No normal to an ellipse, excepting the major axis, passes 
between a focus and the vertex nearer that foous. 

26. The product of the x intercepts of the tangent and 
normal at the point (x v y t ) is the constant « 2 — l?. 

27. The product of the y intercepts of the tangent and 
normal at the point (v p y t ) is the constant & 4 — a 1 . 

28. The tangent and normal at the point P(x^ y,) bisect the 
angles between the focal radii of P. 

Ose the slopes of the linns concerned, and thus find the angles. 
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154 THE ELLIPSE 

Theorem, property of a Normal 

152. The normal at any point T^(x v y^) on an ellipse 
bisects the u.nijh betwwih the j'ooal radii of the point F v 




Proof. Since F'0 = OF=ae, §§138,135 

and the .* intercept of the normal is ON, where 

ON= ^ § 150 

F'N _ F'6 + ON 
NF ~ OF -ON 
_ ae + e 2 x-, 



we hiivis 



Since in proving the theorem of § 143 v 
F'F = a + ex. and FF 1 = a — ex v we have 



! showed that 



Therefore, since 1\N divides F'F into segments propor- 
tional to F'% and FJ%, J^N bisects the angle F'F^F. 

This proves an interesting proporty of the ellipse in regard to 
reflection. If a source of light, sound, or heat is at one focus, the 
waves are all reflected from the ellijmi! tu the other I'.n-m. 
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rnui'KiriMKs oi- tile- ku.ii'sk 



Exercise 44. Properties of the Ellipse 

1. Tlie axes of an ellipse are normal to the ellipse, and n 
other normal passes through the center. 




In the above figure, F and F 1 are the foci of the ellipse ; 
P 1 T is the tangent at J^(x v ,y 1 ), the dope of this tangent 
being m ; JfN is the normal at Jf ; F'M\ OQ, and FE are 
perpendicular to PyT ; and P^S and P^S' are perpendicular 

to the axes. Prone the following jiroperties of the ellipse, : 



2. 


Sr = (a*-x?)/x v 


B. 


OQ-NP^US* = 


3. 


S'T> =(&* - yf)/ Vl , 


9. 


OQ-N'I\= ffl a , 


4. 


NS = Wxja?. 


10. 


N'J\ - NJ\ = F'P 


5 


N'S' = ahjjb*. 


11. 


N'P X - NJ\=T'P 


6. 


ON ■ OT=~01' , \ 


12 


FE ■ F'E' = b*. 


7 


os- or = aP = a\ 


13 


d 1 .SP* = b* ■ A'y. 



1'S-SA. 

14. As the tangent turns about the ellipse the locus of E. 
the foot of the perpendicular i'tom i- n to the tangent, is the circle 
having the center (' and the radius *. 

A simple; method is to represent Xht; tangent P ± T by the equation 
y = mx + Va^m* 4- b a and the line through F[t:.e, 0) pevpe'ndieular to 
P, T by the equation y - - {x - ae)/m, or a + my = ae ; then, regarding 
these equations as simultaneous, eliminate m and obtain the equation 
x 2 + ifi = u?, which is (.he nirelo with [niiiLur O and radius a. 
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156 THE ELLIPSE 

Problem. Locus of Mid Points of parallel Chords 

153. To find the locus of the mid -poinU of a system of 

parallel chords of c 




Solution. Let the ellipse be represented by the equation 
6 a a^ + d^y 2 = o?b 2 ; the slope of the parallel chords by m\ 
any one of the chords, say 1^, by y = mx + k ; and the 
mid point of this chord by M(x', y r ). 

For the coordinates of I\ and \ we regard the equations 
lrh?+ dt-y 1 — dW and y — mix -f k as simultaneous. 

Eliminating </, we have 

bh?+o?(mx+lcf=aV?; 
that is, (a% a + W)a?+ 2 ahnkx + d 2 *?- aW= 0. 



The roots of this quadratic in x lire the abscissas x x and 
x 2 of the common points ~f[ and .J^, and the abscissa of 
the mid point M is half their sum. That is, since the sum 



'.(' 2 i)i 2 -j- H- ' 



I! the student: docs not: i-ccull i.lnt fact that the sun 
of the general quadratic .d.^ + ZJj: a + C = is — /!//! 
suit §'2 on [in^e 'Js:i of }.)r. Sui'pk.".iii4it.. 



(i) 
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PARALLEL CHORDS 157 

Since M(x', y'~) is on the line y = mx + k, we have 

y' = mx' + k. (2) 

We now have relations (1) and (2) involving x' and 
y', the constant slope m, and the y intercept k, which ia 
different for different chords. II we combine these rela- 
tions in such a way as to eliminate k, we obtain the 
desired relation between the coordinates x 1 and y' of the 
mid point of any chord. Substituting in (1), we have 
,_ ah)i(y'—iiir) . 

ft 
that is, y' = — x ; 

or, using x and y for the variable coordinates of J7, 

I~£* (3) 

This is the equation of the diameter which bisects the 
chords having the slope m. It is obviously a straight 

line through the center of the ellipse, and it. is evident 
that every straight line through the center is a diameter. 

The above method fails if the chords are parallel to OY, for then 
the equation of any one of tin; chords is x = /:', and not y = mx + h. 
But chords parallel to OY are bisected by the major axis, since the 
ellipse is symmetric with recoct to the z axis, 

154. Corollary. If m' is the slope of the diameter 
which bisects the chnnls of slope m, then 

V- 

m'm = ■• 

a 2 

Since the equation of the- diameter is (3) above, its slope is 
- bVahn. That is, m' = - V/tPm, and nt'm = — i'/a". 



,GoosIe 



158 THE ELLIPSE 

theorem. Conjugate Diameters 
155. J f mw diameter of an ellipmt hweds the chord* ■parnUel 
to another diameter, the second diameter bisects the chords 
parallel to the first. 




Proof. Let™' be the slope of the first diameter P Q, and 
m the slope of the second diameter ES. 

Since by hypothesis 1'Q bisects the chords parallel to MS, 
m'm = -&/*. §154 

But this is also the condition under which ES bisects the 
chords parallel to PQ, and hence the theorem is proved. 

156. Conjugate Diameters. If each of two diameters 
of an ellipse bisects the chords parallel to the other, the 
diameters are called eonjinjate diameters. 

Exercise 45. Diameters 
Given the ellipse 9 sr + 10 y 2 — 144, find the equations of : 

1. The diameter which bisects the chords having the slope £. 

2. The chord of which the mid point is (2, —1). 

3. Two conjugate diameters, one of which passes through 
the point (1, 2). 

4. The chord which passes through the point (<i, 10) and is 
1 by the diameter x + 2 y = 0. 

. In Ex. 4 find the mid point of the chord 3 x — 2 y = 7. 
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conjugate diameters 159 

Theorem. Tangents at Ends of a Diameter 

157. The tangent* at the ends of a diameter of an ellipse 
are parallel to eaeh el.li.er and to the eonjugate diameter. 

Proof. Lot P(& v Hi) ftncl Q([— x v — y{) be the ends of 
any diameter J'Q. Then the slope m of FQ is yjx v Hence 
m', tlie slope of the conjugate diameter US, found from thy 
relation mm' = — Z^/« 2 (§ 154) is — l?xje$ij v But the slopes 
of the tangents at P(x v y^) and Q(— & x , — t/i) are both 
— b 2 x 1 /a 2 ^/ 1 (§147), and hence these tangents are parallel 
to each other and to the conjugate diameter. 

Problem. Ends of a Conjugate Diameter 

158. Given one. end T'(x v y } ) of a diameter of an ellipse^ 
to find the end* of the conjugate diameter. 

Solution. Let PQ be the diameter through I' and let BS 
be, the conjugate diameter. 

We may show, as in the proof of § 157, that the slope 

fix Ifix 
of BS is ^-: then the equation of L'S is y = tt^x. 

To find the coordinates of B and 8, we regard this 
equation and the equation of the ellipse o 2 x^ J r a i y l =a ? -V l 
as simultaneous. Eliminating y and simplifying, wc have 

But since P(%n y{) is on the ellipse, l&r-f + ahj\ = o 2 6 2 . 

TT ■> « a 9 J a 5%, ^ 6 

Hence x-~ — y, and a:— ±7Vi- '/ = ,# = -£-#:[) 

and the ends of the conjugal e diameter BS are 
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160 THE ELLIPSE 

Theorem, angle between Conjugate Diameters 

159. If is the angle from one scmieliameter a' of an ellipse 

to its cimjvijate '!>', then swt 6 — ab/a'b'. 




Proof. Let OF and OB be the scmiiliumeters a' and b' 

with inclinations a and a', and let P be the point (a^, y{). 

Then li is the point (- a^/6, fa^/a). § 158 



Then sin a = ^/V, eos a = a^/a', sin a 
, , ayjh a 

ttd cos«'= »j r = -— l y v 

Since = a' — oc, sin = 



__ bxjfa _ b 



sin 5 = 



ah' 



uVl 



-■■■ sm a' eos a — ms a' sin a, 
a' aba'b' aba'b' 



Exercise 46. Conjugate Diameters 

1. In general, two conjugate diameters of an ellipse are 
not perpendicular to each other. Slate the exceptional ease. 

2. Two conjugate diameters of an ellipse cannot both lie 
within the same quadrant. 

3. If a' and b' are any two conjugate aemidiameteis of an 
ellipse, then «' s -+- 6 ,a = a 1 + V*. 

i. Find the equations of the four tangents at the extremities 
of two conjugate diameters of the ellipse 5 x 1 -f- 2 if = 38, one 
of the extremities being the point (2, — 3). 
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AUXILIARY CIRCLE 



161 



160. Auxiliary Circle. The circle having for diameter 

the major axis of the ellipse is called the major auxiliary 
circle of the ellipse: obviously, its equation is x? + y 2 =a\ 

If P is a point on the ellipse 
ABA', and the ordinate MP pro- 
duced meets the major auxiliary 
circle in Q, the points P and Q are 
said to be corresponding poin 
of the ellipse and the circle. 

The circle x* + // = IP, which lias for diameter the minor axis, is 

ustllwl tin: minor auxiliary nrcii: of the ellipse. 

161. Eccentric Angle. The angle MOQ is called the 
eccentric angle of the ellipse for the point P, and is denoted 
by the letter <fi. 




Theorem. Ellipse amd Major Auxiliary Circle 

162. The ordinal!'* of oorrr.npond.iwj points on the ellipse 
&h? + a 2 y 2 = arir and the major auxiliary circle are in the 
wiisbmt ratio b : a. 

Proof. Denote by x the common abscissa OM of P and 
Q. Then since P(x, MP) is on the ellipse and Q(x, MQ) 
is on the circle, we have 



and 

v, lictn-e 



MP =s ± - V« a - 3?, 



Obviously, then, we have the proportion 
MP : MQ = b : a. 
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the ellipse 
Problem. Eccentric Angle 



163. To express the. c-inrfliwi.h'x of any point P(x, if) on 
:n ellipse in terms of the eccentric untile for the point I'. 




Proof. Since OQ = a, we have a 



= a cos <£. 



That is, 
and 

Thi'st 1 fqiialiniLs posti. 
coordiuabns x and y in i 



a sin i\>. 



s the arlva-ntsifrn ni cxpvi^^in.u' slic variable 
rma of the single variable <£. 



Exercise 47. Eccentric Angles 
J'Vnci! (7ie eccentric awjlc for eutJi point in, Ihs. 1 and 2 : 

1. The point (2, V3) on the ellipse x 2 + 4 ?/ 3 = 16. 

2. The point (a,, yj on the ellipse bV + ah? = a*b\ 

3. The tangent to the ellipse Vhr + (A/ 3 = a%^ at the point 
for which the eccentric angle is <£ is bx cos § -\- ay sin ^ = a&. 

4. If ■£ is the eccentric angle for an end of a diameter of 
the ellipse bh? + ohf- = dHi 2 , the ends of tin: conjugate diameter 
are (— a sin <j>, b cos ■£) and (a sin <£, — b cos .£). 

5. The eccentric raic'les for tlic ends of two conjugate semi- 
diameters differ by 90°. 
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Exercise 48. Review 

1. The ellipses 4as'-§- 9?/ = 36 and 4a 2 + 9/ = 72 have the 
same eccentricity. 

2. The ellipses 1 G x 2 + 9 v/ 2 = 144 and 17 a: 2 + 10 f = 170 
have the same ioi;i. 

3. If the ellipse 4 a: 3 + 7// = 36 is rotated 90" about its 
center, it coincides with the ellipse 1 v? 4- if = 36. 

4. All the ellipses which arc represented by tin; equation 



s positive values of k, have the same center, have 
their axes in the same ratio, and have the same eccentricity. 

5. Draw any two of the ellipses of Ex. 4 and a number of 
parallel lines cutting chords from both ellipses. Then the line 
which "bisects the chords of one ellipse also bisects the chords 
of the other ellipse. 

6. The two segments of any line intercepted between the 
two ellipses of Ex. 5 arc equal, and any chord of the larger 
ellipse which is tangent to the smaller ellipse is bisected at 
the point of tangency. 

1. All the ellipses which arc represented by the equation 

a 1 + k + P + k 

for various values of /.■, have the same foci. 

If k is negative anrl its absolute v;ilue lies between a- and b 2 , either 
the x 1 term or the //- t.enu is uogalive. In neither ci.se does the equation 
represent an ellipse. 

8. Draw the axes of an ellipse, having given the foci and 
one point on the curve. 

9. Having given one point of an ellipse and the length 
and position of the major axis, draw the minor axis and 

the loci. 



= 1, 
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164 THE ELLIPSE 

10. This figure represents an arch formed by less than half 
an ellipse. Chord AB is 20 ft. long and is 4 ft. from the 
highest point E. Chord 
CD is 16 ft. long and is 
2 ft. from E. Find the 
height of the arch at inter- 
vals of E> ft. along AB. 

11. Find the ratio of the two axes of an ellipse if the center 
and foci divide the major axis into four equal parts. 

Find the enuatiun* <;f tic ellipses lavimj axes on the coordi- 
nate axes an.'/ xniixf/jirii/ ihcfolloa-iufi conditions ; 

12. Sum of axes, o-l ; distance between the foci, 36. 

13. Major axis. 20 : minor axis equal to the distance between 
tin 1 , foe!. 

14. Sum of the focal radii of a point on the ellipse, three 
times the distance from focus to vertex ; minor axis, 8. 

15. Draw a circle and an ellipse having the same center, 
the diameter of the circle, being less than the major axis and 
greater than the minor axis of the ellipse. Prove that the 
quadrilateral having for vertices the four common points of 
the circle and ellipse is a rectangle having its sides parallel to 
the axes. If this rectangle is a square ami the axes of the 
ellipse are given, find the radius of the circle, 

16. The minor ^emia.xis nf an ellipse- is the mean proportional 
between the .segments nf the, major a.xis made byufuens, 

17. Prove the theorem of J5x. 3, page, 100, by using the 
result of Ex. 4, page 162, and that of § 163. 

18. If an. end P of a diameter of an ellipse (§ 163) is the 
point («cos<£, 5sm.i£), then, from Ex. 4, page 162, an end 
of the conjugate diameter is the point /.' (— a sin 0, b cos <j>). 
Write the equations of the tangents at P and /?, and prove 
that these tangents intersect at the point whose coordinates are 
a(cos <£ — sin iji) and &(cos ■£ + sin <j>). 
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REVIEW 165 

Find the equations of the dUpx?.* haviv;/ are* parallel to 
the- coordinate axes, cud wtisfuhitj the foil 'firing conditions: 

19. Origin at thr. left end of the major axis. 

20. Origin at the right end of the major axis. 

21. Origin at the ripper end of the minor axis. 

22. Origin at one focus. 

23. Axes 10 and 1G ; center (- 3, 2). 

24. Center (—1, 1); one focua (—1, 5); one end of major 
axis (— 1, — 5). 

25. Given an ellipse, find by construction its center, foci, 
and axes. 

26. Show that the two ellipses 2x 2 + 3if + Ix - 6y = 
and 2a: 2 + 5y i +4;e — 10?/ = Ohave the same center, and find 
the coordinates of their common points. 

If lliti origin is first i'isovtj] In the cuoioum r.milor, I'm solution of the 
simultaneous equations is much simpler. 

27. Find the ratio in which the abscissa of any point P on 
the ellipse IV + ur-if = o?V is divided by the normal at P. 

28. Given an ellipse, find the locus of the intersection of 
tangents which arc perpendicular to each other. 

J'f -'/ = mx. + v'u-jfi- -■■ b- Vi'proHi'iU s i.iif- 1 .;in'iv-it. ilii-n i:io other is rep- 

resented by y = » + -*/<W )* + 6 a . See note to Ex. 14, page 155. 

29. Find the locus of the intersection of a tangent to the 
ellipse and the pei'peiidii'Yila.r from the origin to the tangent. 

This locus, obviously parsing through the ends of the axes of the 
ellipse but elsewhere a l'!lk: broader ilian ike ellipse, is called an oval. 

30. The tangents at the ends of any chord of an ellipse 
intersect on the din-meter which bisects the chord. 

31. Find the points at which tangents that are equally in- 
clined to the axes touch the ellipse bh? + o?if — a 2 b 2 . 
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32. Find the condition that the line x/m, + yjn = 1 is 
tangent to tin: ellipse x'-ftr — '/ ft' 1 = 1- 

33. The parallelogram which is formed by the lour tangents 
at the ends of two conjugate diameters of an ellipse has a 
constant area. 

Recall that the area of a parallelogram is n'b' sin 0, where a' and 6' 
are acljaecni. wi ■ i ns aiuL is the J liolmlcstl angle, anil Mien use ij 150, 

34. If the ends P and / J ' of any diameter are joined to any 
point Q on the ellipse t?x ; + a" -if = a 2 //', the diameters parallel 
to PQ and P'Q are conjugate. 

Prove that the product of the si opus of PQ and P'Q la — &*/<**■ 

35. Draw the rectangle formed by the tangents at the ends 
of the axes of an ellipse. Prove that the diameters along the 
diagonals of: the rectangle are conjugate and equal. 

36. Find the eccentric angles for the ends of the equal 
conjugate diameters of Ex. 35. 

37. The path of the earth is an ellipse, the sun being at one 
focus. Find the equation and eccentricity of the ellipse if the 
distances from the sun to the ends of the major axis are 
respectively 90 and 93 millions of miles. 

38. Find the locus of the mid points of the ordinates of a 
circle that has its center at, the origin, 

39. Find the locus of the mid points of the chords drawn 
through one end of the minor axis of an ellipse. 

40. The sum of the squares of the reciprocals of two per- 
pendicular diameters of an ellipse in constant. 

41. If the tangents at the vertices A' and A of an ellipse 
meet any other tangent in the points C and C respectively, 
then A'C ■ AC = b\ 

42. Determine the number of normals from a given point to 
a. given ellipse. 

43. The circle having as diameter a focal radius of an ellipse 
is tangent to the major auxiliary circle. 
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CHAPTER IX 

THE HYPERBOLA 



164. Hyperbola. Given a fixed point F and a fixed line I, 
a hyperbola is the locus of a point P which moves so that 
the ratio of its distances from F and I is a constant greater 
than unity ; that is, FP/PB = e (§ 113). 




Draw KF perpendicular to I. Then on KF there is a 
point A such that AF/KA = e, and on i<7( produced there 
is a points' such that A'F/A'K=e. That is, AF=e • KA. 
and A'F= e ■ A'K. 

Then, by definition, ^1 and A' are on the hyperbola. 
Now let A' A —2 a, let be the mid point of A' A, so that 
A'0 — OA=a, and find 0J£ and OF in terms of a and e. 

Since -i'J? - AF= e (A'K - KA~) , 

that is, 2 a = e(a + OK- a- OK*), 

we have OK=E. 

e 

Also, A'F + AF= 2 OF=e(A'K+ KA')=e. -2a; 
whence OF = as. 
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Problem. Equation op the Hyperbola 
165. To find the cptabimi »f the hyperbola. 



\ B' 


k' 


Y 

B 
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/ 
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d 




P'jA 


o 


B' 


A\F M X 



Solution. Taking the origin at (§164), the x axis 
perpendicular to the directrix, and the y axis parallel to the 
directrix, let P(x,y) be any point on the hyperbola. 
Then the equation may be found from the condition 

FP = e-BP. §164 

§17 
§164 



Since F is (ae, 0), then *-p=V(a;_«e)« + j». 

Since BP=OM-OK=x- a/e, 

then e ■ HP = e(x— a/e) —ex — a. 

Therefore ex — a = V(a; — ae) 2 + y 2 1 
whence (e 2 — 1) 3? — y % = a 2 (e 2 — 1), 



= 1. 



Letting the positive quantity a 2 (. 



-1)=B», \ 



This equation is often written lAc~ -- a-i/'' = aV'A It may also be 
written Ita? — ly* = l, whore k = l/a a and I = l/5 a . Compare § 13G. 
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SHAPE OF THE HYPERBOLA 169 

166. Shape of the Hyperbola. The shape of the hyper- 
bola is easily inferred from the equation 

a? V ' 
or from the derived equation 

y — ± -Vf- a z . 

From this equation we may easily prove that : 

1. The x intercepts are a and — a. 

2. The y intercepts are imaginary. 

3. The value of y is real when x is numoi-ieally equal 
to or greater than a, and is either positive or negative ; but 
y is imaginary when — &<x<.a. 

4. The eurve is symmetric with respect to the axes OX 
and OY, and also with respect to the origin 0. 

Let us trace the hyperbola in the first quadrant. When 
x = a, y = ; and as x increases without limit, y increases 
without limit. Duplicating the curve symmetrically in each 
of the other quadrants, we have the complete hyperbola. 

167. Second Focus and Directrix. As in the case of the 
ellipse (§ 138), the hyperbola may equally well be denned 
from a second focus F' and a second directrix K'R'. It is 
evident that F' and F, and K'R' and Kfl, are symmetrically 
located with respect to OY. 

168. Axes, Vertices, and Center. The segment A'A is 
called the real axis and the point the center of the hyper- 
bola. The points A' and A are called the vertices. Though 
the eurve does not cut the y axis (§ 166, 2), we lay off 
OB = b, OB' = —h, and call B'B the conjugate axis. 

The real axis is also commonly I'idli'i! tin; tratitixrxe axis; but since 
the term is often cuiifushig we ahull tine the simpler one given above, 
leaving it to the instructor to change to tin; older usage if desired. 
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THE HYPY/RBOI.A 



Eccentricity. The eccentricity e is related to the 
and b by the formula a 3 (e a - 1) = b 2 (§ 165). 



It is, therefore, evident that tin; distance ae from center 
to focua (§164) is OZ'=ae=VeP + iP. 

170. Focal Width. The focal width (§120) of the hyper- 
bola a?/a 2 — y^jW 1 = 1 is found by doubling the positive 
ordinate at the focus : Unit is, by doubling this ordinate cor- 
responding to x = V« a + b* (§ 169). Tins gives, as in §141, 

focal width = — ■ 
a 

171. Real Axis as y Axis. If the y axis is taken along 
the real axis, that is, along the axis on which the foci lie, the 
x and y terms of § 165 exchange places 
in the equation, and we Lave 



where 2 6 denotes the real axis B'B, 
and 2 a the conjugate axis A' A. Also 
we have the changed formulas 
«a = £3(^-1), e = ^/a 2 + ly i /l>, 

OF= be = V« 2 + lj\ OK= b/e. 

J hf. student should compare this work with that ^iv 



:l§112. 



172. Asymptote. It follows from the definition of an 
asymptote in § 46, that if any segment between a curve 
and a straight line approaches when the segment move;; 
indefinitely far away, the line is an asymptote to the curve. 
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ASYMPTOTES 171 

Theorem. Asymptotes to the Hyperbola 

173. The lines y ~-x and y — x are asympt.ofrx to 

the hyperbola l?j? — ahfl = a?b 2 . 




Proof. Let AB and CD represent the lines y = ± hz/a 
through 0. Let P and (,> be points on the hyperbola and AB 
respectively having the same abscissa A. We lire to prove 
that PQ—*- when h increases without limit. 

Since Q(Jh BQ) is on the line y = bx/a, then EQ = bh/a. 

Since P(/(, -K.P) is on the hyperbola ffa 3 - tf f= a%", 
then SW- #«P a = aW ; whence BP = bV/f- a?/a. 

Hence PQ = RQ - BP - -(h -Vtf-tf). 



But ; ( -Va 2 - 



_(A-vF 



h+^ffi- 



h-\-^~h v 



which approaches when h increases without limit. 

Therefore PQ — >• 0, and AB, or y = bx/a, is an asymptote 
to the hyperbola bh?- a?f= aW. § 172 

Since the hyperbola is symmetric with respect to OX, the 
line y=—bxja, or CD, is also an asymptote. 



,Google 



17-! 



THE HYFKU.niil.A 




174. Drawing the Hyperbola. The lines perpendicular to 
the real axis at the vertices A', A and the lines perpen- 
dicular to the conjugate axis at the points B', B form a 
roeLangli;. 'The diagonals ' 
of this rectangle are ob- 
viously the asymptotes 



Hence, when the equa- 
tion of the hyperbola 

t--£- = \ 



is given, a simple way to draw the hyperbola is to draw 
this rectangle, produce its diagonals, and sketch the curve 
approaching these lines as asymptotes. 

175. Conjugate Hyperbolas. The two hyperbolas 
~& „s .a ~2 

are closely related. The real and conjugate axes of one 
are respectively the conjugate and real axes of the other. 
Moreover, the rectangle described in § 174 is the same for 
both, and therefore the two hyperbolas have the same 
asymptotes. The two hyperbolas are said to be conjugate. 

176. Rectangular Hyperbola. If the hyperbola has its 
axes equal to each other, so that a-- b, the equation becomes 

— — — — 1, or 3?— y*= a 2 . Hence the asymptotes are y = x 

and y^ — x, which are at right angles to each other. Such 
a hyperbola is called a reetanfp.iJ.ar hyperbola. It is also 
called an equilateral hyperbola. 

Evidently the hyperbola y 2 — z 5 -=ifi is also reel-angular. 
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EQUATIONS OF HYPERBOLAS 173 

Exercise 49. Equations of Hyperbolas 

Draw the fulhuviiuj hyperbola*, and find, the foci, eccen- 
tricity, focal width, and directrices of each; 

1. 4 x 2 - 25 f = 100. 5. x* -f = - 64. 

9. 9 a 4 - 4 j* 2 = 36. 6. 3 x- - 8 f = 48. 

3. 4 <tf - 9 x* = 36. 7. -j? - 4 f = - 4. 

4. a:' - j, 3 = 64. 8. 7 a 2 - 2 j/ 2 = - 63. 

9. Show that the equation Ao? + Hif = C, where A and 22 

have unlike signs, represents a hyperbola, and find the foci. 

eccentricity, and asymptotic. 

Find the equatv.ivA of fin: hgperlolai: which have their axes 
along the coordinate curs and xatixj'j/ the f •'diving conditions, 
drawing lliejigurc in each case: 

10. One vertex is (4, 0), and one. focus is (5, 0). 

11. One vertex is (0, 8), and the eccentricity is 2. 

12. One asymptote is 2y — 'Ax, and one focus is (13, 0). 

13. The point (4, Vjj) is on the curve, and (2, 0) is one vortex. 

14. The points (4, C) and (1, 1) are on the curve. 

15. One asymptote is 3x- 4i/=0, and one vertex is (0, 10). 

16. The hyperbola is rectangular, and one focus is (8, 0). 

17. One vertex bisects the distance from center to focus, and 
the focal width is 18. 

18. The focal width is equal to the real axis, and one direc- 
trix ia x = 4. 

19. One focus is F(6, 0), and FP — 5, where P is a point 
on the curve, which has the abscissa 4, 

20. If a hyperbola is i -eel: angular, show that the eccentricity 
is V2 and that the focal width is equal to each of the axes. 

21. Show that this four foci of two conjugate hyperbolas are 
equidistant from the center. 
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22- Every line parallel to an asymptote of a hyperbola puts 
the hyperbola in one point at a finite distance from the center 
and in one point at an infinite distance from the center. 

23. The intersections of the hyperbola 6V — ofy* = aV 
with a line through (.lie center, which has the slope m such 
that — b/a >m> b/a, are imaginary. 

24. The equation * 5 /« 4 — ?//i 3 = represents both asymp- 
totes of the hyperbola x'/a"- — tf/1? = 1. 

25. The line from a vertex of a hyperbola to one end of 
the conjugate axis is equal to the distance from the center 
to a focus. 

26. If e and /;' are the eceentneitie:: of two conjugate hyper- 
bolas, then l/e a + 1/e' 2 = 1. 

27. If two hyperbolas have the same foci, show that the 
one that has the greater eccentricity has its vertices nearer 
the center. Compare the positions of the asymptotes. 

28. If two hyperbolas have the same asymptotes and lie in 
the same pair of vertical angles of the asymptotes, they have 
the same eccentricity. 

39. If 2 denotes the angle between the asymptotes of a 
hyperbola, show that 

tan 26 = 2 g f ~^ - 

From this result show that all hyperbolas having the same 
eccentricity have the same angle between their asymptotes. 
In g 173 it was shown that m = b/a, suid hence tanfl = b/a. 

30. The perpeiidii'iijars to the real axis at the vertices of a 
hyperbola meet, the asymptotes in four points which lie on the 
circle the diameter of which is the line joining the foci. 

31. If two hyperbolas have the same center and the same 
directrices, the distances from the center to the foci are propor- 
tional to the squares of the real axes. 
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DISTANCES FROM THE FOCI 17. 

Theorem, distances from the Foci to a Point 

177. The differ ana: ln'twcev, the dktancts from- the foci t 
any point on a hyperbola in conaUi/U and equal to the real axii 





Y 


SI 


R Sb 











Fj 


K 


L 


V x 



Proof. Let KQ and LB be the directrices, F' and F the 
corresponding foci, and e the eccentricity of the hyperbola. 
If the point I[(x v y^') is oil the right-hand branch, 



F'l{ = e 



Q% = e(Q8 + $%) = 



and FP t = e . BP 1 ^e(SP 1 ~ SE) = ei x 1 - -). i 

That is, F'I{ = ex x + a, 

and FP^ = ex^ — a. 

Therefore F'P l -FP^Ia, 

which, since 2 a is the real axis, proves the theorem. 

The above proof applies with slight changes when l J i is c 
left-hand branch of the curve, but in that case 



We have seen that, there are simple mechanical means fc 
sU'licting the ellipse (gl'UI) and the parabola (Ex. 20, r>ac;e 
For ciinstruct'mp; the hyperim!;; rt;et'^ are no such simole lima,' 
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Problem. Hyperbola with a Given Cehtek 

178. To find the equation, if the Jii/perhula laving its center 
at the point (A, k) and its real axis yarattd to the x axis. 

Solution. Since the solution is similar to that given for 
the ellipse (§ 145), it is left to the student, who should 
find that the equation is 

(*-»)' fa-*)' , 

a' b' 

If the real axis is pimtllej to 1,1 1 • ■- // axis, h denotes the real 
of the hyperbola, and the equation is 



Theorem. The Equation Ax? — By^-f Cx+Dy+E=Q 

179. If A and l> have the same, sign and are not 0, every 
ecptation of the form Ax 1 — By 2 + Cx+Dy + &'=0 represents 
a hyperbola having its axes par/dlel to the coordinate axes. 

Proof. \>\- the proeoss of compk'lin^ squares the liqua- 
tion may be written A(x-h~f-B(y- Icf = F, where ft, k, 
and F are constants, and this equation may then be written 

F/A F/B 

This equation represents a hyperbola, having its axes 
parallel io the coordinate axes. §178 

For a more detailed explanation of the method see § 146. 
In the special case when F = 0, the left-hand member of the 
equation A (x — ft) s — B (y — k'f = can be factored into two linear 

expressions. The equation then represents two straight lines, which 
we call a degenerate hyperbola. 
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Exercise 50. Drawing Hyperbolas 

Draw the foUvwin;) li.yperbolas and fi.nd the, eccentricity, 
foci, and vertices of each : 

1. 43 a -V-16aT+183/=29. 5. ;f- 2 a? -12 as = 34. 

2. 9^-i/ 2 +36a; + rJ7/+18 = 0. 6. 4^-^+2^+16 y=l. 

3. '3x t -2f-Wx-Sy+l=0. 7. x i -y*-8y=48. 

4. 2x i -5y*--20x +18 = 0. 8. x i -f = hy. 

9. The general equation of the hyperbola leaving its axes 
parallel to OX and OY involves four essential constants. 

10. The equation of a hyperbola having its axes parallel to 
OX and OF may be written in either of the following forms; 

b*-mf+px + qy = l, (1) 

l(x-hy-m(y-kf = l. (2) 

11. Find the equation of the hyperbola Ax* — y^ — 16 when 
the origin is moved to the left-hand focus. 

Find the equations •<;!' the. hyperbolas satisfy huj the follow '- 
my noHditifins, uw.l ilritv) each jiyi-re : 

12. The foci are (4, 0) and (10, 0), and one vertex is (6, 0). 
If the equation is assumed in tin: form given in $ 178, h.k, and a may 

be found by observation, ;md !> in fiiunil fniHi l.bi: i'aci. that the distance 
from tils; confer to ii, foukis is vV + !>'*. 

13. The foei are (,">, o) and (1.3, 5), and the eccentricity is |. 

14. The two vertices are (— 1, — 6) and (— 1, 8), and the 
eccentricity is V2. 

15. The two directrices are x =— 2 and a; = 4, and one foe-us 
is F(i«-, 6). 

16. The center is (4, 1), the eccentricity is ^Vl3, and the 
point (8, 4) is on the curve. 

17. The hyperbola p-.ii-wM through the four points (5, 1), 
(_ 3, _ 1), (_ 3, 1), and (- 2, \ V2). 
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180. Ellipse and Hyperbola. The equation of the ellipse 

differs only in tlie sign of b 2 from that of the hyperbola 

5-S-i. - $+**-*■ ' « 

Therefore, when certain operations performed in connec- 
tion with equation (1) produce a certain result for the 
ellipse, the same operations performed in connection with 
equation (2) produce for the hyperbola a result which 
differs from the result for the ellipse only in the sign of P-. 

While we shall employ this inelhix! for obwiinmy curtain results 
for the hyperbola, the student, may obtain the same results hiile- 
peudeuUy l),y methods similar to those em ploy ml for the ellipse. 

problem. Slope of the Hyperbola 

181. To find the slope, of the hyperbola x?/a 2 — y 2 /b 2 = l at 
any point 1' x (x v y{) on the hi/pm-Mit. 

Solution. The slope of the ellipse cfi/a 2 + y 2 /b 2 = 1 at 
any point P x (x v y{) on the ellipse is ~ lh: x /a^y x (§ 147). 

Then the slope m of the tangent to the hyperbola, and 
hence the slope of the hyperbola (§125), at iJO^, y{) is 

.-£■ §180 

182. Corollary. The slope m' of the conjugate hyperbola 
y 2 jb 2 —^jS = l at any point- /'{(x^ // t ) on the hyperbola is 

. &\ 



The proof is left to the student. Notice that the equations of the 
eoujie^ite liviieHjoU n.ml ellipse differ only in the sign of ri". 
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Problem, tahgeht to the Hyperbola 

183. To find the equation of the. tangent to the hyperbola 
a?/u 2 — y^/b 2 — 1 at the point f',(.>\, v/[) on- the hyperbola. 

Solution. Applying § 180 to the result of § 148, we have 

a 1 fc" 

184. Corollary 1. The equation of the normal to the 
hyperbola 3?/ a?— y 2 /b 2 =l at the point I[(x v yi) is 

y-yi=--^(x-x 1 )- 

The proof of §§ 184 and 185 is left to the student. 

185. Corollary 2. The intercepts of the tangent and 
the normal to the hyperbola z?/a 2 — y 2 /b 2 — 1 at the point 
i{(x v y-^) are as follows: 

1. x intercept of tangent, X = T' 

¥ 

2. y intercept of tangent, y = ; 

3. x intercept of normal, x — — X l = «?x i ; 

a* + 6* 

4. y intercept of normal, y = — — — j/ 1 . 

Problem. Tahgents having a Given Slope 

186. To find the, c.i.pialiuns of the linen wlrirdi have the dope 
m and are tangent to the hyperbola -f-jd 1 — y^jb 2 = 1. 

Solution. Applying § 180 Lo the result of § 151, we have 



y= mx±\/d i m 1 — 6\ 
Hence there are two tangents which have the slope m. 
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Theorem. Tahgeht to the Hyperbola 

187. The tanr/cnt to a hyperbola at any point P^(x v y^j 
on the hyperbola bisects tlie angle between the focal radii 
of the point. 




we have. 


F'T 
TF = 


F'O + OT x x 
OF- OT a? 


Since 




F'P Y = ex t +a 


and 




FI[ = ex 1 -~a 
F'T F'P, 



5167 
§164 

§185 



Thus, I[T divides F'F into segments proportional to 
F'P 1 and FP V and therefore P^T bisects the angle F'PF. 

188. Corollary. The tangent at P % Inserts two vertical 
angles formed by producing the focal radii, and the normal 
at Py bisects the other two vertical angles so formed. 
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Exercise 51. Tangents and Normals 

In each of the. fcilowhiy fi*w nhow that P is on the. hyper- 
bola, find the equations of the. Uuvjent and the normal at P, 
and drew the figure. : 

1. ix 3 - i/ 2 = 64; P(5, 6). 

2. x'-9f = 25; P(-13, 4). 

3. ^-a* = 16; P(3, 5). 

4. 2 te 2 - 3 / = 50 ; P (7, - 4). 

5. Find the equations of the lines which are tangent to the 
hyperbola 16a: 4 — 25 j/ 2 =400 and parallel to the line 2x— 2 y=5. 

6. Draw the hyperbola x* — )/ 3 = 16, the tangent at the 
point P(5, 3), and another tangent perpendicular to OP. Find 
the equations of both tangents. 

7. Find the |ioints of contact of the lines which are tangenl 
to the hyperbola 4 it 3 — 3 ;/ 3 = '.Hi and parallel to the line y=2x. 

S. Find h and h such that the tangent to the hyperbola 
5 x 3 — 2 f = 18 at the point (h, /,■) passes through (1, — 4). 

9. Find m such that the line with the slope vi, and tangenl 
to the hyperbola x 1 — y 3 — 9 passes through (3, 9). 

10. Prove that from any point in the plane two tangents 
can be drawn to a hyperbola. Under what conditions are these 
tangents real and distinct, real and coincident, or imaginary? 

11. Find the equations of the lines passing through the 
point (—6, —1) and tangent to the hyperbola, 9 ar a — 25 y 3 = 225. 

12. If the normal to the hyperbola « 3 — y 2 = 7 at the point 
(A, k) on the curve passes through (0, (i), find h and k. 

13. Find the point of contaet of that tangent to the hyper- 
bola x 3 — 4 if = 16 which lias equal intercepts on the axes. 

14. If a tangent is drawn to a rectangular hyperbola, the 
subnormal is equal to the abscissa of the point of contact. 

15. Find each point on the hyperbola 9 x 3 — 25 f = 225 fot 
which the subtar.evut is equal to the subnormal. 
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16. Show how to construct a tangent and a normal to a 
hyperbola at; any point on the curve, 

A simple construe:! mi may Ins found by this results o£ § 186. 

17. Find the condition under which the line vjk-V yjk = lis 
tangent to the hyperbola a;-/a 4 — ifjb^ = \. 

If Un: line is Um^eni,, its ri|U;i.1ii>ii may be wviiten in another form, 
XjX/ffi — ViVA? = 1. This being done, we may compare tlie two equa- 
tions of the line (S Si.*) and vise the fact Unit (.c l: y,) is on the hyperbola. 

18. Find the equation of a tangent drawn to the hyperbola 
a? — t/ ! = 4 and having a segment Vl 5 between the axes. 

19. There is no tangent to the hyperbola &V — a 2 (/ 2 = o*6* 
which has a slope less than Ii/a and greater than — h/u. 

20. If 6 > if, no two real tangents to the hyperbola 
Ifa? — cPy 1 = aii 1 can be perpendicular to each other. 

21. Find the locus of the foot of the perpendicular from a 
focus of a hyperbola to a variable tangent. 

See note to Ex. 14, page 13j, 

22. Prove that the locus of the intersection of two perpen- 
dicular tangents to a hyperbola is a circle. State the condi- 
tions under whieh this circle is real or imaginary. 

Compare Ex. 20, above. 

23. Find the locus of the foot of the perpendicular from the 
center of a hyperbola to a variable tangent. 

24. No tangent to a hyperbola is tangent to the conjugate 
hyperbola. 

25. All the tangents at points having the same abscissa to 
two or more hyperbolas having the same, vertices meet on the 
real axis. 

26. If the tangent to the hyperbola 2a?-kf:=l at (4, 2) 
passes through (1, — 2), find k and I. 

27- If a hyperbola is rectangular, tiud the equation of a tan- 
gent passing through the Focus of the conjugate hyperbola. 
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TANGENTS AND NOIIMALS 



IH=1 



In this figure given that 1\T is the. tangent, to the hyperbola 
atl{(x v y{), J{Nis the normal, 67; is perpendicular to OX, 
and FE, OQ, and F'E' are perpendicular to FfF, , 

the following pro per lien of the hyperbola: 




34. N'I\-P 1 N = F'P^.FP 1 . 

35. N'l\-l' 1 N='r']\-TP i . 

36. F'E' -FE = - IA 

37. TF. OS = a-FP,, 



29. ON- OT—QF , 

30. OS ■ OT= a*. 

31. OQ ■NP 1 = —&. 

32. OQ-N'P^a 2 . 

The student will find it, ini.fir<;s1,ii]jr to ei impart.' these properties of the 
hyperbola with the siuiilui- list fur the i . !i -.;-.■ mi ismt I "-,"■,. In Ex. 32 draw 
/'^'perpendicular to OVand observe Unit i.he triangles T'TOaaAT'P^N' 
are similar. Then OQ : S'P, = OT : JT'P,, whence OQ-N'P^ = S'P, ■ OT. 

38. If a variable tangent to a, hyperbola outs the asymptotes 
at the points A and B, then 0/1 ■ OR is constant. 

39. The product of the distances to the asymptotes to a 
hyperbola from a variable point on the curve is constant. 

40. If the hyperbola in the above figure is reel angular, SP l is 
the moan proportional between OS and TS. 

41. Only one normal to a hyperbola passes between the foci. 
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184 THE HYPERBOLA 

189. Diameter. By §§ 153 ami 180 the equation of the 
diameter which bisects the system of chords of the hyper- 
bola hhP — a?y' i = it?b' 2 tli tit have the slope m is 

arm 

If m' is the slope of this diameter, then m'm = IP/a". 

Theorem, conjugate Diameters 

190. If one diameter of a hjjierboi.it hixurts the chords 
parallel to another diameter, thru the second diameter., bisects 
the chords parallel to the first. 

Proof. The condition under which the diameter with 
slope in' bisects that with slope m is m'm = IP/a 2 (§ 189). 

But this is also the condition under which the second 
diameter bisects the chords parallel to the first diameter. 

191. Conjugate Diameters. If each of two diameters of 
a hyperbola bisects the chords parallel to the other, the 
diameters are called eonjv.<pj,tt>. diameters. 

Theorem, position of conjugate diameters 

192. Jh every pair of coujw/ate, diameters of the fa/perbola 
bh? — a 2 y 2 = d'-lfi, the. diainelerg pnn-i (hn.ua/h. (he same quad- 
rant and lie on opjiosite side* of the. (n-ijiii/ztoie in that quadrant 

Proof. Since m'm = IP/a 2 , the slopes of two conjugate 
diameters are both positive or both negative. Hence the 
diameters pass through the .same quadrant. 

Since m'm ~ — > if I m 1 < - we see that I m' 1 >- ■ 
a 2 ' ' a ' ' a 

By |i»| is meant tin: iiuiih'i:!i.:;i,1 vuliifi of m, inx-s])ectivi! of sign. 

But the slopes of the asymptotes are h/a and — b/a 

(§ 173), and so the conjugate diameters lie as stated. 
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CONJUGATE DIAMETERS 185 

Theorem. Ends of Conjugate Diametehs 

193. Of two cimjvy.de diameters one meets the hyper- 
bola in real points and the second docs not; but the second 

diameter meets the coiijv.(j'.d.e liyperl'ula in red. points. 




Proof. Let y = mx and y = m'x be the conjugate diam- 
eters, and take | m \ < b/a and | m' \ > b/a, §192 

The abscissas of the points in which the diameter y = mx 
meets the hyperbola bh?—a 2 y 1 =a?b z are the two roots of 
the quadratic equation Ir.i 3 — d l Qnx)* — a?!> 2 . 

TT ab 

Hence x = ± — • 

But since \m\<b/a, it follows that « 2 m a <7> 2 , and hence 
these roots are real. 

It is left to tlifi student to provr; tlmt t Ik* diameter y = m'x does 
not meet the hyperbola h-j:- — u-if = aHP in rnal points, but does meet 
the conjugate hyperbola d : 'f— lhfl= d'ir (§ 175) in real points. 

194. Ends of the Diameters. The real points in which 
the conjugate diameters meet., the two hyperbolas are called 
the ends of tlie diameters. 
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186 THE HYPERBOLA 

Theorem. Diameter of the conjugate Hyperbola 

195. The diameter bisecting those, chords of the hyper- 

x 2 it 1 
bold — = / ich/ch hare the ■■sl-i/ie in. bisects also those chords 

a 1 P - ^ 
of the conjugate hgpei-bola '— -■= 1 which have the slope m. 

Proof. The equations of the hyperbolas differ only in 
the signs of a 2 and IP. But the equation of the diameter 

bisecting those chords of the hyperbola — — j- — l which 

fi a a ^ 

have the slope m is y = —^—x (§189). Therefore this is 

also the equation of the diameter bisecting those chords 

of the conjugate hyperbola which have the slope m. 

Theorem, conjugate Diameters 

196. Two diameters which are conjugate with respect to 
a hyperbola arc also conjugate with respect to the conjugate 
h g fieri, obt. 

Proof. The condition under which two diameters are con- 

b 2 
jugate with respect to the one hyperbola is m'm = —^ (§190). 

By the method of § 1 95 it is also the condition under which 
they are conjugate with respect to the conjugate hyperbola. 

Problem. Ends of a Conjugate Diameter 

197. G-iven an end I'(x v y x ) of a diameter of the hyper- 
bola b 2 j? — a?y 2 = a 2 b 2 , to find the ends of the conjugate 
diameter. 

It is left to tlits student to show, by the method employed in the 

a of the ellipse (§ 156), that the. ends of the conjugate diameter 



(i the conjugate hyperbola are I - y v - i\ ) 
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CONJUGATE DIAMETERS 187 

Exercise 52. Diameters 

1. Draw the hyperbola. 16.r 3 -- !) f — I'll., the chord made 
by the line a; = y + 10, and the diameter which bisects this 
chord. Find the equation of the diameter. 

2. Draw the diameter conjugate to that of Ex. 1, ami find 
its equation. 

3. Draw the hyperbola 9 -j? — 4 f = 36' and the chord hav- 
ing the mid point (4, 3). Find the equation of the chord. 

4. Find the mid point of the chord determined by the 
hyperbola 4 x 3 - 25 tf = 100 and the line 5y = x + 15. 

5. Draw the hyperbola y 2 — x 3 — 4, and find the equation 
of the chord through the point (— 2, — 2) and bisected by the 
diameter having the slope },-. 

6. Find the equations of two conjugate diameters of the 
hyperbola Sx 2 — 4 f — 48, given that one meets the curve at 
the point having the abscissa 8 and a negative ordinate. 

7. The tangents at the ends of a diameter of a hyper- 
bola are parallel to each other and are also parallel to the con- 
jugate diameter. 

8. Draw two conjugate hyperbolas and also draw a straight 
line cutting them in four real points. Denote these points in 
order by A, R, C, D, and prove that A n — CD. 

9. If the tangent to a hyperbola at P meets the conjugate 
hyperbola at A and B, then AP =Pii. 

10. If a' and b' arc conjugate seinkliameters of a hyperbola, 
then a' 3 — b n is constant. 

11. If 8 is the angle from a diameter to its conjugate, then 

Compare the corresponding theorem for tan ellinse (5 150). 

12. The area of the parallelogram formed by the tangents 
to two conjugate hyperbolas at the ends of conjugate diameters 
is constant. 
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188 the hyperbola 

Problem. Asymptotes as Axes 

198. To find the equation of a h/perhola referred to the 
asymptotes as axes of coordinates. 




. KB = - 



Solution. The equations of the asymptotes OY' and OX' 
of the hyperbola bh? — iA/ 2 = a?-V l ure (§173) bx — ay = 
and bx + ay = 0. Therefore, if PS and PK are the perpen- 
diculars from P(x, y) to OX' and ¥' respectively, by § 84 
bx + ay bx — ay _ fAs 2 — a 2 y 2 _ a 2 !) 2 
"v^+p'V^+P~ « 2 +i 2 ~a 2 +J 2 

Denote by 2 a the angle X'OY', and by x' and / the 
coordinates of P when OX' and V are taken as axes. Then 
x' = EP and y' = QP. Then SP = y' sin 2 a, KP = x' sin 2 a, 
and hence 

;■(■'//■' siu a 2 



■(1) 



,,!/.! 



But tan a, which is the slope of 01", 



(2) 

There tore 



and sin 2 a — 2 sin a 

Hence, dropping the pr 
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REOTJlNGULAE, hyperbola 



isii 



199. Rectangular Hyperbola referred to Asymptotes. The 
result of § 108 is of special interest, in (be ca.se of the rec- 
tangular hyperbola, for which the asymptotes are perpen- 
dicular to each other. In this ease, a = b, and the equation 

4 xy = a? + & 
may be written 
2 xy = a\ 
or xy = I a?. 

This figure shows a 
rectangular hyperbola 
drawn with its asymp- 
totes in the horizontal 
and vertical position. 

Therefore the equa- 
tion xy—c, where c is 
any constant excepting 
0, is the equation ef a hypcrhohi referred to its asymptotes 
as axes. If c is negative, then the values of x and y must 
be unlike in sign, and hence the hyperbola lies in the 
second and fourth quadrants. 

In the case of the rectangular hyperbola, the equation of 
which is xy = c, where e is positive, the aemiaxis a, or OA, 
may be found from the fact that c = ^ « 2 . Thus, for the 
distance OA from the center to the vertex of the rectangular 
hyperbola xy =18, we havel8 = ^-a a ; whence a = .6. 

Boyle's Law of Gases, vp = e, which states that the product of . 
the volume of a "as anil the pressure upon the gas is constant, is 
represented graphically by the upper branch of the above figure, 
since there are no negative values of v and p. 

There are many other laws of physics and chemistry which are 
expressed by the equation xy = k, a constant. Similarly, i 
tion we frequently have cases in which .1:1/ = I.:, as for example r 
formula for the area of a reetam:;],.. the luvh <>f an ellipse, ami s 



,Google 



190 THE HYPERBOLA 

Exercise 53. Review 

1. The slope of a focal chord of the hyperbola, x* — f = 8 
is 7. In what ratio is the chord divided by the focus? 

2. Given the hyperbola -j? — 4 if = 100, find the slope of a 
chord which passes through the center and has the length 30. 

3. Show that the equation y = ± ~vix 2 — $x represents a 
hyperbola, and draw the curve. 

4. Consider Ex. 3 for the equation y=± V4 x 1 + 8 x. 

5. If the asymptotes of a hyperbola are perpendicular to 
ench other, the semia.xes a and b are equal. 

6. Given that a line through a focus F of a rectangular 
hyperbola and parallel to an asymptote cuts the curve at (?, 
find the length of FG. 

7. Given that a perpendicular to the real axis of a hyper- 
bola at M meets the curve at P and an asymptote at Q, prove 
that J/(/ — MP* is constant, 

8. The distance from the center of a rectangular hyperbola 
to any point P on the curve is the mean proportional between 
the distances from the foci to P. 

9. All hyperbolas having the same foci and the same 
asymptotes coincide. 

10. If two hyperbolas have the same asymptotes, they have 
the same eccentricity or else the sum of Hie squares of the 
reciprocals of their eccentricities is 1. 

11. Find the eccentricity of every hyperbola having the 
asymptotes y = ± ma. 

13. What does the equation of the hyperbola 9 x" — 4 f = 36 
become when the asymptotes are taken as axes ';' 

13. If the asymijtot.es are perpendicular to each other, find 
the coordinates of the vertices of the hyperbola xy = 30. 

14. Consider Ex. 13 for the case in which the angle between 
the a 
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UEVIEW 191 

15. lfind the equation of the hy perhola. having the direc- 
trix 3» — 4(/ = 10, the corresponding focus (6,0), and the 
<■■:■>■■ a1 cicity 2. 

16. The distance from a focus of a hyperbola to an asymp- 
tote is equal to the conjugate semi ax is. 

17. The foci of a hyperbola are F' and F, a tangent t is 
drawn to the curve at any point P, and the perpendicular 
from F upon t meets F'P at H. Prove that F'H is equal to 
the real axis of the hyperbola. 

18. The segment of a tangent to a hyperbola intercepted 
between the tangents at the vertices subtends a right angle 
at each focus. 

19. A focus of a hyperbola is F, a focal ordinate is FQ, a 
tangent ( is drawn to the hyperbola, at Q, and the ordinate Ml' 
of any point P on the curve is produced to meet the tangent 
(at if. Prove that FP = MR. 

30. If the circle through the foci of a. hyperbola and any 
point P on the curve cuts the conjugate axis at (I and R, then 
the tangent at P passes through one of the points Q, R, and 
the normal at P passes through the other. 

'Hie analytic pronf is laborious. The "ase of J 1ST lends to an easy 
geometric proof. 

31. Any two conjugate diameters of ;i reel, angular hyperbola 
are equal 

22. The tangents at any two points J\ and P a on a hyper- 
bola meet on the diameter which bisects PjP r 

23. If the line through the points Q and R on a hyperbola 
meets the asymptotes at P and S, the mid points of PS and Qll 
coincide, and hence PQ =RS. 

24. If the ordinate drawn from any point P on the hyperbola 
6V — afy 1 = aVr is produced, i f necessary, to meet the rectan- 
gular hyperbola x* — y* = a? at Q, the ratio of the ordinates 
of P and Q is constant. 
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192 THE HYPERBOLA 

Given the gyntrm of hypcrbdas a 3 /** 2 — ■i/' i /h' i ~ k, where k 
taken vin'uvH value* bid. a ami /> an: ji.red, prove that: 

25. Through each point of the plane there passes one and 
only one hyperbola of the system, 

26. All the hyperbolas have the same asymptotes. 

27. All the hyperbolas for which It is positive have the 
same eccentricity, and so do all those for "which /.- is negative. 

Letting E represent, the. equation - -' - ' ■ + =1, pro; 

the statements in F.xs. 28S1: 



a i + /c p + k 



28. For each negative value of 7c numerically between a 5 
and b\ E represents a hyperbola,; for each other value of h, 
E represents an ellipse. 

29. All the curves E have the same foci. 

30. Given that a? = 4 and tf = 1, through (2, 1) two of the 
conies .E, one an ellipse and one a hyperbola, can be passed. 

31. The two conies E of Ex. 30 intersect at right angles. 
A simple proof is suggested by §§ 152, 187, and 188. 

32. Given a, hyperbola, show how to find by construction 
the center and axes. 

33. The locus of the center of a circle which is tangent 
to two fixed circles is a hyperbola the foci of which are the 
centers of the fixed circles. 

34. Find the locus of the center of a circle which cuts from 
the axes chords of constant length 2 a and 2/;. 

35. Given that two vertices of a triangle are A (3, 0) and 
B(— 3, 0), find the locus of the third vertex P if P moves so 
that the angle ABP is twice tho angle PAB, draw the locus, 
and show how to trisect any angle hy moans of it. 

36. If two hyperbolas have the same vertices, and the 
perpendicular to the real axis at any point M cuts one hyper- 
bola at A and the other at B, then MA and MB are to each 
other as the conjugate axes of the respective hv|u-r'ool:is. 
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CHAPTER X 
CONICS IN GKENEKAL 

Theorem, equation of the Second Degree 

200. Every equation of the second degree in rectangular 
coordinate!- re presents a conic. 

Proof. The general equation in x and y ia 

aa?+ 2 Kxy + hy*+ 2 gx + 2fy + c = 0, 
where a, h, b, g, f, and c are arbitrary constants, but a, h, 
and b are not all three equal to 0. 

By rotating the axes through a properly chosen angle 
(§111) we can eliminate the o:y terra, the equation becoming 

a'x* + Vf + 2 g'x + 2f'y + J = 0, 
an equation which represents an ellipse (§ 146), a hyper- 
bola (§ 179), or a parabola (§§ 122, 123). 

Theorem. Equation of Any Conic 

201. The equation of any conic referred to rectangular 
coordinates is of the second degree. 

Proof. The equation of any conic referred to axes taken 
through any origin O parallel to certain lines is 
Ax*+By*+Cx + I>y + E=t). 

The equation of the same conic referred i.o axes through 
O making any angle 9 with the other axes is found by 
substitutions (§109) which do not change the degree. 
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194 CONICS IN GENERAL 

Problem. Classification of the Conics 

202. To find- tli.e <:o-)idi.tit>us v.nUirr wlacli th: </<:m:ral equation 
a$+%hxy + by 2 + i! <p- + '. -'fy + c = represents a parabola, 
an ellipse, or a hyperbola. 

Solution. Rotate the axes through an angle 8 such that 
tan 2 = 2 h/(a — b'), thus eliminating the xy term (§ 111). 
Putting x cos 8 — y sin 8 for x and x sin 8 + y cos 8 for y, 
the general equation takes the form 

a'x 2 + b'y 2 + (terms of lower degree)=0, (1) 

where a' = a eos 2 + b smW + 2 A sin 8 cos 6, (2) 

and V = a sin 2 + b cos 2 8 -2h sin d cos 8. (8) 

We know that (1) represents a parabola if either a'= 
or b'=0 (§§122, 128); an ellipse if a 1 and b' have like 
signs (§ 146) ; or a hyperbola if a' and b' have unlike 
signs (§ 179). Furthermore, we may express these three 
conditions in terms of a, 6, and h by means of (2), (3), 
and the fact that 

tan 28 = 2 h/(a - IS) = sin 2 0/cos 2 8 ; 
that is, = (<t - b~) sin 20-2Acob2 0. (4) 

Adding (2) and (3), then subtracting (3) from (2) and 
recalling that sin 3 0+ cos 2 = l, coa' 2 f— sin 2 0= cos 28, and 
2sin#cos0=sin 20, wc have 

a> + b'~a + b, (5) 

and a' - 1/ = (a - b) cos 2 <? + 2 ft sin 2 0. (6) 

Eliminating CT>y squaring (4) and (iV) and adding, we have 

(a'-b'y=:(a-b'f+4:IP. (7) 

Subtracting (7) from the square of (5), we have 

a'b' = ab-h\ 
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CLASSES OF UONICS 195 

We may now make the following summary: 
If ab — h^—O, the given conic is a parabola. 
For then either a' — or b' = 0. 
If ab — A 3 > 0, the conic is an ellipse. 

For l.hi'ii «' and // liiunt have, like >i.iius. 

If ab — A 2 < 0, the conic is a hyperbola, 

For then u' ami 7/ must have, unlike Muiis. 

Since aj?+ 21ix + 6 has equal factor* if ('Hi) 2 — 1 nfi = 0, we see 
that ax* + 2 hxy + by- is a perfect, square it It- — ab = 0. Then, the 
oonic is a parabola when the terms of tiiu second degree form a 
perfect square, as in the equation 4 x' 1 + 12 ry + '.) y" — 8 je + y = 7. 

203. Central Conies. The ellipse and hyperbola have cen- 
ters and hence arc failed ventral v<>iu.<;x. If aJ — A 2 =£ 0, an 
equation of the second degree represents a central conic. 

204. Standard Equations. We shall refer to the follow- 
ing as the standard ei/uatkms of the conies: 

For the parabola, y i =Apx. § 115 

For the ellipse, ~ + £= 1. § 136 

a* b* 

x 2 ifl 
For the hyperbola, — — tt = ±1. § 165 

«■> tV 

We now proceed to the problem of reducing the general 
equation of the second degree to these forms. 

For the central conies, we move the origin in order to 
eliminate the x terms and y terms (§ 107), and we then 
rotate the axes in order to eliminate the ■>■// term (§ 111). 

205. Choosing 6. There are always two values of 2 8 
less than 360° for which tan 2 = 1 h/(a — 5), and one of 
them is less than 180°, in which case (9<90°. In the 
treatment of central conies we shall always take 0<9O°. 
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Problem, movimg the Origin for Central Conics 

306. Given the eijv.alion of a central conic referred to any 
aces, aaP + 2 kxy + by^+B gx + 8fy + e= 0, where ab - /fi^O, 
to move the origin to the center. 

Solution. To move the origin to any point 0'(m, n) we 
must write x + m f or x and y + n for y in the given equa- 
tion (§ 105). This gives the equation 

ax 2 + 2 hxy + by 2 + 2(am + hn + g)x 

+ 2(hm + bn+f)y + c> = 0, (1) 

where </ = am 1 + 2 him + bit? + 2 gm + 2fn -f c. 

Now choose m and n so that the coefficients of the 
x term and the y terra are ; that is, so that 
am + Tin + g = 0, 

(2) 



(■') 



(W 2 + 2A^+6{/ 3 + c' = 0. ■ (4) 

The test for symmetry (§ 43) shows that, the graph of 
this equation is symmetric with respect to the new origin 
0\ which is therefore the center of the conic. Hence 
equation (4) is the required equation. 

207. Corollary. The coordinates (m, n) of the center 

of a central conic ax* + 2 hxy + by 2 + 2 gx + 2fy + c — are 

hf-bg kg-af 

m = ~i — n and " = ~~Z — u ' 
ab —rr ab — fl s 



and 


im + &»+/=< 


or so that 


kf-tg 


and 


tib-W 


Then ths 


i transformed equation b 
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Problem, to Eliminate the xy Term 

208. To transform the equation a.v 2 -\- :il hxy + % a + a' = 

of a central co-ui'j iii-lo nn equation 'which hax no xy term. 

Solution. Rotate the axes through an angle 8 such that 
tan 2 = 2 h/(a - 6) (§ 111), writing x cos - */ sin 6 for a; 
and * sin + ?/ cos for ^. This gives «'a?+ £>'?/ 2 + e' = 0, 

or _£_ + _*!_ =i. (1) 



This completes the reduction of any equation of a central 
conic to the standard form. It is desirahle, however, to have 
formulas giving the values of «', b', and c' in terms of the 
coefficients of the general equation. 



By § 202, 

Therefore 


« ; -r- b'= a + b and a' 
a' =g(a + 6±V(n- 


-y=±V(a 

-&)* + 4ft a ) 


(2) 


ami 

A\'lnjt.ii(ir to 
depends upon 


use the upper or the lo' 
iha value of 6. From tut 


-bf + iV). 

■ver signs bc.fo 
l 2 fl = 2 k/(a - 

V = 2 k/(a' - I 


(3) 

re the radicals 

- 6) we obtain 




20 = 2ft/V(a-&) a +4. 


0- 



But 2 < 180° (§ 205), and hence sin 2 9 is positive. Therefore 
( — b' must have the same sign as L and a' and // must be so chosen. 

We also have (§ 200) the following relations: 

e r =am 2 +2 ftwm + fos 3 + 2<?m+ 2/n + e 

= m (am -+- hn + </) + ?i (km + bn +f) + gm +fn + c 

= gm+fn + c. §206,(2) 

abc-af*-bg*-cft i + 2fgh 
Hence c' = - — — § 207 
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198 conics in general 

Problem. Reduction for the Parabola 

209. To reduce to the ulandard form- the equation of the 

parabola ax? + 2 hxy + b'if+ 2gx + 2fy + a — where it is 

given that ah — h^— 0. 

Solution. Since, ah — 7i 2 = 0, ax 2 + 2 hxy + by 2 is a perfect 

square (§ 202), and the given equation may be written 

Cy + rzf+2gz + Zfy + e = 0, (1) 

where a = Vj and j- = ±vV, a being always positive and r 

having the same sign as h. It is obvious that ru — ~h. 

We now rotate the axes through an angle 6 such that 

tan 2 = 2 h/(a - b), that is, such that 

2 tang Irs 

l-taa»tf~f*-* ; 

whence tan 6 — or - ■ 

h r 

Any resulting value of 6 serves to remove the xy term 
(§ 111) from the given equation. The reduction is then 
completed by moving the origin to the vertex. 

If we choose tan & = — r/s, we see that if r is negative, 
tan 9 is positive, and we take 8 < 90° ; if r is positive, tan 
is negative, and we take 270°<#<360°. In either case, 

sin = - r/Vrt+ ?, 
and cos 5 = g/Vr 2 + s 2 . 

In (1), putting a: cos — # sin for « and xm\ 8+y cos 6 
for # (§ 109), t hat is, pulling (s;e + ry')/Va + b for a; and 
(— ra? + s#)/V# + S for #, we have 

^ a +B)/+_Dr+ C = 0, 

where A = a + b, H.- '1 J-ZJ. , Ll .nd .0 = 2 ■'.._■' ■.. 
Va + b ^Ja + b 
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By completing the square (§ 122), we reduce the equa- 
tion Ay^+ By + Dx+c = to the form 

where q = - B/2 A, and p = i^/4 AD - c/D. 

Then moving the origin to the vertex (/>, 3), we have 

t=--,z; §§105,121 



PROBLEM. DEGENERATE CONICS 

210. Given the equation az' 1 +2hxy+hJ i +2gx-\-2fy+c=0, 

to find the condition under which it. reprnxentx two straight lines. 

Solution. If the equation represents two straight lines, 

that is, if tlte conic is degenerate (§ 54), the left member 

can be factored (§ 179, note) thus: 

ax^+2 Jtxy +% a +2 gx+2fy+ e = (l.e+my+n)( '-px+qy+r). 
Then a = lp, b = mq, c = nr, 

2h = Iq + mp, 2g = lr + np, 2f=mr + nq. 
These conditions sire expressed in terms of a, b, c,f,g, h 
thus: 2 ^ 25 _ 2h = 2lmnpqr + lp(m i ¥ i +n2q*) 

+ mq^+ny^ + nr(iy+my); 
that is, Sfgh = 2 aba + a (Jf 2 - 2 be) 

+ b(2l?~2ac)+c(jT-2<,b'), 
or abc + %fgh - af-bg*- eft* = 0. 

211. Discriminant. The left member, that is, the expres- 
sion abc+2fe/h — af 2 —btf~ cli\ is nailed the discriminant 
of the equation of the second degree, and is denoted by A. 
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212. Illustrative Examples. 1. Determine the nature of 
the conic 34 a? + 24 xy + 41 f - 20 z +140 y + 50 = and 
draw the figure. 

Here ab - ft 2 = 34 x 41-12 s >0, and the conic is an ellipse (§ 202). 
To find the center 0'(m, «), we have, by § 206 (2), 
34 m + 12 n - 10 = 

and 12m + 41n + 70 = 0, 



whence w = l and « =— 2, so that the center 
The equation of the conic referred to ax( 
and parallel to OX and OY is (§ 206) 

34 k 2 + 24 ay + 41 if + c' = i 
where, by § 208, <:' = gm + fn + c 

= -10xl + 70(-2) + 
= -100. 
Now turn the axes through the angle suol 
ta|1 ^_ 2/, __24 



(7(1, -2). 

O-Q, O'fl through 0' 



and construct the angle 2 nccoi-diii^ly, making U less than 18(1' 
then construct 0. The line 0'A" making the angh; with OA' 
new s axiB, and by § 208 the trans- v - 
funned equation is 

a'x 2 + Vtf + c" = 0, 
whore c'= — 100, as shown above, 
n'=i(75±25), and 6'=J(75^25). 
Since a' —If must have the same sign 
as A, we see that a'= 50 and 7/ = 25, 
and so the new equation is 



tin' 



= 1, 



which at. o 
off the s 
customary way. 
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2. Given the conic a?— 4^ + 4^ — 6^ + 2^ = 0, deter- 
mine the nature of the conic and draw the figure. 

Since ab — k 1 = the conic is a parabola, ami we write the equation 
(2 r -z) s -8* + 2j = 0. (!) 

; = 2, !■ = — 1, and we rotate the axes (5 209) through 
,ngie _such that tan 6 = - t/» = I. Therefore sin $ = 1/ V5, 
' = 2/V5, and we write (2 x - J/)/V5 for x and (x + 2 y)/*J% for 
equation (1). Then wo have 



a tlie form 

Then 



m 



10 



10 



= 0, 




(2) 



Vv5/ vr V5 

or V5y*+2y = 2z, 

which may be written in the form 

V5 (,-,)' =2 (»-,), 

where n — ~ and p = ■ 

V5 2V5 

Complpt.itig the reduction by moving the 

(p,ij), that is, to the point v( ~, —)> 

\ 2 VS v 5/ 

,■=-*-,. 

' Vr, 

Therefore we draw through i" ii line VX' making with OX the 
acute angle & = Ian- 1 ^, and this is the new s axis. The line Vi", 
perpendicular to VX', is the new y axis, and the curve is drawn by 
plotting a few points, using equation ('J) and the new axes. 

3. Given the parabola (ix- 5- ff = 250 a: -100, find 
the coordinates of the vertex. 

Taketan(J=3; then sin 6= J and costf = 2. Rotating the axes 
through the angle 6, the. new equation is ■>/' + 8 y — 6x + i = 0, or 
(,, + if = 8 (x + 2). Referred to the new axes (§ 122) the vertex is 
F(- 2, - 4). Tf V, referred to the old axes (§ 10EI), is (a, 6), then 
a = -2.#-(-4).$ = 2&nd& = -2-$ +(- 4) 3 =- 4, and hence 
the vertex of the parabola is the point (2, — 4). 
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213. Illustrative Examples. Degenerate Cases. By com- 
puting the value of the discriminant A (§ 211) we can 
always determine in advance whether or not a given conic 
is degenerate. But when ab — h 2 =fc 0, it is usually simpler 
to begin the work of reduction for a given equation in the 
manner explained in Ex. 1, § 212. In that ease if the equa- 
tion happens to represent a degenerate conic, the fact will 
soon become apparent. 

If t.1 1 1 h equation represents two lines, It, follows from § 210 that 
i = 0. It is evident llmt, conversely, if A — 0, the steps may be 
retraced, and the equation represents two lines. 

1. Given the equation y l — xy — 62 s — Sx + y — 0, deter- 
mine the nature of the conic and draw the figure. 
Since ah - li 2 = - 6 x 1 - \ < 0, the conic is a hyperbola. 

Iiy § 207 the center is 0'(— !,, — ?-), and when the origin is moved 
to (>', the new equation is y' 1 — xy — G x 2 = 0. 

lit.it a polynomial containing terms in j-, y'\ and j.;/, and no other 
terms, can always be factored. The factors may have real or imagi- 
nary coefficients. 

The equation y* — xy — 6 x- = may be written 

(ir-ax)0r + s*)=-0. 

which represents two lines, y — 3 x = and y + 1 x = 0. Since their 
equations have no constant terms, both the lines pass through the 
new origin O', and the figure is easily drawn. 

3. Given the equation 2?— 2xy + y 2 — 4&-I-4 j/ — 12 = 0, 
determine the nature of the conic and draw the figure, 

Here ah — h' 1 = and A — 0, and he nee the equation is detune rate. 
The factors of the polynomial are found simply, thus: 

C«-jr) , -4(x-if)-ia = o i 

hence (x - y - 6) (x - y + 2) = 0. 

This equation represents the parallel lines x — y— 6 = and 
X — y+2 = (>, which are easily drawn. 
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Exercise 54. Equations of the Second Degree 

In each of the- following ej-amplex determine the nature of 
the conie and, draw the fijure : 

1. &x , + 2xy + 5y 3 -12x-12y = 0. 

2. x t -bxy + y* + &x-20y + 15 = 0. 

3. x* + 2xy - f + 8x + iy - & == 0. 
i. a? - 2xy + f + 2x - y -1 = 0. 

5. 5 v? + 4 xy + 8 y- - 10 x -f 8 y - 1G = 0. 

6. 9x 2 - 24 X y+Uy--20x + 110 y - 75 = 0. 

7. 7^-17 a-i/ + G;/ a + 23a:-2j-20 = 0. 

8. 36 x? + 24 *y + 29 f - 72 x + 126 j- + 81 = 0. 

9. 25 ar 1 -120 3^ + 144 y- 2as-29y-l = 0. 

10. 2« 3 -6,TJ/ + 4^-« + 4y-3 = 0. 

11. 4« , + 4«y+ j»-4a:-2y + l = 0. 

12. 4 ar 1 - 12 xy + 9 i/ a + G x - 9 y - 10 = 0. 

13. itf + xy + tf = l. 

14. Show by means of §202, (5) and §208, (1) that if 
a + b = 0, the equation ax 3 + 2 hxy + by* + 2 gx + 2fy + e = 
represents a rectangular hyperbola. 

15. Prove the converse of the theorem of Ex. 14, 

16. Solve aa? + 2 hxy + btf + 2 gx -f 2fy + c = for a; in 
terms of j/, and show that if abe + 2/^A — of 1 — bg' 1 — ch? — 0, 
the equation represents a pair of lines. 



1 J'. Find the foci of the conie xy — 2y = 5. 

18. Given the conic a? — 2 xy + y 3 = 5 x, find the equation 
of the directrix. 

19. Show how to determine whether or not two given equa- 
tion ivln.VM'lit two ccngnienl, conic;!. 
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214. Conic through Five Points. The general equation 
a^ + 2 lixy + btf + Igx + 2fy + c = (1) 

has six terms. If we divide by c, the equation becomes 
j>j? + qxy + ry l + sx + ty + 1 = 0. (2) 

The equation therefore involves five essential constants, 
and hence a conic is determined by live conditions. 

For example, let us find the equation of the conic 
passing through the five points A(l, 0), BQi, 1), (7(0, 3), 
jQ(-4, -1), #(-2, -3). 

Consider the two following methods : 

1. Let equation (.') represent the eonie. Since .1 (1, 0) is on the 
conic, /> + s + 1 = ; and since B, C, D, E are on the conic, we get 
four other equations in p, q, r, s, t. From these we find the values of 
p, q, t, s, t; and substituting these values in ('2), we have the desired 
equation 24 z 2 - 73 xy + 29 if + 33 x - 68 y - 57 = 0. 

If this method fails, it means that r — ami that dividing (1) by c 
was improper. In that cane we may divide )iy some other eoelhcient. 

2. The equation of the line j17Ms2j/-z+1 = 0; that of the 
line CD is y — x — 3 = ; and that of the pair ot Lines vliS, CD is 

(SjF-»+l)0r-e-») = a (3) 

Similarly, the equation nf the pair of lines .1 7J, 7>C is 

(6y-. + l)(3j + 2i-9) = 0. (4) 

Now form the quadratic equation 
(2f-s + l)(r-s-8) + *(fiy-« + l)(Sy + 9*-S) = 0, (5) 

which represents a conic (§ 200). Since the values of x and i/ which 
satisfy both (3) ami (l) aW satisfy (5), the conk; (.i) passes through 
the common points of the conies (3) and (-1) ; that is, through the 
points A, B, C, and D. 

We now determine /■ so thai. (.">) also parses tin'ousrh E(— 2, — 3). 
Substituting - 2 for x and - 3 for y in (5) we find k = - fa. Put 
ting — ^for £ in (o) and h'h 1 1"| jVi f^ 7 i t l.l^-. we have the desired equation 
24 1 2 - 73 zy + 29 1/ 2 + 33 s -68^-57=0. 
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Problem, poles ahd Polars 

215. To find the eqv.atioti of the chord of contact of the 
tangents from a point I\ (x v v/j) to the parabola y 1 = 4 px. 




Solution. Let C (h, k) and C (h' t ft') be the points of 
contact of the inn gouts f and (' from P l to the parabola. 
Then the equations (§ 1 27) of the iangents t and (' are 

ley =2p(x + h) and k'y = 2p(x + /('). 
And since t and (■' pass through T-\(x l7 y y ), we have 

k lfl =2p(x 1 +h') (1) 

and k'y 1 =2p(x 1 +h'). (2) 

But (1) and (2) show that the points (h, ft), Qi', k') 
are on the line „ . , , . 

and therefore this is the required equation. 

This equal urn is of the sami.i form as I. hat of I. he Um^irirt Lit any point, 
on the curve. Tn fact, as !'\ (,r,, y L ) approaches the curve at P', the 
chord of coiltarl iqipruaehes tin; tangent at !''. 

216. Pole and Polar. The point ^ is called the pole of 
the line c with respect to the conic, and the line c is 
called the polar of the point P r 
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217. Poles and Polars for Other Conies. The method 

of § 215 is obviously applicable to the oilier conies, the 
equation of the polar in each case having the same form as 
the equation of the tangent at a point (x lt y t ) on the curve. 
Hence the equations of the polars of the point IKph, y^) 
with respect to the other conies are as follows : 

The circle a?+y 2 =r^, X 1 X+y 1 y = r*. 

The ellipse ± + £ = 1, "-£ + M = l. 



The hyperbola - 



X-X yji _ 



The polar of a real point with respect to a conic whose espuition 
has real coefficients is a real lino, aHbonuli Leo tangents to a conic 
from a point inside meet the conic in iniiiginary points. 

Theorem. Reciprocal Relation of Polars 

218. If the polar of the point J^(x v i/ 1 ) with respect to 
any conie passes through the point Vfx v yf), the polar of the 
point 1% with rexpect to the ctmir pastes Ihron/fh t}ie point ij. 

Proof. We shall prove this theorem only in the case of 
the circle, but the method of proof evidently applies to all 
other conies. 

The polar of the point 1\ (x v t/j) with respect to the circle 
*+*•-'!■ V + M = r\ §217 

By hypothesis this lino passes through the point j^(x 2 , j/ 2 ) ; 
that is , « 

But this equation shows that ^(^l'^i) * s on tne lino 
x^+V^^^i which is the polar of ZJ 

It will he instructive for the student to draw for each kind of 
conic a figure showing the relations described in this theorem, 
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Exercise 55. Poles and Polara 

Find the equation of the -polar of }' with respect to each of 
the following conien, anil in each raze draw the figure, shovnng 
hoi It ttiiujimtH from J', if real, and Ho: polar: 

1. 4a: 9 + 9^ = 36 ) P(~2, -2). 

2. 16^-9^ = 144,^(6,3). 

3. 4aJ* + 3/* = 264,P(2 J 3). 

4. ^ + ^ = 169, P(-5, 12). 

5. If is the con tor of the circle -x? 4- ?/ = j 1 ' 2 , and the polar 
of P,(^ v ^j) with respect to the circle cuts OP ± at Q, then the 
polar is perpendicular to OP v and OP x ■ OQ = ) fl . 

6. Give a geometric construction for the polar of a given 
point with respect to a given circle, the point being either 
inside or outside the circle. 

7. The points }\ and Q in "Ex. i> divide the diameter of the 
circle harmonically. 

internally and 



B. Show that the polar of the focus of a given r 
ellipse, or hyperbola is in each case the directrix, and investi- 
gate the existence of the polar of the center of a circle. 

9. I'ind the coordinates of the pole of the line 4a; — 2 y = 3 
with respect to the ellipse 4x 2 + if = 9. 

Tf the pole is^, !/,), tlic £iolar is ix r r. + ?/,?/ = 0, Tiy to mparing these 
I'.odfiL'ii'Liis with Lhosti of 4 x — 2 y = a it is easy to find z i and y t . 

10. The diameter which Insects a chord of a parabola passes 
through the pole of the chord. 

11. Find the points of contact of the tangents from the point 
(1, 2) to the circle x" + tf =s 1. 

12. The polars with respect to a, given conic of all points on 
a straight line pass through the pole of that line. 
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Exercise 56. Review 



1. Find the coordinates of the vertex of the 3 
x 2 — 2 xy + if — 6 x — 10 = 0. 

2. Show that the liquation :>? — Ox;/ ■)- i) if = 25 represents 
a pair of pai:allel straight lines, a-nd draw these lines. 

3 . Draw the conic y? — 5 xy + 6 if = 0. 

4. If the equation xy + ax + by + c = represents two 
lines, one of three lines is parallel to OX and the other to OY. 

5. Two conies intersect in four points, real ov imaginary. 

6. Find the equation of the conic passing through the 
points (1, - 1), (2, 0), (1, 1), (0, 0), (0, - 1). 

7. Find the equation of the conic passing through the 
point A (2, — 2) and through the four common points of the 
conies a? -t- a^- 2 31 s + 6 x -1= and 2x* - f — x - y = 0. 

Show that the conic x? + xy— 2y^ + <Sx — 1+ kl^x 3 — if — x — j/) = 
passes through the common point* of the two given conies, and then find 
k so that I his conic pa.ssi-ti through j4. 

8. Find the equation of the real axis of the hyperbola 
5a 2 - 2±xy-2?f- ix + 3y = 1. 

The axis passes through the center and makes the angle B with OX, 

9. Find the eqtiation of the tangent drawn to the parabola 
x 2 — 2xy + if — ix + y — 10 = at the vertex. 

10. The equation ,« 2 + y' 1 = a' 1 rep resents a parabola which 
is tangent to both axes. 

11. The discriminant abo + 2fgh ~ af 1 — fi# 2 — ch 2 can be 
written in the form of a. determinant, as follows : 

\c, h g\ 

\9 f A 

Ex. 11 should hi: o mi I. Led bv those v-din have not .studied detevinhiaiu.s. 

12. Given the conic ax*+ 2 hxy + by*+ 2gx + 2fy + c = 0, 
find the slope at any point (x', y') on the conic. 
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CHAPTER XI 
POLAR COORDINATES 

219. Polar Coordinates. We have hitherto located points 
in the plane by means of rectilinear coordinates. We shall 
now explain another important method of locating points. 

Let be a fixed point and OX a fixed 
line. Then any point P in the plane is / J> ' ' 

determined by its distance OP from O 
and by the angle S from OX to OP. 
The distance OP is denoted by p. 

The magnitudes p and 9 are called 
the polar coordinates of P, p being 
ealled the radius vector, and the vec- 
torial angle. The point is called the pole or origin, and 
the line OX is called the polar axis. Polar coordinates 
are denoted thus: (p, 0). 

220. Convention of Signs. We regard 6 as positive when 
it is measured counterclockwise and as negative when 
measured clockwise. We regard p as positive when it is 
measured from along the terminal side of and as 
negative when measured in the opposite direction. 

Thus, in this figure we may locate /' if it is given that & = 30 c 
and p = 7. Tho same point P is located by 6 = 210° and p = — 7, as 
well as in any one of several other ways. But 
given any point P, we shali, whenever we are jS* 

free to choose, always take as the positive S^ 

angle XOP, the cor responding value of p being ^ff 

therefore positive. X 
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221. Special Equations. We shall now consider two im- 
portant equations and their jrraphs. 

1. Consider the graph of the equation p = 2acos$. 
This equation represents a circle with diameter 2 a, the circle 

passing through the pule and having its 
center on the polar axis. 

For ii l'(p,0) is any point on the circle, 
OP = p and the angle OP A = 90". Hence 
cos 6 — p/2 a, or p = 2 a cos 6, and this equa- 
tion is obviously not true unless P is on the 
circle. This equation is called the polar 
ay <tal.itm of this tircle. 

2. Consider the graph of p = 2 a sin $. 

This equation .represents a circle with diam- 
eter 2a, the circle hehii;' tangent to the polar 
axis at 0. 

This is apparent M"ken we consider that in 
this case we have cos (90° - $) = p/2 a ; that i 
that p = 2 a sin 6. OX 

222, Relations of Rectangular and Polar Coordinates. If 
P is any point in the plane and has the rectangular 
coordinates (x, f) and the polar coor- 
dinates (p, C), then 

X = p cos 
and y = p sin 9. 

Hence, if the equation of a curve 
is known in rectangular coordinates, 
the polar equation of the curve may he found by making 
the above substitution. 

To change an equation from polar to rectangular coor- 
dinates we must substitute the following values; 





-V?". 



sin (J ~y/^ 
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Exercise 57. Polar Coordinates 
Plot the following points : 

1. (4, 45°), (2, 90°), (3, 60°), (- 3, 60 s ), (3, 240°), (1, 0°). 

2. (5, 120°), (2, 180°), (- 2, 180°), (- 6, 330°), (- 3, - 30°). 

3. (8, 390°), (- 8, 210°), (7, 15°), (- 7, - 240°), (5, 120"). 

4. Plot the following points, and give for each a pair of 
coordinates in which Hie radius vector is positive: (— 4, 225"), 
(- 10, 300°), (- 4, 75°), (- 9, - 60°), (- 8, 36°). 

5. What is the locus of all points for which p = 10 ? 
What is the equation in polar coordinates of a circle having 
a radius r and its center at the origin ? 

6. What is the locus of all points for which 6 = 70° ? 
What is the equation in polar coordinates of a line passing 
through the origin ? 

7. Draw the line I perpendicular to the polar axis at Q so 
that OQ — a. Let P(p, 0) be any point on I, draw p and 6, 
;md show that the equation of / is p i-us = a. 

8. The equation of the line- parallel to the polar axis and 
distant a from it is p sin — a. 

Cli(nii]i> the following to ivp.uitlonn in, polar coordinates. : 

9. f = 12 x. 13. v?-2xy + y* = x- 4. 

10. a? + f = ±x. 14. xy = 1. 

11. <r?-f = 2Q. 15. 2x* — xy + f — Qx + y=l. 

12. 4^ + ^ = 4. 16. (x* +ff = 4(z 2 - f). 

Change the following to e<jH«lions In rectangular coordinate : 

17. P = 2«cos0. 20. p'cos 20 =.-1. 

18. p sin 6 = 10. 21. p cos (0 - 30") = 1. 

19. p = 4sin2ft 22. p(sine+ 2cos0) = 6. 
In Ex. 19 recall the fact that sin 20 = 2 sin $ cos 8. 



/Google 



212 



POLAR COORDINATES 



323. Graphs in Polar Coordinates. To plot the graph of 
an equation in polar coordinates we assign values to S. 
compute the corresponding values of p, and from these 
values locate a sufficient number of points of the curve. 

1. Plot the graph of the equation p =— -■ 



6 = 


0" 


30° 


60° 


90° 


120° 


150° 


180° 


i> = 


10.0 


8.8 


6.7 


5.0 


4.0 


8.5 


3.3 



is (— &) = cos 6, it appears that a, negative value of $, say 



— — k, leads to tin' si- 
value of p as the positive 
value 6 = Ic, and hence 
the curve is symmetric 
with respect to OX Itia 
only neeessary to assign 
to values between 0° 
and 180°, draw the curve 
above OX, and then draw 
below OX a curve that is 
symmetric to it. 




2. Plot the graph of the equation 


P = 10 


sin 2 6 




6 = 


0° 


15° 


30" 


45° 


60° 


75° 


00° 


P = 





5.0 


S.7 


10.0 


8.7 


5.0 






It is left to the student to assign values 
to in the other three ipsa J rants and to 
complete the graph. 

If the student has forgotten the trigono- 

metrie I" mictions of the j';nn.ili;!r angles (P, 
30", 45°, ■••, he may refer to page 28o, 

Paper conveniently ruled for plotting 
the graphs of equations in polar oooril:- 
nat.es can be obtained from stationers. 
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224. Polar Equation of a Conic. Let F be the focus, I the 
directrix, and e the eccentricity of any conic, and denote by 
2 p the distance from I to F. Draw HP pe]-pendicular to FX. 

Let P (p, 0) be any point on the conic. Then, the equa- 
tion of the conic in polar coordinates is found from the 
definition of a conic (§ 112) as the locus of a point P 
which moves so that the ratio of its distances from F and 
Ms a constant, tins constant being the 
eccentricity e. 



FP _ 
QP~ 6> 

FP = e- SS 

= e(SF+FK); 
p = e(2p + pcosf?), 
which is the desired equation. Solving this equation for 
p in terms of 0, we have 



Then 
that is, 

whence 




This is the equation (§ 11:]) of the parabola, ellipse, or 
hyperbola, according as e—1, e<l, or e>l. 

In the figure we have taken tlie focus to the rijrht. of the directrix. 
Hence the equation obtained sissmnr-s that. t.he lMt-hand focus is the 
polo in the case of the- <:l!i|'se, but that the right-hand focus is the pole 
for the hyperbola (§§ 138, 167). In the case of the ellipse or the hyper- 
bola, if the other focus is taken as the pole, the student may show 
that the- resulting equation is 

2ep 
p -l+ e cos0' 
which differs from the equation iriven above; only in the sign, of one 
of the quantities involved in the fraction. 

Since e = l in the case of the parabola, it 
equation of this curve is q 



is evident that the 
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Exercise 58. Polar Graphs 
Plot the graph* of the following equations: 

1. p = 10 sin ft 7. p = 6sin3t). 

2. p = 10cosd. 8. P = 6(cosft + smfl). 

3. p = 1 + cos 0. 9. p = 4 cos — 2 sin 0. 
i. p = 6(1 - cos ft). 10. p" = 16 sin ft 

5. p = 1 + sin 0. 11. p 2 - 8 cos 2 0. 

e. P = 4 cos 2 ft 12. P (cos - 3 sin ff) = 8. 

13. Find the equation of the ellipse in polar coordinates, 
taking the right-hand Focus as the pole. 

14. Find the equation of the hyperbola, in polar coordinates, 
taking the left-hand focus as the pole. 

15. The equation of the ellipse, when the center of the 
ellipse is the pole and the major axis is the polar axis, is 




This may be shown most 
simply by changing the equa- 
tion in rectangular coordinates 
to one in polar coordinates 
(5 222). For a direct derivation 
draw the triangle FPO. where 
is the center and P(p, ft) 
is any point on the curve. 
Draw FQ perpendicular t o 

OX Then we haye FO = Va a - 6 2 (5 140), OQ = p cos 8, QP = p sin 6, 
FP = « + c.OQ = « + cpcosff (§14S), and, finally, PQ 2 + QP 2 = FP 2 . 

16. Find the equation of the hyperbola when the center 

is the pole and the real axis is the polar axis. 

17. Given a circle "with radius r and the pole on the 
circle; if the center is the point (r, a), the equation of the 
circle is p = 2 r cos (8 — a). 

18. Draw the graph of the equation 2 p cos 6 = 2 +p. 
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19. Where are all points for ■which 6 = 0° ? for which 
$ ■= 1S0 D ? lor -which p = ? 

20. Draw the graph of the equation, p = 10 sin |- 6. 

21. Draw the graph of the equation p = 8/(2 — cos 0). 

22. Draw the graph of the equation p = 8/(1 — 2 cos 6). 

23. From the polar equation of the parabola show that the 
focal width is ip. 

24. 'From their polar equations find the focal widths of the 
ellipse and the hyperbola. 

25. Eind the intercepts on the polar axis of the ellipse, 
hyperbola, and parabola. 

26. Change the equation p* = 10 cos 2 Q to an equation in 
rectangular coordinates. 

Since cos 'i8 = cos-(? — fin-C, the cqnaUun may ho written in tlie 
form />* slO^cosafl- p* ain^). 

27. Draw the graph of the equation (.c 2 + j/) a = 10a: a — 10 if 
by first changing the nq-jalion to an equation in polar coordinates. 

Which of the two eii nations aviifHis tin: eusiur in plot ? 

28. How does the graph of the equation p — «cos<? differ 
from that of p a = a,p cos 6, obtained by multiplying the members 
of p = a cos $ by p '! 

■■ Coii.Mikv 



29. Draw the graphs of p = a sin $ and P = aflsinft 
It should be observed th;u l.iio sen. :nl equation is degenerate. 

30. Determine the nature of the graph of the general 
equation of the first degree in polar coordinates. 

31. Find the equation of the locus of the mid points of 
the chords of a circle wliirli pass through a point on the circle. 

32. Draw a line from the focus J*' to any point Q. on an ellipse, 
prolong FQ to P making FQ — QP, and find the equation of 
the loeus of P. 
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33. A straight line OB begins to rotate about a fixed point 

at the rate oi 10° per second, and sit the name instant a point 
P, starting at 0, moves along OB at the rate of 5 in. per second. 
Find the equation of the locus of P. 

34. The sum of the reciprocals of the segments FP and FQ 
into which the focus J" divides any focal chord of a conic is 
count:* nt. 

If the angle XFQ = 9, then PFX = ISO" -f 6, and the corresponding 
values of p in the polar equai.iu'.i n: (he ennie are FQ and FP, where F 
is taken as the pole ami PA' as the polar axis. 

35. The product of the segments into which the focus 
divides a focal chord of a conic varies as the length of the 
chord ; that is, the ratio of the product of the segments to the 
length of the chord is constant. 

36. The sum of the reciprocals of two perpendicular focal 
chords of a conic is constant, 

37. If PFP' and QFQ' are perpendicular focal chords of a 

conic, then H ; is constant. 

' PF - FP' QF . FQ' 

38. Find the locus of the mid point of a variable focal radius 
of a conic. 

39. Find the equation of a given line in polar coordinates. 
Denote by p the perpendicular iljsi.aneo from tiie pole to the line, 

and by /3 the angle from OX to p. Take any point 7' (p. 8) on the line, 
and show that p eos (0 — £) = p. 

40. The equation of the circle with center C(a,a) and 
radius r is p a + o? — 2 o,p cos ($ — a) = r 1 . 

tP(p, 6) on the circle, 

41. Find the polar equation of the locus of a point which 
moves so that its distance from a fixed point exceeds by a con- 
stant its distance from a fixed line. Show that the locus is a 
parabola having the fixed point as focus, and find the polar 
equation of the directrix. 
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CHAPTER XII 
HIGHER PLANE CURVES 

225. Algebraic Curve. If the equation of a curve 
referred to the rectilinear coordinates x and y involves 
only algebraic functions of x and y (§ 58), the curve is 
called an algebraic curve. 

We have studied the algebraic curves represented by 
equations of the first and second degrees. It is a much 
more difficult matter to discover all the kinds of curves 
represented by equations of the third degree and by equa- 
tions of degree higher than the third. 

Newton was the first to inalto a so:nriiing investigation of the 
curves represented by equations of tin; third degree, and according 
to his classification there are seventy-eight kinds. 

In the first part of this chapter we shall describe a few- 
curves of special interest the equations of which are of 
the third and fourth degrees. 

226. Transcendent Curve. If the equation of a curve 
referred to rectilinear coordinates involves transcendent 
functions of x or y (§ 59), the curve is called a transcend- 
ent curve. Such, for example, are the graphs of the equa- 
tions involving sinz, logx, and 1(P. We shall examine a 
few of these curves in this chapter, 

As an example of a useful formula eomaining a constant raised 

to a variable power, it is easily semi that y, the amount of $1 at C>% 

interest compounded annually for '>: yc.ii.vs, is fivund from the equation 

y = LOtF, and that the graph of this equation is a transcendent curve. 

217 
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227. Cissoid of Diodes. Let OK be a diameter of a 
circle with melius r, and let JiJi be tangeut io this circle at 
the point K. Let the line OR from to KB cut the circle 
at S, and take OP on OB so that OP = SR. The locus of 
the point P as OS turns about is called a dxsoid. 

To find the equation of the 
cissoid referred to the rectangular 
axes OX and Y, draw the coor- 
dinates x, y of P, draw SK, and 
draw SN perpendicular to OX. 



Tli./is 






0) 



We have now only to find 
each of the lengths NS and ON~ 
in terms of x and y, which may 
be done as follows: 

Since, 8R=0P, 

we have NK=x 



Y 


S& 1 \ 


IT 

R 
K 





l^\ N 


X 



Jllirl 



OiV = 2 r - x. 



In the right triangle OS.K it is evident from elementary 
geometry that NS is the mean proportional between ON 
and NX, and hence we have 



NS =Von7nk 



Substituting these values of ON and NS in (1), and 
squaring to remove radicals, wc have 



; one oil the simplest t; 



s having equations of Uio third 
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228. Shape of the Cissoid. From the equation of the 
cissoid we see that the curve is symmetric with respect 
to OX (§ 43), has real points only when = x < 2 r, and 
approaches the vertical asymptote x=2r (§47). 

Also, as P approaches the secant OP It approaches a 
horizontal position of tangency at (§ 124). 

The student should note that y = ± r when x = r. That is, the 
cissoid bisects the seiKicircumt'ereiiees above and below OX. 

This curve was thought by the ancients to resemble, an ivy vine, 
and hence its name, the word cism/id meaning "ivyliko." 

229. Duplication of the Cube. The cissoid was invented 
by Diodes, a Greek mathematician of the second century 
B.C., for a solution of the problem of finding the edge 
of the cube having twice the volume of a given cube. 

To duplicate the cube, draw a line 
through 0, the center of a circle of '. 
radius r, perpendicular to OX, and on 
it take CB = 2 r. Draw BK cutting the 
cissoid in Q. Then, since CK=^CB, 
EK—\'EQ. But from the equation of 
the cirsoid we have 



/■;t,r- 



EK \ 

■- 2 TJU'i 




whence 

Henee if a is the edge of a given cube, construct h so 
that OE:EQ=a:b. Then ~OE i :ETf=^:b ? ; and since 
E(f= 2 OE 3 , we have ft 3 = 2 a 3 , and the problem is solved. 

In like manner, by taking CB = nr, we can find the edge of a 
cube n times the given cube in volume. 

The student will readily imagine, however, that the instruments 
of geometric construction with which he is familiar — the straight 

u 1. 1 ll i ■ and ciHiipfi-iSc* — will not sui'lee for dm wing the- cissoid. 
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230. Conchoid of Nicomedes. If a line OP revolves about 
a fixed point and cuts a fixed line I in the point Ji, the 
locus of a point P such that IiT has a constant length c is 
called a conchoid. 

To find the equation of the conchoid, take rectangular 
axes through the fixed point 0, so that OY is perpendicular 
to the line I. Denote by a tiie distance .from to I, and 
take P(x, y~) any point on the curve. Draw PB perpen- 
dicular to OX and cutting I in the point M. 

Then, whether the distance UP, or c, is laid off above I 
or below I, we have the proportion 

OP:TCP=J3P:MP; 
that is, Vx 2 + y*. e = y:y — a, 

or (j? +s a )(v- ay =cy. 




When. P is below /, the student, may find it difficult to sea that 
MP = y — a. But this in simple, for /;.!/ = </, and hence JV/£( = — a. 

The above figure shows the curve for the ease c > a. The student 
should draw the curve for the cases c < « and c — a. 

The equation o.f this envve is of the fourth derive, as shown above. 

This eurve was thought by l.he aueienl.s t.o represent the outline 
of a mussel shell, and hence its mime., the word <:unchoid meaning 
"Khi'.ll-lik (.!.'' 
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231. Shape of the Conchoid. The conchoid is symmetric 
with respect to OY. Furthermore, if we solve for 3? the 

equation of the conchoid, we have 

whence we see that y = a, which is the line I, is a horizontal 
asymptote for both branches of the curve, the one above I 
and the other below I 

232. Trisection of an Angle. The conchoid was invented 
by Nicomedes, a (ircek i»;ilbeina,i-ici<ni. ul the second century 
B.C., for the purpose of solving the problem of the dupli- 
cation of the cube. It is also applicable to the trisection 
of an angle, a problem not less 
celebrated among the ancients. 

To trisect any angle, as AOB, 
lay off any length OQ on OB. 
Draw QIC perpendicular to OA, 
and lay off KA = 2 0Q. Now 
draw a conchoid with as the 
fixed point mentioned hi the defi- 
nition, QK as the fixed line, and 
KA as the constant length c. 

At Q erect a perpendicular to QK cutting the curve i 
the point P. Then OP trisects the angle AOB. 

To prove this, bisect PS at S. 

Then 
and. 




QS = SP = {SP = \KA = OQ, 
ZSOQ = Z QSO = 2 Z QPS = 2 ZA.OP. 



Therefore ZA OP = £ ZAOB. 

Since AOB is any angle whatever, and ZAOP'i 
of it, the problem is solved. 
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233. Lemniscate of Bernoulli. The locus of the inter- 
section of a tangent to a rectangular hyperbola with the 
perpendicular from the center to the tangent is called the 
lemniscate of Bernoulli. 




To find the equation of the lemniscate of Bernoulli, we 
have first the rectangular hyperbola x*—y 2 = a 2 . We have 
also the equation of the tangent at (x v p t '), 

<»W ~ ViV = « a - 0) 

and the equation of the perpendicular to the tangent from 0, 
%</ + »*-">• (2) 

If we regard (1) and (2) as simultaneous, x and y are 
the coordinates of the intersection of (1) and (2). 
Finding x 1 and y l hi terms of x and f/, we have 
x 1 = A/0* + f), Vl =- a*y/Q? + f). 

But (x v y 1 ) is on the hyperbola, and hence -x£— */ 1 a = a 2 . 
Substituting, we have the de-sired equation 
(jp + yf = d'(x'-y'). 

This curve was invented hy Jaeijnes Bernoulli (1(154-1701".). 
Fagnano discovered (17">0) its pniiciiiiU iiropcrth's, imt the analytic 
theory is due diietly to Kuler. The name means "riUlxsned." 
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234. Cycloid. The locus of a point on a circle as the 

circle rolls along a straight line is called a lo/dout 

To find the equation of the cycloid, take OX as the 
x axis, and take the point 0, where the curve meets OX, 
as the origin. 




Let P(x, y) he any point on the curve, r the radius 
of the rolling circle, and 8 the angle PCB, measured in 
radians. Then arc PB = r8, and arc PR is equal to OB, 
the line over which the circle has tolled since P was at 0. 

Then x=OB- PN= r9 - r sin 8, 

and y = BC-'NG=r- r cos 8. 

That is, x=r($-sinff) 

and y = r(l-cosd). 

Students not familiar ivitli radian ihi'J^kiv sliosili! consult page 235. 

It is not difficult to eliminate the variable 8 from these 
equations and thus obtain the equation of the curve in 
the variables x and y. But the resulting equation is not 
nearly so simple as these two equations, and hence the 
latter are commonly used in studying the curve. 

Eliminating from. the above equations we have 



The curve consists of an unlimited number of arches, but a single 
arch is usually termed a cycloid. The name means "circle-like." 
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235. Properties of the Cycloid. To find the x intercept 
OM, let y = in the equation y = r (1 — cos 8) obtained 
in §234. Then = 0, 2-rr, 4w, ..., and x = 0, 2 irr, 
4 irr, • ■ -. Jleiioc tin; cycloid meets tlie x axis in the points 
(0, 0), (2 irr, 0), (4 irr, 0), ■ • -, and the length of OMis 2 irr. 
The value of y is obviously greatest when cos 8 is least, 
that is, when 8 = ir, in which ease y = 2r. 

These facts are also easily seen geometrically, 

The invention of the cycloid is usually ascribed to Galileo. Aside 
from the conies, no curve has exercised the ingvuuity of mathema- 
ticians more than the cycloid, and their labors have been rewarded 
by the discovery of a multitude of interesv.hig properties. TluiS the 
length of the areh OQ.M (jj 2-SI) in eight, times the radius, and the 
area OQM is three times the area oi the generating circle. 

Also, the cycloid is the curve of quickest descent, the Imclmlo- 
chrone curve ; that is, a ball rolls from a point 7' to a lower pointQ, ■ 
not vertically below /', in less time on an inverted cycloid than on 
any other path. 

236. Parametric Equations. When the coordinates x and 
y of any point P on a curve are given in terms of a third 
variable 8, as in § 234, 6 is called a parameter, and the 
equations which give x and y in terms of 8 are called the 
•parametric equations of the curve. 

To plot a curve, when its parametria aquations are given, 
assign valuas to the parameter, compute the corresponding 
values of x and y, and thus locate points. 

For an easy example of parametric equations of a curve, draw a 
circle with, radius j- and center at (0, [)). Draw the coordinates :c, >/ 
of any point P on the circle. Denoting the angle X.OP by 0, we have 
£ — rcosS and y = r sia.0 as parametric equations of the circle. 

In the study of the ellipse ($ lii-'i) we expressed ■>: and y in terms 
of the eccentric angle $ for the point T'(x, ;i) as s = «cos^> and 
j = Uin^; heuee these are parametric equations of the ellipse. 

The student may prove that the. parametric equations x = {I — l) 2 
and y = 2 (t — 1) represent the parabola if = i x. . 
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237. Hypocycloid. The locus of a point on. a circle which 

rolls on the inside of a fixed circle is called a ht/poeycloid. 




Taking the origin at llie center of the fixed circle and 
the x axis through a point A where the locus meets the 
fixed circle, let P(x, y) be any point on the locus. 

Draw the line of centers OC, and lot the ratio OT: CT = n. 
Then if CT=r, we have OT=nr and OC=(n-l)r. 

Let ZAOT—9 radians. Then the arcPTis equal to the 
arc AT over which it has rolled, that is, rxZPCT—nr • 6. 

Hence £PCT=nQ. 

Also, Z QCP = ir - Z OCT) - ZPCT 

Then x^OQ + Qli 

= OC cos $ + CP sin QCP, 
y=QC-BC 
=* OC ein &-GP cos QCP. 
Therefore x=(n- l)r cosfl + r cos(n - 1)0, 

y = (n—i)r sinfJ — r sin (n — 1)0, 
If n = 4, the liypueydoid lias four <;it.y>,~, as in the figure, 



,Google 



HIGH EI', 1'LA.N'E CUHVE3 



Exercise 5 



Higher Plane Curves 



1. .Find the polar equation of the eissoid. 

This maybe done by thfi.iubstituti'Hi of p cosS for- x and of p sin 6 for 
y, or it may bfi drum ii id upend t'i it! y fnim the: uVum of § 227 by observing 
that p = OP — OR—OS and finding OK and OS in terms of p and 0. 

2. Find the polar equation of the conchoid. 

3. Find the polar equation oi.' Ilui lcinnist'ate of Bernoulli. 

4. Draw a circle with radius r, take the origin on the cir- 
cle, and take the 

polar axis through . ■, _,_ „ 

the center. A line J**"* \, _ ""*, 

rotating about O 
cuts the circle at 
the point 11, and a 
point P is taken 
on OR so that the 
hn^t.li A* /* is a con- 
stant a. Find i.lie 
equation of the 
locus of P. Sketch 
the curve for the 
three cases where 

<z<2r,a = 2r,and """-- "*' 

a>2r. 

The polar equatir.ui is easily L'Uixi if it. is noted that OR — 2r cosf). 
This locus is called a tim-arwi (from the Latin Umax, " a snail"). "When 

a = 2r it is caller! a cardimd (moaning " heart-shaped "). 

5. If F and F' are two fixed points, find the equation of the 

locus of a point P when F'P ■ FP = 

where a is a constant. 

This locus is called Casmd'x oval, naiueu r » , 

from Giovanni Domenico Casshn (1C25-1712). [ f^ C~-- Q. 

The student may show thai, when a = c, where- X\ '*■*"* 

2c — F'F, the oval becomes a lemniscato ; 

and that when ct<c the curve consists of two 

distinct ovals. 
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6. In a circle tangent to two parallel lines at. the points 
and B the chord OR turns about and cuts the upper tangent 
at A. If AM is drawn per- 
pendicular to OX and RP - 
lii'-l.'i'Lilicailar to ..<! M) the 
locus of P is as shown in : 
thin ligure. Find its equa- 
tion and plot the curve. 

This curve is called the wik.h of Ai/nai in honor of Maria Gaetana 
Agnesi (1718-1709), professor of mathematics at Bologna. 

7- When the radius of the rolling eirele is half the radius 
of the fixed circle, the hypocyeloid (§ 237) becomes the x axis. 

8, A. circle of radius r rolls on the inside of a fixed circle 
of radius 2r, and a diameter of the small circle is divided by 
the point P into the segments 
a, b. Show that the paramet- 
ric equations of the locus of P 
arc y ~ h ain & and x = 
where is the angle indicated 
in the figure. Eliminate Sfrom 
these equations and show that 
the locus is an ellipse. 

By Es. 7 the point Q 
smaller eirele moves along XO. a.nd 
the point R On the smaller eirele 
moves aline; some diameter of tie:: 
larger circle. Show that E moves 
along OY. Then when Q moves from X to Q, B moves from to R, 
the diameter OX moves to Wy, and tin; point P moves from A to P. 

9. The rectangular equal inn of the hypocycloid of four 
cusps is x$ + ift = (4r)i 

Tateeos3e = 4cos^-ScosSandsin3fl = 3aini9-4sin3(9. 

10. Find the parametric equations of the locus of a point P 
on a circle which rolls on the outside of a fixed circle. 

This lores it called an i.ei-'y 'V : e. 
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238. Spiral of Archimedes. The graph of the equation 
p — <,-(?, where a is constant, is called the gjnrat of Archimedes. 

Let us plot the graph 
of the equation p — ■*■ 0. 
Taking 8 as the num- 
ber of radians in the 
vectorial angle and the 
approximate value 3| 
for 7T, the table below 
shows a few values of p. 

The heavy and dotted 
lines show the curve for 
positive and negative values 
of ft respectively. 

This curve is doe to 
Archimedes (287-212 b.c.) 




= 


|J. 


h" 


i' 1 }» 


"fT 


7T 


p- 


(1 j 0.3 


0.5 


0.8 1.0 


1.3 


1.6 



239. Logarithmic Spiral. 

p = a e is called the loi/a- 
rithmic spiral. 

To plot the spiral in the 
case p=2 e , we may use 
the form log 10 /3 = r? log 1Q 2 
and compute the following 
values by logarithms : 



The graph of the equation 



e = 





J" 


a ^ 


5 71- 


1" 


»' 


» 


p = 


l 


1.4 


2.1 


S.O 


4.3 


6.1 


8.8 



The student may also consider; flic grn.pl) l'(.ir negative values ol ft 
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240. Exponential Curve. The graph of the equation 
y = ca x , where a is a positive constant and c is any con- 
stant, is called an ex-ponential curve. 

We shall confine our attention to the curve y = a*, 
since it is only necessary to multiply its ordinates by a in 
order to obtain the graph of the equation y = ctf. 



Y 


(3,27)P 


1 , | 


J (2,9) 


^l"^. 


Aw 

Ko,D 


(. 


X 



!(-a,27) 


Y 


; (-3,8)1 




(-wV 


"S'l«- 





X 



Fig. 1 Fig. 2 

It is obvious that the curve y = if passes through the 
point (0, 1) and that y is positive for all values of x. 

When x is a fraction, say x =p/q, a? = VaV, and ive regard this 
as denoting the positive i/th root of a&. For example, we take 16^ 
to be 2, not ± 2. 

If «>1, a x increases without limit when x does, and 
a s: — *-0 when x decreases without limit. 

When a<l, <f—*- when x increases without limit, and 
a x increases without limit when x decreases without limit. 

Considering now the special case a — 3, let us plot a 
few points of the curve y — 3 E and draw the graph. The 
result is shown in Fig. 1. 

Fig. 2 represents the equation y — (J-) 1 - 

In oaeh case points 011 tli' 1 ojruph liave l.nji.-ti plotted for Uie values 
x = - 3, - 2. - 1. 0, 1. 2, 3. 
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241. Logarithmic Curve. The graph of the equation 
y = log^x, where the base a is any positive constant, is 
called a logarithmic curve. 

Before considering the nature of this curve the student 
should observe, from the definition of a logarithm, that if 

then y is the logarithm of x to the base a ; that is, 

y = iog K 

We shall consider the common case of a>l. 




A negative number has no real logarithm since a k and 
« _i ' are both positive, a - * being the same as 1/aK Henee in 
the equation */ = log„x it is evident that x must be positive. 

When as <1, log re is negative, as is evident in the eases 
of log 10 0.01 = -2 and log 10 0.001 = - S. Furthermore, 
log„a; decreases without limit when x — ► 0, and log a rr. in- 
creases without limit when x does. 

Consider the ease of « = 3, and plot the curve y = \o% z x. 
We may plot the above figure from the following values : 



«= 


i i 


i 


3 


9 


27 


y = 


~i \ -l 





1 


2 


3 



The student should draw the graph of y = \a$„x when a = \. 
Jacques Bernoulli hud this curve engraved upon his tombstone. 
The rude figure may still be seen in the cloisters at Basel. 
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242. Napierian Logarithms. For ordinary computations 
common logarithms are convenient ; that is, logarithms to 
the base 10. But the student of higher mathematics will 
meet with various algebraic processes in which a certain 
other base is far more convenient. This base, called the 
Napierian base in honor of the inventor of logarithms, we 
shall not now define; but its value is approximately 2.7, 
and it is usually denoted by e. 

The value of e is 2.718281828 ■ ■ • . This is not the hase used hy 
Napier, but was jirolnilily suj,'g«s1:i'd 1 iy Ou^btivd in Kd ward Wright's 

trsnisliitidii i.if Xapiurs l}esi;-iptlu jiiiblislied in 101 ts. 

243. Relations of Exponential and Logarithmic Curves. 
The equation y = \og a x may, according to the definition 
of a logarithm, be written x = aP. It appears, therefore, that 
the equations y = log„a; and y~a x , or x = <$ and y = a x , 
are related in a simple manner ; namely, that if in either 
equation we interchange x and y, we obtain the other, 

When two functions such as log^a; and a x are related 
in this manner, each is called the inverse of the other. 

The geometric transform at km. which changes y into x 
and x into y changes any point P(x, y) to the point 
P'(y,x). Such a transformation is neither 
a rotation of the axes through an angle 6 
in the plane nor a translation of the axes, 
but is a rotation through the angle 180° 
of the plane about the line which bisects 
the first and third quadrants, that is, " 
about the line y = x, the axes remaining 
in the same position as before. These statements may be 
easily verified by the student. 

Such a rotation consequently changes the curve ^ = log u a; 
into the curve y = a x , and conversely. 



— °P(y,x) 
P(x,yU 
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Exercise 60. Exponential and Logarithmic Curves 

1 . In the equation y = 2.7", find y when x = — 2, — 1, 0, 
1, 2, Jg -, and draw the graph. 

In some of these casus, as when it = > s *, the simplest, computation is 
to take the common logarithm of each member of [.In: equation j = 2.7*. 
We then have log 10 (/ — x log, 2.7, aud for any -value of a; wo may find 
the -value of y from a table of logarithms. 

2. Draw the graph of the equation y — Iog e x. 

Here e Is to he taken, as usual, to represent approximately 2.7. 
Before assigning values to x, write the equation as e^ — a;. Then 
y\og ltl e = \og 10 x. 

3. From the graph of the equation y = 3 : ', considered as a 
special case in § 2-10, draw the graphs of the equations y = — 3* 
and y = 2 x 3*. 

4. Show that the graph of the equation y — 3~ a may be ob- 
tained by rotating the graph of this equation y = 3* about the 
y axis through an angle of 180°, 

5. Draw the graph of the, equation y = e 2 *. 

6. Draw the graph of the equation y = w. 
The strident should notice that vV- is t.lie same as ei*, 

7. Draw the graph of the equation y — 2 T+1 and show that 
it is the same as: the graph of the equation y — 2 x 2 B . 

8. Draw the graph of the equation y = e~ x *. 

This graph is kiiown us the prohabii'd:/ i;ttn:e, 

9. At 4<j£ interest, compounded annually, the amount of 
$1 at the end of x years is IXW' dollars. Draw a graph showing 
the growth of the amount for 10 yr. 

10. Draw the graph of the equation y = )og n x. 

11. Draw the graph of the equation y = log 10 2x. 

It should be recalled that log 2 it = logic + leg 2. Sitiee i.he graph of 
i/ = log 10 as was drawn in Ex.10, the graph of y - log 10 2ai may be found 
by adding log l0 2, or about 0.3, to each ordinate of the graph of y=^og la x ; 
that is, the entire graph of y = log 10 it is moved up about 0.3. 
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244. Trigonometric Curves. In § 14 we drew the graph 
of the equation y = sin x, and the student should now find 
it easy to draw the graphs of the equations y — cos a;, 
y = tan %, y = cot x, y = sec x, y = esc x. It is advisable, 
however, to become so familiar with the graphs of y = $mx, 
y — cos x, and y = tan x that they may be sketched at once 
without stopping for computations, since tliese three curves, 
and particularly the first two, are of considerable impor- 
tance in many connections. 

In the case of y = tun j: it may In- uatr.il that the vertical line drawn 
at i = 00° is an asymptote to Ihe graph. This is evident for the reason 
that tana: increases without limit, when a — ► !)0 !5 from the left, and 
tan i decreases without limit when j: — >-90° from the right. 

Similar remarks apply to tin? oases of y — cots;, y=stxx, and 
y = esc a;. Any convenient units may Vie chosen for z and y. When 
x is given in radians, use any convenient length on OA'for it radians, 

245. Inverse Trigonometric Curves. The graphs of the 
equations # = sin -1 2, ^ = cos _1 a;, and so on are called 
'e curves. 



The symbol sin- 1 x. alio written are sin .r, means an 
angle whose sine is .r, anil hence the equation y=sia~' l x 
may be written x = sin y. 

We shall consider at this time only the equa- 
tion y — sin~ J x, and shall mention two simple 
methods of drawing the graph. 

As a first method we may write the equation 
y — sm'^x in the form a;=sin y, assign values 
toy, and then compute the corresponding values 
of x, thus obtaining points on the graph, 

As a second method, knowing the graph of 
y = siii x, we may obtain from it the graph of x = t 
rotating through the angle 1 80° the curve y — sin 
the line y = x, as explained in § 243. 
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Exercise 61. Trigonometric Curves 

1. Draw the graph of the equation y — sina:. 

In "tin; problems tm tliis pasre, x roprosiMits radians. As 
units, the student may take a length of J- in, to represent an angle of 
J tt radians on the x axis, and J in. to represent 1 on the j/ axis. 

2. Draw the graph of the Liquation «/ = cos a;. 

3. Show that in the interval — -|- 7r < a; < 5 x the graph of 
the equation y — tan a; passes through the points (— \ ir, — 1), 
(0, 0), {\ ir, 1), and approaches from above the vertical asymp- 
tote x = — -g- it and from below the verticil! asymptote x = |tt. 
Draw the graph in this interval, and draw and discuss the 
graph in an interval to the right ot this one. 

4. Draw and discuss the graph of the equation y — cot x 
in the interval from x = to x = tt, and in one more interval. 

5. Draw and discuss the graph of the equation y = seox 
in the intervals -|- ir < x < § tt and f tt < x < £ it. 

6. Draw the graph of the equation y = sin 2 x and compare 
its period with that of y = ainx. 

It is evident i'voiri I lie ivvapli of tlie eipalio]) ;/ — fiina; (J 14) that the 
sine returns periodically to iijiy "ivou value, and that lliis jieriod is 2tt. 

7. Draw the graph of the equation y = cos | a: and com- 
pare its period with that of y = cosa;. 

8. The translation, of axes in which the origin is changed 
to the point (\ tt, 0) transforms the equation y = sin a; into the 
equation y = cos x. 

9. Show how the graph of the equation y — cot x may be 
obtained from that of y = tana; by a translation of axes. 

10. Show how the graph of the equation y = sin (a; + a) may 
be obtained from that of y = sin a; by a translation of axes. 

11. Draw the graph of the equation y = cos (x -f- ^ it). 

12. Draw the grapli of the equation y = sin(a; — ^ tt), 

13. Draw the graph of the equation y — cos (3 a: — 2t). 
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Exercise 62- Review 

1. Pind the equation of the locus of the foot of the per- 
pendicular from the point (— a, 0) upon the tangent to the 
parabola if = 4 ax, and draw the locus. 

This locus is called ;l tirnphvi'l, ivJiLi.:-!i means "like a twisted baud." 

2. The locus of the i'oot of tins perpeodieular from the vertex 
of the parabola if = — 4 ax upon the tangent is a cissoid. 

3. If r denotes the radius of a circle rolling on a straight 
line, b the distance of ;mv point on the radius from the center 
of the circle, and the same angle as in 5 234, show that the 
equations of the locus of the generating point on the radius 
are x = v6 — b sin & and y = r — buosB. 

This locus is culled a trtx.h-ol<l, wSiieh means " wheel-like." 

4. Draw the curve in Ex. 3 when b < r and when 6 > r. 
When h <T, the curve is called the prolate c::ch'id, ivnd when 6 > r, it 

is called the curtate cycloid. When b = r, it is evident that the curve is 
the cycloid, as described in § 234. 

5. Assuming that c in the equation p 5 = c/0 is a positive 
constant, and taking the value p = Vo/2 tt when = 2 tt, show 
that p increases without limit when 6 decreases from 2 ir to 0, 
and that p — *• when increases from 2 7r without limit. Draw 
the curve, and also consider the case of p = — Ve/2 7T. 

This curve is called the KSuus, which means " a bishop's staff." The 
reason for the name "ill be evident from the figure. 

6. Draw the graph of the. equation p = a/6. 
This curve is called the reciprocal spiral. 

7. Let P(p, 0) be any point on the reciprocal spiral p = c/6. 
Draw a circular arc clockwise from /' and meeting the polar 
axis at the point Q, and prove that the arc PQ is constant. 

B. If PjG>j, B^), I\(pv a ), Pi(pg, 6 S ) are any three points of 
the logarithmic spiral p = ft", and if the vectorial angles 6 V $ v 3 
are in arithmetic progression, then the radius vectors p v p^ p 3 
are in geometric progression. 
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9. Show that the spiral of Archimedes is cut by any line 
through the origin in an infinite number of points. Denote 
by P and Q two such successive points, and prove that the 
length PQ is constant when the line iwoIvch about the origin. 

If Pis the point (p„ 0,), then Qis [p s , l + 2ir). 

10. This figure represents a wheel rotating about the fixed 
center C and driven by the rod AQ, the point A sliding on 
the line AC. Show that x = (b — a) cos 9 ± Vc 2 — a 2 shfO and 
y = b sin 0, where a=AQ, b = AP, 
and B=Z.CAQ, are the equations 
of the locus of a point P on AQ. 

Draw yi) perpendicular to ytC. Then 
DQ = a sin 0, and x can be found from 

x = GB=-BC=~ [AD - AB + DC). 

11. Draw the locus in Ex. 10 when a =12, h = 

12. The locus in Ex. 10 is an ellipse when a = r. 

13. In the figure of Ex. 10 draw a line perpendicular to 
AC at A, and let it meet CQ produced at It. Find the para- 
metric equations of the locus of ./-,' and draw the locus. Prove 
(.hat when a — r the- locus is a circle. 

Talis as parameter drlicr tlio anslu or the allele ..! CQ, denoting the 
latter angle by <j>. Tliis is an important locus, It hying known as the 
insiuniemeous cenJtr of the motion of .4 (J, 

14. If the circle # s + ^ = rMs represented by parametric 
ie of which is x = t — r, find the equation which 
in terms of t. 




15- A line OA begins to turn about the point O at the rate 
of 2" per minute while a point P begins to move from along 
OA at the rate of 2 in. per minute. Find the parametric equa- 
tions of the locus of P. 

16. Find the parametric equations of the locus of the end of 
a cord of negligible diameter unwinding from a fixed circle. 

17. Draw the graph of the equation y = sin 2x and obtain 
the graph of y = sin (2 a; — \ ir) by a translation of axes. 
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CHAPTER XIII 



POINT, PLANE, AND LINE 

246. Locating a Point. The position of a point in space 
may be determined by its distances from three fixed planes 
that meet in a point. The three fixed planes are called the 
coordinate planea, their three lines of intersection are called 
the coordinate axes, and their common point is ealled the 
origin. In the work that follows we shall employ coordi- 
nate planes that, intersect each other at right angles, these 
being the ones most frequently used. 

Let XOY, YOZ, and ZOX be three planes of indefinite 
extent intersecting eaeh other at right angles in the lines 
XX', YY', and ZZ'. These coordinate planes are called 
the xy plane, the yz plane, and the zx plane respectively, 
and the axes XX', 
YY', ZZ' are ealled 
the axes of x, y, z 
respectively. 

The distances 
LP, QP, NP of a 
point P in space 
from the coor- 
dinate planes are 
called the coordinates x, y, z of P, and the point is denoted 
by (?>, y, s) or by P (x, y, 2). 

There are various other methods of locating a point in space 
besides the one deseribe.d above. Two of the most important of 
these methods are explained in § 282. 
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247. Convention of Signs. If through any point P in 
space we take the three planes parallel to the coordinate 
planes, we have with the coordinate planes a rectangular 
parallelepiped, as shown in the left-hand figure below. 
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The coordinate x of P is LP, SQ, JiJV, or OM; the coor- 
dinate y of P is QP, SL, MN, or OR ; and the coordinate 
z of P is NP, SL, MQ, or OS. 

One of the most convenient ways of drawing the coordinates of a 
point is shown in tins figure at the right, >/ bring drawn from the end 
of £, and z being drawn from the end of i/. 

Choosing the directions OX, OY, OZ as the positive direc- 
tions along the axes, we regard the coordinate x of a point 
as positive when it has the direction of OX, and as negative 
when it has the direction of OX' i we regard the coordinate 
y of a point as positive when it has the direction of OY 
and as negative when it has the direction of 01"; and 
similarly for the coordinate z. 

The coordinate planes divide space into eight portions, 
called octants. The octant XYZ, in which the coordinates 
x, y, z of a point are all. positive, is called the first octant 

It is not necessary to assign to the other seven octants such a 

ripcciiiril OI'iIiT lis Seed ml, I 111 I'd. and SO Oil. 

For the sake of simplicity we shall, when the conditions allow, 
draw the diagrams in the livst oeiant. 
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Problem. Distance between Two Points 

two points P 1 (x v y v z{) 



248. To find the distance 
and P 3 (a^, y v z 3 ). 





/ 




( 






/ 






L 


P t %2-%l 


/ 











Solution. Through each of the two given points I[ and 
E pass planes parallel to the three coordinate planes, thus 
forming the rectangular parallelepiped whose diagonal is 
EE, and whose edges EL, LK, KP 2 are parallel to the axes 
of x, y, s respectively. 

Then 1\I>? = 7\I?+LK 2 +KP*. 

Now I[L is the difference between the distances of ij 
and E_ from the yz plane, so that EL = x % — x v For a like 
reason LK=y i ~y 1 , and LS=*KP 2 = 2 2 ~z l . Hence, denoting 
the distance P ! I i by I) and substituting in the above equa- 
tion, we have 



which is the required formula. 

If P, and P 2 are taken in any othiT (K'tiitii- than the first, it will 
be found that P L L = .r 2 — x t , LK = y 3 — y u and Jfi* s = 2 2 — zj. 

249. Corollary. 7V«< distance front the origin to any 
point P (x, y, s) is given by the formula 
OP'=x* + y' + z 1 . 
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250. Direction. Angles of a Line. Denote by a, 0, y the 
angles which a directed line makes with the positive direc- 
tions of the axes of x, y, z respectively. These angles are 
called the direction angles of the line, and their cosines 
arc called the direction cosines of the line. 

Theangles a, £,y are ahvays positive and never greater than 180". 
They correspond to one direction along the line, while to the oppo- 
site direction coitckjuijuI the uncles 180" — a, 18() : " — (3,180° — y, the 
cosines of which are equal to — cos a, — cos/3, — cos y. 



Theorem. Direction Cosines op a Like 

251. TIte svm of the squares of the direction cosines of any 
line is equal to 1. 
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Proof. Through P y and J%, any two given points, pass 
planes parallel to the coordinate planes, thus forming the 
rectangular parallelepiped whose diagonal is 1[1%. Then 
from the right triangles iji^, J\MI^ 1[N1'^ we have 

cos a = - i -. — i i cos p = ■ * - ■-■ * > cos 7 = ■ ■ - j 

where D = l[]' i . Squaring and adding, we have (§248) 
cos% -f eos 2 /3 + cos 2 7 =1.. 
The above formulas for cos«, cos ^3, rosy show how to find the 
direction cosines of the line through two given points. 
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252. Corollary 1. If p u the rfixtttnee from the. origin 
to any point P(x, y, z), then 

x = p casa, y — p cos/J, z = p cos y. 

253. Corollary 2. A line can be found having direction 
cosines proportional to any three numbers a, 6, e. 

Using a, b, i: as coordinates, local.;' I. lie [nihil. I'ia, h, e), and from 
the origin draw OP. We then have OP = ^/a* + & + c\ and the 
direction cosines of OP, or of any line parallel to OP, are (§ 251) 



± V« a + 6 2 + & 



and those values are easily seen k> In; proportional to a, b, c. 

The plus sign, for the radical coitos|hiii(Is to otic, direction along 
the line, and tho minus sign corresponds to the opposite direction. 
Whenever we are not concerned with the directions along the line 
we shall take the value given, by the pins sign. 

Exercise 63. Points and Direction Cosines 

1. Locate the points (6, 2, 5), (-4, 1, 7), (2, -1, -4), 
(0, 6, - 3), (0, 0, 2), (0, 2, 0). 

2. Show that each of the points (3, 1, 0), (- 2, 0, - 3), 
(0, 4, —1), (a, b, 0), (0, b, 0) is in one of the coordinate planes. 

3. Show that each of the points (4, 0, 0), (0, 7, 0), (0, 0, - 5), 
(0, r, 0) is on one of the coordinate axes. 

4. Show that the numbers 0.2, — 1, 0.4 cannot be the three 
direction cosines of a line. 

5- Show that the numbers J, -J-, f cannot be the three 
direction cosines of a line. 

6. If two direction cosine* of a line arc } 2 -, ^, find the other. 
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Problem. Division of a Lime 

254. To find the coordinates of the point which divides 
the line joining the points P x (x y y v z^) and JvJ (x 2 , y v 3 Z ) 
in a given ratio m l : m 2 . 



/ / X 

Solution. Denote by P the required point and draw its 
coordinates x, y, z. Draw the coordinates x v y v z, and 
x v yv H °^ ^ ie gi veu points P, and P^ respectively, as 
shown in the figure. 

PV~ U.R., " S,% 



Then 



Solving for x, we ha 



By the aid of other figures analogous to the above, the 
student should show that 



The above melhoil mul tilt' lvsult.-- li1.hu bold for oblique a 
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Exercise 64. Direction Cosines and Points of Division 

Find the length and the direction oosinex of the line joining 
each of lite foUowin.f/ pair" of -points : 

1. (4, 2, - 2), (6, - 4, 1). 3. (2, - 4, -1), (2, 7, 6). 

2. (3, 2, 4), (- 3, 5, 5). 4. (5, 0, 0), (0, 4, - 2). 

5. Locate the point P(2, 3, 6) and draw T'K perpendicular 
to the xy plane and KL perpendicular to OX. Draw PL and 
find cos a for the line OP. Draw other lines and in the same 
way find cos /3 and cos y. 

6. Locate the points ]\(4, 2, 4) and P a (8, 5, 10). Draw the 
parallelepiped having P,/', as diagonal and having edges par- 
allel to the axes. Find the length of each edge, the length of 
PjP 2 , and the direction cosines of P^\. 

Find the direction cosines of eao/i, of (lie folloo-iii,/ lines : 

7. The line in the yz plane bisecting the angle YOZ. 

8. The x axis ; the y axis ; the z axis. 

9. The lines for which a = 60° and /3 = 120°. 

10. The line for which tx = /3 = y. 

11. Find the direction cosines of a line, given that they are 
proportional to 12, — 4, 6 ; to — 3, — 2, 3. 

12. The line that passes through the points (— 6, 6, 2) and 
(_ 6, 2, - 2) has the direction angles 90°, 45°, 45°. 

13. The coordinates of the mid point of the line winch joins 
the points P i (x v y v 2,) and P 2 (x 2 , y 3 , £ 3 ) are x = \ {x x + » 3 ), 

14. Find the coordinates of the point which divides in the 
ratio 5 : 2 the line that joins the points P,(— 2, —3, —1) and 
P a (_ 5, - 2, 4). 

15. The equation a? + y 1 + # — 25 is true for all points 
(x, y, s) on the sphere with radius 5 and with center at the 
origin, and for no other points. 
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16. The four lines joining the vertices of a tetrahedron to 
the points of intersection of the medians of the opposite faces 
meet in a point R which divides each line in the ratio S : 1. 

The point It is oillud the cmUr of m<ws of i.he tetrahedron. 
Oblique axes may be employed, tin; ax us lying alun^ three concurrent 
edges of the tetrahedron. 

17. If from the mid point of each edge of the tetrahedron in 
Ex. 16 a lino is drawn to the mid point of the opposite edge, 
the four lines thus drawn meet iu a point which bisects each 
of the lines. 

18. If the point (a:, y, s) is any point on the sphere with center 
(a, h, c) and radius r, show that (r — n)''-\- (// — //)''■+■ (2 — cf = r i . 

Observe that this equation of i.he sphere is similar to that of the circle, 

19. "Where are ail points (a;, y, a) for which x = 6? x = 0? 

20. Eind the locus of all points for which s = 2 ; for which 
y = 4 ; for which s = 2 and y = 4 at the same time. 

21. Eind an equation which is true for all points (*, y, a) 
which are equidistant from the points (2, 3, — 7) and (— 1, 3, 3). 

22. Through the point A (3, 2, 8) draw a line parallel to OZ, 
If P is a point on this line such that OP — 7, find the coordi- 
nates of P. 

23. If the point P(x, y, s) moves so that its distance from 
the point A (2, 3, — 3) is equal to its distance .from the xy plane, 
find an equation in x, y, s which is true for all positions of P. 

24. Eind the coordinates of a point in the xy plane which 
is 5 units from the origin and is equidistant from the points 
A(S, 4, 2) and B (5, 1, 1). 

25. Find a point that is equidistant from the three points 
A (2, 0, 0), B(l, 2, - 1), C(2, - 1, 0). 

The number of such points is, of course, unlimited. 

26. Find the center and the radius of the sphere circum- 
scribed about the tetrahedron having the vertices A (2, 0, 0), 
5(1,2, -1), £7(2,-1, 0), and O (0,0,0). 
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255. Projection of a Line Segment. Let/JI.; in the figure 
of § 256 be any line segment, and let I be any straight line 
in space. Pass planes ihrougli ![ and /.j perpendicular to I 
at the points Ii x and Ii 2 respectively. 

The points R 1 and Tt^ are called the projections of the 
points _7J and Jjj on ?, and the segment R v Ji^ is called the 
projection of the line segment P^ on I. If the segment is 
Rjf^ taken in the opposite direction, its projection is B i B 1 . 

There are other kinds of projection, 1ml we shall employ only tlie 
projection dcseril't-d ahove, which is i.-nlli'd oethoiionoi projection. 



PROBLEM. LEHGTH OF PROJECTIOM 

256. To find the hngth of the projection of a given line 
segment on a given line. 




Solution. Let the given segment be J^P p or a; tj> the 
angle which i^ makes with the given line I ; and M and N 
planes perpendicular to I through 7-, and ./£ respectively. 

Through I[ draw a line parallel to I, meeting the plane 
iVat the point S, and draw P.S. Then the angle Sl(P i = <f>. 
and J[S is equal to the projection BjB 2 which we are to find. 

But obviously I^S= a cos 0, and hence the length h of 
the projection of a on I may be found from the formula 
h — acos<f>. 
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Theorem. Projection op a Broken Line 

257, The sum of the projections of the parts AB, BC, CD 
of a broken line ABC]) on any line t is equal to the projec- 
tion of the. gtrai'jlit line AT) on I. 



A' C' B' D' 

Proof. Let the projections of A, B, C, Z> on I be A', B', 

C, D'. Then the projections of the segments AB, BC, CD, 

AD on I are A'B', B'C', CD', A'D' respectively, and the 

proof of the theorem follows from the fact that 

A'B' + B'C'+CD' = A'D'. 

It should be remembered, (.hat the pro lection:; are directed seg- 
ments; thus, it A'B' is positive, B'C" is negative. The theorem is 
obviously true for a broken line, liavinu' any number of parts. It is 
not assumed that the parts of tin; broken i line all lie in one plane. 

258. Equation of a Surface. If P(x, y. z) is any point on 
the sphere of radius r having the origin as center, then 
3?+ y % -\- s 2 = r 2 , since this equation expresses the fact that 
OP i = r 2 . The equation ■j 3 -\-if i + z'^r 3 is true for all points 
(%, y, 2) on the sphere, and for no other points, and is 
called the equation, of the sphere. 

In general, the equation of a sirrfaee is an equation which 
is satisfied by the coordinates of every point on the surface, 
and by the coordinates of no other points. 

The subsequent « ork is enncemetl alums', entirely wivh equations 
of the first and second degrees in x, y, and z, and. with the surfaces 
which these equations represent. 
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Problem. Normal equation of a plane 

259. To find the equation of a plana when the length of the 
perpendicular from the origin and the direction cosines of 
this perpendicular are. given. 




Solution. Letting OF lie the perpendicular to the piano 
ABC from the origin 0, denote the length of OF by p and 
the direction angles by a, & 7. Let P be any point in the 
plane, let OM, MN, NP be its coordinates x, y, z, and 
draw OP. Then the projection of OP on OF is equal to 
the sum of the projections of OM, MN, NP on OF (§ 257). 
But as the plane is perpendicular to OF, p is the projec- 
tion of OP on OF, and the projections of OM, MN, NP on 
OF are respectively x cos a, y cos (i, 2 cos 7 (§ 256). 

Hence we have the required equation 

x cos a + y cos (8 + z cos y = P- 

This equation is called the normal equation of the plane, and in 
work with planes it is of great importance. 

For example, if the direction cosines of the line OF ia the 
figure above are 4. t> j» and if OF = 5, the equation of the plane 
perpendicular to OF at F is ?a: + !Jy+ f s = 5, which may be 
written 8aj + 6j + 2z = 85. 
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Theorem. Equation op the First Degree 

260. .Every equation of the first degree in x, y, and & 
■,'t']),'vxf)il# a plane. 

Proof. The general equation of Urn iir*t degree in x, y, z is 
Ax + By + Cz + D = 0. (I) 



Dividing by V 'a 2 + B l + C\ denoted by S when preceded 
by the sign opposite ro that of Z>, we have 

ABC D 

_* + _, + _. — -. 



C-0 



Biit these coefficients of x, y, z are the direction cosines 
of some line I. § 253 

Hence (2) is the equation of the plane perpendicular 
to I afc the distance —D/S from the origin. § 259 

261. Corollary 1. To reduce any equation of the first 
degree in x, y, z to the. normal form., wrrite it in the form 
Az+By + Cz+D~0 and divide by Va^+B 2 + C 2 preceded 
by the sign opposite to that of D. 

For example, i.n ml net'. t.hc. equation 15 x — 6 y + 2z 414 — 0, we 
divide hy — V8 + 86 + 4, or - 7, obtaining - % x 4 $y - $ z = 2. 
Thus the length of the perpeuilk'ular from t.he origin to the plane 
is 2, and the direction cosines ot tin' perpendicular are — if, §, — %. 

262. Cokoi.laky 2. The direction cosines of any straight 
line perpendiev.lar to the plane Ax + By + Cz +.D = are 

A B _ C 

± ^A a + B* + C* ' ± VA' + SF + t? ' ± Va* + b*+& ' 
and are proportional, to A, B, C. 

The notation a : b : c = d:e:f will he used to indicate that a, h, c 
are proportional to d, e,f; in other words, that the ratios of a,b, and 
c are equal to the ratios of d, e, and / respectively; or, again, that 
a:d=h:n = ,::f. 
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Problem, intercept Equation of a Plane 

263. To find the equ-iUion of a plane in terms of the 
intercepts of the plane on the axes. 

Solution. Denote the intercepts of a given plane on the 
axes of x, y, z by a, b, c respectively. Let the equation 

Ax + By+Cz = D 
represent the plane. This equation must be satisfied by 
the coordinates of the points (a, 0, 0), (0, />, 0), (0, 0, e), 
the end points of the intercepts. 

Hence Aa = J>, Bh = D, Cc = D\ 

that is, a - D/A, b = D/B, e = D/C. 

But the equation of the plane may be written in the form 

_£_ + _£_ + _*_ = !, 
D/A D/B D/C 

x y z 
and hence - + T + -=1. 

a b c 

264. Plane through Three Points. The equation of the 
plane Ax + By + Cz=D has four terms. If we divide by 
J>, we have the form Ix + my + iiz = t. Hence the equation 
involves three essential constants, and a plane- is determined 
by Liny three independent and consistent. conditions. 

For example, find the equation of the plane which passes through 
the three points P(l, - 2, 2), Q(8, 2, 4), and. li (4, 1, 5). 

Let the equation Ix -f my + nz = 1 represent the plane. Since P, 
Q, and fi are on the plane, their roordinali's must satisfy the equation 
oi the plane. Substitutiiigj we have 

J-2m + 2n=l, 6I + 2w + 4» = l, il + m + 5n=l. 

Solving, we find that I = ■!, m=— -j\, and n = -fe. Therefore the 
required equation is £ x — f a y + ^ z = 1, or 2x — 3^ + 3 = 10. 

This method fails if the piano contains the origin, for the equa- 
tion is then Ax + By + C: = 0. 
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Problem. Plane perpendicular to a Lihe 

365. To find the equation- of the plane p/utdn;/ through the 
point J{(x v y v Z^) and jw.rpendia.dar to a line I whose 
dier.ri.iou vtixinex are knov:n. 

Solution. Represent the plane hy the equation 

Az + By + Ge=2>. (1) 

Since the plane is perpendicular to the line /, the coef- 
ficients A, B, C must be chosen proportional to the known 
direction cosines of J. § 262 

Since the plane passes through l{(j v y v e,), we have 

Ax 1 +By 1 + Cfe^D. (2) 

Putting this value of I) in (1), we have the equation 
A(x~x l )+B(jf-y 1 ) + C(z~2 1 ) = 0, 
where A, B, C are any three numbers proportional to the 
direction cosines of the given line /. 

Exercise 65. Equations of Planes 

Given the points A (8, 1, -i), B(-%, 2, 4), C(S, 8, - SI), 

find in each <:ane the etpudlon of the plane width: 

1. Passes tlirougli A, B, and C. 

2. Passes through .1 perpendicular to BC. 

3. Passes through JJ perpendicular to AC. 
i. Is perpendicular- to AB at A. 

5. Is perpendicular to A C at the mid point of AC. 

6. Passes through A, making equal intercepts on the axes. 

7. Passes through B and C parallel to the s axis. 

8. Passes through A and B f the y intercept exceeding the 
.~ intercept by 5. 

9. Contains the point (3, 1, 0} and the line AB. 
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Theorem. Parallel Planes 

266. Xf Ax + By +Cz =D and A'r. + B'y + C'z = D' repre- 
sent two parallel planes, A: B:C = A' : B' : C, and conversely. 



N N 



N 



Proof. Let I denote a line perpendicular to the first 
plane, and let d, e, f be three numbers proportional to 
the direction cosines of I. 

Then A:B:C=d:e:f. §262 

Since the planes are parallel, t is perpendicular to the 
second plane also. 

Then A':B':C'=d:e:f, 

and hence A:B:C = A':B':C. 

Conversely, if A:B:C = A':B':C', we have 
A:B:C=d:e:f, 
and A':B':C'=d:e:f. 

Hence the second plane is perpendicular to I, and the 
planes are parallel. 

267. Corollary. The equation uf th>. plane that passes 
through the point ij (x v p v s 1 ) and is parallel to the plane 
Ax + By + Cz = I> is 

A(x-x 1 ) + B(y-y 1 ) + C(z-z 1 ) = Q. 
The desired equation vr-pri's-onts :i. plane pant/llo! l.o the given plane 
Ax + By+ Cz = D (§ 260), and since the equation is satisfied by the 
toonliiisitus of l\('\, </,, J : ), thi' plane also passes through J' v 
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268. Special Planes. It is important to find what planes 

are represented by such special equations of the first 

degree as x = a and Ax + By =TJ. It is easily seen that 

The equation x=a represents the plane parallel to the 

yz plane at the distance a. 

For all points (x, y, ;) for which, x has the same value a lie in 
that plane, and all points in thai plant; have the same value of x; 
that is, x — a. 

Similarly, the equation y = b represent a the plane parallel 
to the zx plane at the. distance l>. and z = c represents the 
plane parallel, to the xy plane, at the dlntance c. 

Consider the plane Ax+By = D, denoting by a, ft 7 the 
direction angles of a line I perpendicular to the plane. 

Then we see that cos 7 = (§ 262). Hence the line I 
is perpendicular to the z axis, and the plane, being per- 
pendicular to I, is parallel to the z axis. Therefore 

The plane Ax + By — I) is parallel to the z axis, the 
plane Ax + Cz = D is parallel to the y axis, and the plane 
By + Cz—D is parallel to the x axis. 

A single illustration will make the above statements 
elearer. For example, find the equation of the plane 
through .4(8, 1, -1), B(% — 1, 8) and parallel to OX. 
Let the equation of the plane be 

By +Ce = D. (1) 

Dividing by D, we may write this equation in the form 

ly + mz = I, (2) 

where I = B/D and m = C/D. 

Since A and B are on the pbuie, we have from (2) 
I - m = 1, 
and -I + 8» = L 

Solving for I and m, we find that 1 = 2, m = 1, and hence the 
required equation is a ■ _ 1 
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Problem. Distance of a Point from a Plane 

269. To find the perpendicular distance of a given point 
from a given plane. 

Solution. Lot the normal equation of tin: given plane be 
#cosa: + #eos/3 + ;3COS7=^>. § 259 

Let P x (x x , y x , s,) be the given point, and let the plane M 
pass through f\ parallel to the given plane. Denote by d the 
distance irom the given plane to this second plane. Then 
d is the distance we are to find. 

The equation of the plane M is evidently 
# cosa + i/cosfS + scos7 = p + d; 
and since it is given thai this plane passes through the point 
'iC''i> Vv z i)> we have 

x x cos a + y x cos $ + z x cos y =p + d; 
whence d = x l cosa + y 1 cos/? + z t cosy— p. 

That is, to find /he disian.ce of the. point I] from the plane, 
xcosa + ycosfi + zcos-y^p/, substitute the coordinates of 7-j 
for x,y,and zin the, expression x cos a +-;/ cos/3 + z cosy— p. 

270. COROLLAEY. The distance, of the point P 1 (x x , y x , z{) 
from the plane Ax + Tly + Cz + Z> = is 

Ax^ + By^ + Cz^D 

where the sign of the radical is the same as that of 1). 

When the point P x is on the side of the plane away from the 
origin 0, then d has the hi'uilu direction, as /i anil in therefore positive, 
When P, is on the same side of the plane as the, origin 0, then d 
is negative. The sign may \n: neglected if simply the numerical 
distance is required. 
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Exercise 66. Equations of Planes 

Find the I'ffi-niion of c".t:h /'/our ilrlrrmi.nn.l an follows : 

I. Perpendicular to a line having direction cosines propor- 
tional to 2, 3, — 6, and 7 units from the origin. 

3. Passing through the point (4, 3, - ■ (>) and perpendicular 
to a Hue having direction (ios>ii.n''-s proportional to 1, 2, 1, 

3. Passing through the point (1, — 2, 0) and perpendicular 
to the line determined by the points (2, — 4, 2) and {— 1, 3, 7). 

4. Passing through the points (1, 2, -2), (0, 6, 2), (3, 4, -5). 

5. Passing through the point (2, 2, 7) and having equal 
intercepts on the axes. 

6. Passing through the points (2, 3, 0) and (1, — 1, 2) and 
parallel to the & axis. 

7. Parallel to the plane kx — 2y — s = 12 and passing 
through r.lu'. origin. 

8- Parallel to the plane x — y + a = 7 and passing through 
the point (2, 3, 3). 

9. Perpendicular to the line 7^7^ at its mid point, where 
P, is the point (4, 7, — 3) and 1\ is the point (- 2, 1, - 9). 

10. Parallel to the piano 2a:-Gy + 3s = 17 and 9 units 
from the origin. 

II. Parallel to the plane 2 x - 6 y - 3 s = 21 and 3 units 
further from the origin. 

12. Tangent at P(4, - 12, 6) to the sphere with center at 
the origin and with radius OP, 

13. Passing through the point (—2, —4, 3), 2 units from 
the origin 0, and parallel to 01'. 

14. Passing through the point (3, — 2, 1), having the 
s intercept 7, and having the x intercept 7. 

Tim intercept, etjuat.ioi! (J if"!) is :i simple Lsisis for L5ie suhvL-ioT!. 
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15. The equation of a plane cannot be written in the inter- 
cept form when the piano either passes through the origin or 
is parallel to an axis. 

16. The equation of the xy plane is s = 0, that of! the 
ax plane is y = 0, and that of the yz plane is x = 0. 

17. What is the locus of all points (x, y, s) for which x — 
and y = ? for which ^ = and z = ? for which y = and 
2 = ? Prove each statement. 

18. "Where are all points (V, y, a) foi.' which a: = 3 and z = 2 ? 
Prove tin: statement. 

19. Find the distance of the point (4-, 3, 3) from the s axis, 

20. Find the distance of the point (3, — 2, 8) from the plane 
6a:-2»/-3s + 8 = 0. 

21. The vertex of a pyramid is the point (2, 7, — 2), and 
the base, lying in the plane 2x — 5y + z — 12=0, has an 
area of 32 square units. Find the volume of the pyramid. 

22. The vertices of a tetrahedron are (1, 1, 1), (3, - 2, 1). 
(- 3, 4-, 2), and F(10, - 8, 3). Find the length of the perpen- 
dicular from I" upon the opposite fane. 

23. Find the value of k for which the plane 2x~ y-\-z+h=0 
passes at the distance 4 from the point (3, — 1, 7). 

24. Find the distance from the plane 3a; — 4=y + 22 = 30 
to the parallel plane 3 a; — iy + '2 z = 30. 

25. Find the equation of the locus of iinhits equidistant from 
the origin and the plane 6 x + 2 y — 3 s = 8. 

26. The direction cosines of a line perpendicular to a 
plane are proportional to the reciprocals of the intercepts of 
the plane, 

27. The sum of the reciprocals of the intercepts of planes 
through a fixed point whose coordinates are equal to each other 
is constant. 

28. Find the volume of the tetrahedron formed by the three 
coordinate planes and the nlane Ax + By + C# = 2>. 
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Theorem. Planes through a Lihe 

271, If the eqv.ation s of two planes M Uioi A' v:h:i.eh intersect 
in I are Ax + By + Cz + D= and A'x + B'y + C"z + Z>' = 0, 
then Ax + By + Cz + D + k (A'x + B'y + C'z + D' ) = 0, k be- 
ing an arbitrary constant, is the equation of the system of 
planes containing I. 

Proof. The last equation, being of the first degree, rep- 
resents a plane It and is obviously satisfied by the coor- 
dinates of every point which is on both planes M and N. 
Hence the plane B contains I. 

Furthermore, every plane which contains I is represented 
by the last equation. For if the point f[(x v y v s t ) is any 
point in space, the substitution of x v y v z x for x, y, z 
respectively leaves k as the only unknown quantity in the 
equation, and therefore h can be determined in such a 
way that tire plane li passes through the point P r 

In the special ease when 7', is on the first, plane, we see that k = 0. 
But- when P 1 is on the second plane, there is no finite value, of t; 
ami in this ease il. \< sometimes said that k = oo. 

272. Straight Lines. Any straight line in space may bo 
regarded as the intersection of the two planes 

Ax + By + Cz +D = 
and A'x + B'y + C'z + D' = 0. 

Therefore the coordinates of every point (x, y, z) on the 
line satisfy both of these equations ; and, conversely, every 
point (x, y, z~) whose coordinates satisfy both equations is 
a point on the line. 

We therefore say that a straight line in space is rep- 
resented by two equations of the first degree, regarded 
as simultaneous. 
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Problem. Symmetric Equations of a Line 

273. To find the equations of the line pasting through the 
■pom!, l\Qi.\, g v s t ) and- having given, direotion angler-: 
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Solution. Let P (a:, y, 2) be any point on tho line. Draw 
the rectangular parallelepiped having PP_ as diagonal and 
eilges parallel Lo the axes, and let Fl^ — r. 

T\tBu%L = x-x v LK=y-y v KP=z-z 1 , and (§ 251) 



)■ ('US !f, 



^1= 






that is, 



(i) 



cos a COS p cos y 

each fraction being equal to r. 

These equations nn: c ■ ; : 1 1 ■: ■ ■ I U:i: /syinwlrit; t.r/'tations of a line. 

274. COROLLARY 1. J7i« equations of. the line through 
ij (2^, ^j, s t ) w.7(7t direction eosinea proportional to a, b, c are 

x-x i _ y-y 1 _ z-z i 

This comes by I'.T.iitrilyir.^ the- ''i.'-iominiiioi's of (1 ) by a non slant.. 

275. Corollary 2. 7&e equations of the line passing 
through the point'; J[ (.r v y v zf) and Zj (». 2 , y 2 , z. 2 ) are 

x~x 1 y~y 1 z~z ± 



Fore. 



„ by § 351. 
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276. Equations of a Line reduced to the Symmetric Form. 
The symmetric equations of a line (§ 273) may be re- 
garded as expressing one of the variables x, ;//, z in terms of 
each of the others. This suggests a method for reducing 
the general equations of a line (_§ 272) to the symmetric 
form, as in the illustration below. 

For example, reduce to the symmetric form the follow- 
ing equations of a certain line: 

7a=~2#+3a = 2, 
l:U-6«/-6z = -24, (1) 

Eliminating ;, we have 25 j; — W)y — — 20, whence * = %(y — 2). 
Eliminating y, wo have x =— § (s — 2). These two new equations 

may be written x = \ (?/ — 2) = — § (.; — 2). and they take the sym- 
metric form when we divide I'licii fraction by the number whieli 
■* (i.e. c.;cjejlUe:ionts of Use variables, thus: 



oi% multiplying Uio d<; nominators by 6, 

5=^ = ^- « 

This is the symmetric form. The direction cosines of the line 
an; proportional 1.0 6, 15, — i. 

The student should observe that each of the three equations in 
(2) involves only two of the variable?; x, y, ;, and therefore repre- 
sents a plane parallel to an axis (jj 2ikH). 

If a line is parallel to one of the coordinate planes, it 
is perpendicular to an axis ; that is, if it is parallel to 
thea^ plane it is perpendicular io OZ, and hence it follows 
that cos 7 = 0. In such a case the equation of the line 
cannot be written in symmetric form, for cos 7 appears in 
a denominator in the symmetric equations (§ 27o), and a 
fraction cannot have as a denominator. 
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Problem. Like through a Point Perpendicular to a plane 

277. To find the equations of tin: line which, pames through 
the point P^(x Y , y Y , zf) and is 'perpendicular to the plane 
Ax + J}y + Cz+J) = 0. 

Solution. Since the direction cosines of the line must bo 
proportional to A, B, (§ 262), the requited equations are 

iZ£ = £Zii = ^. §273 



Problem. Ahgle between Two Lines 
278. To find the anylv 6 between two lines I and I 1 in 
terms of their direction untjlcx a, /3, 7 and «', /3', 7'. 




Solution. Draw through Othe linos w. and m' parallel to 
I and I' respectively. Draw the coordinates 0.1/", MK, KF 
of any point P (a, b, c) of m' and let OP = r. 

Projecting the broken line OMKP on in and noticing 
that the sum of the projections of OM, MK, and KP is 
equal to the projection of OP, we have 

a cos a + b cos /3 + c cos 7 = r cos 6 
that is, rcosa' cosa+)-cos/3 r cos/3 

4- r cos 7' cos 7= r cos 8, 
or cos = cos a cos a' + cos/? cos/?' + cosy cosy'. 



§ i" 



§252 
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279. COROLLARY 1. The line, I is perpendicular to the Une 
I' if and only if 

cos a co$a'+ cos/? cos/?' + cosy cosy' = 0. 
For if / is perpendicular to f, cos 6 = (§ 278). 

280. Corollary 2. Let a, b, c he. proportional to the 
direction cosines of I, and a', V, c' to those of V. Then I is 
rr.apeet.ivdy perpendicular or parallel to V if and only if 

aa! + bV + cd = or a:a! = b:b'=c:c\ 

For t,h<: direction cosines of I are 



V^ 



vV + 6* + c 



vV + 6= + c 2 ' 



f2r>:\ 



V^ 



V«' 5 + V 1 + c' 2 V«' 2 + If 



We may now apply § 37 SJ C.e:i prove tin: firsl. pari, of this corollary. 

In proving the .second part the student should recall that I is 
parallel to (' if the direction cosines of I are either equal to those of 
f or are the negatives of those of V, and not o tl i.e. r wise (§ 250). 

281. Corollary 3. The, angle between the two planes 
Ax + By + Cz + D = and A'x + B'y+ C'z + B' =0 is given 
by the. equation 

AA'+BB' + CC 



$=±- 



VA* + B 2 + C<- VA' 2 + B' 2 + C 

Through any point S draw QST 
perpendicular to one of the given 
planes, and draw RS perpendicular to 
the other. Let the plane QSR cut the 
intersection of the given planes at P. 
Then is equal to the angle RST, 
both being supplements of the angle 
QSR. Finding then the direction 
cosines of RS and ST by § 262, the 
formula follows by § 278. 
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Exercise 67. Straight Lines 

Describe the Unit reprv.tsitnted by eaeh <f the. following pairs 
of equations : 

1. x = i,y = 6. 5. x = 0, y = 0. 

2. y = -2,z = l. 6. x = 0,3 = 0. 

3. a: = 0, y=6. 7. » = 1, s = 1. 

4. y = 3,2 = 0. 8. j, = 2, a = 0. 

Z'7/nZ f/ic equations of the linen elrferrnmed an folloivx : 
9. Passing through the points (4, 3, — 2) and (1, 1, 3), 

10. Passing through the point (2, 0. 1 ) ami perpendicular to 
the plane 2x — y + 3 s = 6. 

11. Passing through the paint (— J., 3, 3) ;uid parallel to the 
line ±-(x - 1)= J(ff + 2)= J(* - 3). 

12. Passing through the point (2, 0, 0) and parallel to the 
line 2x + y + e = 10,x — 3y + x=15. 

13. Find the direction cosines of the line * + y = 5, y = «. 

14. The vertices of a tetrahedron are yl (2, 1, 0), B(0, 4, 2), 
C(-l, 2, -3), D(6, - 2, 2). Find the face angle ACB, and 
the angle between the planes which intersect along AC. 

15. Find the angle formed by the two lines 2 a: + y — s = 7, 
x + y + s = 10 and a; - 3 y + 2 s = 5, 3 x - 3 j/ + s = 7. 

16. Find the angle formed by the two lines % = y = s and 
2x^y = l-z. 

17. The points (1, - 2, 0), (10, - 6, 6), (- 8, 2, - 6) lie on 
one straight line. 

18. Find the equations of the lines in which the coordinate 
planes are cut by the plane 2 x + 5 y — 7 s = 8. 

19. Show how to find the coordinates of several points 
on a given line ; for example, on the line 3x — y + 8 = 4, 
2x + 2t/-3s = 8. 
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282. Other Systems of Coordinates. There are many 
systems of coordinates for locating points in space, other 
than the rectangular system which we have been employ- 
ing, and two of the most important of these systems are 
here explained. 

1. Spheric Coordinates. Let OX, OY, OZ be three lines 
each perpendicular to the other two, as in the rectangular 
system. Then any point P m 
space is located by the distance 
OP, or p, the angle 8 which OP 
makes with the z axis, and the 
angle <fi which the zx plane makes 
with the plane determined by OZ 
and OP. The three quantities 
p, 6, <p are called the spheric 
coordinates of the point P, and are denoted by (p, 8, 0). 
After examining carefully the above figure, the student 
will have no difficulty in showing that the rectangular 
coordinates x, y, % of the point P bear the following rela- 
tions to the spheric coordinates p, 8, $ of P: 

x = p sin 9 cos if>, y — p sin 6 sin tf>, z = p cos 6. 

For example, x = OQ cos <f, = p cos (00° - 6) cos <f>. 
Spheric coordinates avc i;mployod for many investigations in 
as-tronomy, physics, and mechanics. 

2. Cylindric Coordinates. Again, the point P may be 
located by the distance OQ, or r, the angle <£, and the 
distance z. The quantities r, 4>, z are called the cylindric 
coordinates of P and are denoted by (r, $, z). 

Obviously, the cylindric coordinates are related to the 
rectangular coordinates r, y, Z as follows: 

x = r cos <f>, y = r sin if>, z= z. 
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Exercise 68. Review 

Draw the telrah.ednm Iw-niwj the vertices A (4, 8, 0), 
B (2, J, - 2), C(S, 2, #), D(5, 1, #), arnd Jind the following: 

1. Tlie length and the direction cosines of A/1. 

2. The equations of AB and £C. 

3. The cosine of the angle ABC. 

4. The equation of the plane containing A, B, and C. 

5. The altitude uninsured from D to the plane ABC. 

6. The equations of the line through D perpendicular to the 
plane ABC. 

7. The cosine of the dihedral angle having the edge AB. 

8. The equations of the line perpendicular to the face ABC 
at the point of intersection of the medians of that face. 

9. The equation of the plane through A parallel to the 
plane BCD. 

10. The equation of the plane through V perpendicular to AB. 

11. Find the equations of the line through the origin per- 
pendicular to the plane 3x- 2 y + 7 s = 10. 

12. Find the equations of the line through the point (2, 1, 3) 
parallel to the line 2x-y + 2 s =5,x -3// + 3s = 8. 

13. Find the coordinates of the point in which the line 
through the points (2, 2, — 4) and (6, 0, 2) cuts the plane 
6z-8y + 2s=4, 

14. '.Find the coordinates of each of the points in which the 
line 3a; + y — 3s = 10, 2x + 2y — s = 4 cuts the three coor- 
dinate planes. 

15. Find the coordinates of the points in which the line 

y + 2 s — 9 , , , , 0,0,0 , e. 

x — 4 = - — — = — — cuts the sphere x' + y* + s' = 49. 

16. Find the common point of the planes x + ?/ •+• s ~ 4> 
x = y + s, and 3a: — y + z = 6. 
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■M POINT, PLANE, AND LINE 

17. The planes 2x + y + z - 10 = 0,x ~ y + 3 z - 14==; 0, 
■.X — y + 7 a — 20 = have no common point hut meet by 

! lines. 



18. Find the equation of the plane that contains the line 
x + y = s, 3a; + 2y-j-2 = 10 and the point (6, - 2, 2). 

19. Find the equation of the plane that contains the line 

z — y — ?. — G and is V6 units from the. origin. 

20. Find the equations of the planes whieh bisect the angles 
between the planes 2 x — y + » = 5 and x + y — 2 s = 8. 

21. The direction cosines of the line determined by the planes 
Ax + By + Cs + D= 0, A'x+B'y+C'z+D'=0 are proportional 
to BC'—B'C, AC — A' C, AB' — A'B. 

22. The planes Ax +£y + Ca + D=0, A'x+£'y+C'z + D = 
are perpendicular to each other if AA' + BB' + CC' = 0, and 



23. Show that the line \(x — 2)— \(y + 1)= \z intersects 
the line -l(a; — 2)= \(y +1}= \%, and find the equation of 
the plane determined by them. 

24. The equation of the plane through 
the points (scj, y v S] ), (»„ y„ s£, (x a y s , z a ) 
may be written in the determinant form 
here shown. 

T5x. 24 should be omitted by those who have not studied determinants. 

25. In spheric coordinates the equation of the sphere with 
center O and radius )■ is p* (sin 1 <j> + eos 2 0) = /*. 

Find the equation of the loom of the point P which satisfies 

the conditions in each of tint foLUmwrj eases: 

26. The ratio of the distances of F from .1(2, 0, 0) and 
£(— 4, 0, 0) is a constant. 

27. The distance of P from the zx plane is equal to the dis- 
tance from P to A (4, — 2, 1). 
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CHAPTER XIV 
SURFACES 

283. Sphere. If P(x, y, z) is any point of the surface of 
the sphere having the center C (a, b, c) and the radius r, 
then CP = r; that is, by g 248, 

{x - af + (j, - ft)" + (*- cy = r\ (1) 

This equation may also be written 

x* + y* + z* -2ax-2by-2cz + d=Q, (2) 

where d = a? + b z + c 2 — r l . It is an equation of the second 
degree in which the coeiheients of :i a , y 1 , and z 2 are equal, 
and it contains no xy term, y?. term, or xz term. 

Every equation of the form (2) can be reduced to the 
form (1) by a process of completing squares, and it repre- 
sents a sphere having the center (a, b, c) and the radius r. 

For example, the equation -x' i + >J i + z 2 + 8x — i y — 4s = 8 can he 
written (x + 8) 2 + (y — 2) a + (z — 2) s = 25, ami represents a sphere 
with canter (— 3, 2, 2) and radius 5. 

As in the case of the eirele (§ ( .')1 ), we have- a j>fd>>! sphere if r = (1, 
or an uiuu/lnw'/ sphere if r 9 is negative. 

If the center of the sphere is the origin (0, 0, 0), the. 
equation of the sphere is evidently 



We shall 
the sphere; 
other siirfae 
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284. Cylinder Parallel to an Axis. In plane analytic 
geometry the equation %'*+ y 2 =r 2 represents a circle. We 
shall now investigate the locus in space of a point whose 
coordinates satisfy the equation t?-\- y^—r 2 . 

In the xy plane draw the circle with center and radius r. 
The equation of this circle in its plane is x 2 + y 2 = r 2 . Let 
P'(x, y, 0) he any point on the circle. Through P' draw a 
line parallel to the z axis, and 
let P (x, y, z) be any point on 
this line. Then the coordinates 
ofP' obviously satisfy the equa- 
tion x 2 -\-y i = r 2 . 

But the x and y of P are the 
same as those of P', and hence 
the equation x 2 + y 2 = r 2 is true 
for P and is also true for every 
point of the line P'P. Further, since P' is any point on the 
circle, the equation « a + ^ a = r 2 is true for every point of 
the circular cylinder whose elements are parallel to the 
z axis and pass through the circle, and for no other points. 

Similarly, the equation 2a^+Si/ a = 18 represents the 
cylinder whose elements are parallel to the z axis and pass 
through the ellipse 2a: 2 +3y 2 = 18 in the xy plane. 

In general, then, we see that 

Any equation involving only two of the variables x, y, z 
represents a eyli.njr,- /.mrnlld to the axis of tJn< missing vari- 
able and pasnnij through tin- eivrve determined by the given 

equation in the eorrefpomliiuj roord'uuU.e. plane. 

As a further example, the equation y- ■■-■ (.! ; represents the cylinder 
parallel to the x axis and passim; tlii'ou;;h the parabola j 3 = 6 z in 
the yz piano. 

The term cylinder is used to denote any surface generated by 
a straight lino moving parallel to a fixed straight line. 
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285. Trace of a Surface. The curve in which a surface 
cuts a coordinate plane is called the (raw: of the surface 
in that plane. 

Since s = for all points in the xy plane and for no 
others, the equation of the xy trace of a surface is found 
by letting z = in the equation of the surface, 

By the xy tract! of a surface is meant the trace of the surface in 
the xy plane. Thus the x<j trace ot the plane 3 x— y— z — 1 ia the line 
Zx-y = l,z = 0. 

The equation of the zx trace of a surface is found by 
letting y = in the equation of the surface, and the equa- 
tion of the ys trace is found by letting x = 0. 

286. Contour of a Surface. The curve in which a plane 
parallel to the xy plane cuts a surface is called an xy contour 
of the surface ; and, similarly, we have yz contours and 
zx contours. 

To find the -xy contour which the plane z = k cuts from 
a surface, we evidently must let z — k in the equation of 
the surface. To find the zx contour made by the plane 
y = k, we let y = Jc in the equation ; and for the yz contour 
made by the plane x — Jc, we let x — k in the equation. 

For example, the j:;/ contour of the 
sphere x 2 + y 3 + z 2 = 25 made hy the 
plane z = 2 is the cirele z 2 + f = 21, 
of which 1)1-1 is one quail rant. 

Observe that this circle is not rep- 
resented hy one equation, but by the 
two equations z 2 + y* = 21, z = 2, or we 
may speak of the circle x'' 4- y 1 = 21 in 
the plane z = 2. The single equation 
x* + y 1 = 21 represents in space a cylin- 
der parallel to OZ (§ 284). 

Tt ia not necessary to draw m 
than one octant of the sphere. 
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287. Cone having the Origin as Vertex. The equation 

-2 + i-i = ° CO 

K a V 1 <? K J 

is satisfied by the coordinates 0. 0, of the origin 0. Let 
x 1 , y', z' be any other numbers which satisfy equation (1). 
Then it is obvious that the numbers lex', ky\ kz', where k 



is any constant whatever, must al 

But -P(fa/, ky', kz') repre- 
sents any ami every point 
of the straight line deter- / 
mined by the origin and the / 


o satisfy equation (1). 
Z 




~P/ 


point P' (V, y', z'). ' 4( 

This may be seen directly from 
a figure or by using the results 
of § 2M and taking P l and P 2 of 
§ 254 as (0, 0, 0) and (V, /, s ') 
iu the present discussion. 

Hence all points of the 
line determined by the origin 




IV 


f.P/ 

r \e 


F 




X 

;'y' 



and any point of the locus 
of (1) lie on the locus. 

Moreover, the section of the locus made by the plane 
s = a is the ellipse 

5 + ? =1 ' s= "- (2) 

Therefore the locus of (1) is the cone having the origin 
as vertex and passing through the ellipse (2). 

The above method of reasoning applies also to the 

equations -^ ± ^ ± — = 0, to y 2 = am, and in fact to any 

homogeneous equation in x, y, z; that is, to any equation 
in which all terms are of the same degree. Every such 
equation represents a cone having the origin as vertex. 
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Exercise 69. Spheres, Cylinders, Cones 
Find the equations of the. spheres determined, as follows : 

1. Passing through the point (4, — 2, 2) and having its 
center at the point (2, 1, — 4). 

2. Center (4, — 4, 3), and tangent to the xy plane. 

3. Tangent to the plane 6 x — 2 y — 3 z = 28 and having 
its center at the point (6, 5, — 1). 

4. Tangent to the coordinate planes and passing through 
the point (5, 10, 1). 

5. Passing through the four points (3, 2, - 4), (- 2, — 3, 8), 
(_ 5, 2, 4), (4, - 7, 0). 

6- Having as diameter the line joining P t (i, — 1, 3) and 
P a (- 8, 3, - 3). 

7. Radius 10, center on the line x + y + z = i, x = y + z, 
and tangent to the plane 3x — 2 y + 6 a = 21. 

Draw the folluwimj cylinders and cones: 
B. 3? + y* = 25. 12. x* + y>~6x. 

9. » 2 + s 3 = 25. 13. x 2 + s 3 - 2 sb - 4 s = 4. 

10. y* = 12x. 14. 4^-25//-100^=0. 

11. x*-y 3 = lG. 15. j/ a = 4sra. 

Find (Ac traces of the foJbnelufi surfaces on the coordinate 
planes, and find the. equation.^; of the ar-atioiiH made hy the 
planes parallel, to the coordinate planes mid, ! unit from them, 
I each trace mid, section: 



16. x ! + f + s" = 20*. 19. a = x* + f. 

17. s 2 = 9sny. 20. z = xy. 

18. f + 4 s s = 4. 21. s = 4 X* + 9 i/ 2 . 

22. Find the center and also the radius of the sphere 
■> + /- + z* + &x -$y + 2z = W, 
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288. Quadric Surface or Conicoid. Any surface which is 
represented by an equation of the second degree in x, y, 

and z is called a quadric surface, or ;i conicoid. 

The sphere, cylinder, ami com; are familiar eoiiieoids. We have 
already discussed these surfaces ainl .shall now discuss' other conicoids. 

289. Ellipsoid. Let us first consider the equation 

a* W e 




The xy trace, J/a trace, and zx trace of the locus of the 
given equation are all ellipses. § 285 

The student should write tin; equation of each trace and should 
draw the traee. Thus the xy (nice is :>?/a 2 + ]fjb % — 1. 

The xy contour made by the plane z — k is the ellipse 
lil + 2? = l_*L. 



This contour is largest when k = ; it decreases as k 
increases numerically; it becomes a point when k = c; 
and it is imaginary when k > c. 

The yz contours are ellipses which vary in a similar 
manner, and so are the zx contours. 

The intercepts of the locus on the axes are ±a on OX, 
± b on Y, and ± c on OZ. 

The surface is called an ellipsoid. 
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290. Simple Hyperboloid. Let us consider the equation 




The xy trace 01 tlie locus of this equation is the ellipse 

The yz trace an{l sx trace arc hyperbolas. 

The xy contour made by the plane z —- k is an ellipse, the 
smallest ellipse being formed when k—O; the ellipse in- 
creases without limit as k increases without limit, 

The above facts are sufficient to make clear the shape 
of this surface, which is called a simple hyperboloid, or 
a iiifj)i:.rhol.',iil of one sheet. 

The student, should disouss the yi contours and the sx contours. 

291. Asymptotic Cone. The cone ~ + |r -- ~ = is called 
a L b l & 
the asymptotic cone of the hyperboloid. 



That the hypevbolohl ;q>tivoardies tins cone as an asymptote may 
ie seen by examining the traces of the eonc and the hyperboloid 

■n the yz plane and on the zx plane. 
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293. Double Hyperboloid. Let us consider Llie equation 

a 2 & c 3 




The xy trace of the locus of this- equation is the hyperbola 
3? f , 



The 33: trace is the hyperbola 



The yz trace is imaginary, being t.ho imaginary hyperbola 
-1. 



8» # 

The «/z contour made by the plane a 



- /e is the ellipse 



This ellipse is imaginary when ]&[<«; it becomes a 
single point when|&| = a; and it is real when |&|>n, both 
major and minor axes increasing without limit as \k\ does. 

The shape of the surface is now evident. The surface is 
called a double hi//)/;r/>o!oid, or a hypn-bululd of two sheets. 

The student niny discuss the .(// contours and tlie .-. .; crnvtcmi'S of the 
surface and show that the /</ truce and tlie ;.v trace arc asymptotic 
to the corresponding traces of the cone — — -I- = 0, 
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HYPEBBOLOIDS AND PARABOLOIDS 273 
293. Elliptic Paraboloid. Let us consider the equation 




The equation of the :cy trace of the locus is evidently 

a? * 6 2 
which represents a single point (0, 0) in the xy plane. 
The yz trace is evidently the parabola 

f = 2 &cz. 
The zx trace is evidently the parabola 

j? — 2 As. 
The #2/ contour made by the plane 2 = A is the ellipse' 

its axes increasing without limit "when k does. The ellipse 
is imaginary when k is negative. 

The above statements indicate, the shape of the surface, 
which is called an dlipiio paraboloid. 

If c<0, the si! rf a.a> is below U10 *;/ plane. 

The student may show that, the s.r contour is a parabola which 
remains constant; and Kiniilarly toy the //- contour. 
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294. Hyperbolic Paraboloid. Consider the equation 




The equation of the xy trace of the locus is evidently 

a 2 ft 
which represents the two straight linos OA and OB (§ 54). 

The yz trace is the parabola y l =— 26 a cz, or OB. 

The zx trace is the parabola j ;i = 2 « s e2, or 0(7. 

Tlie ?/3 contour made by the plane x= 7c is the parabola 
f=~ i lW-i:z-\-l?W'la\ This parabola remains constant in 
form, since it always has the focal width 2b 2 a. Also, if 
c > 0, the axis of the parabola has the negative direction 
of the z axis. 

The locus is symmetric with respect to the zx plane ; 
for if x, y, z satisfy the given equation, so do a-, — y, z. 

The surface may therefore bo regarded as generated by 
a parabola of constant size moving with its plane parallel 
to the yz plane, its axis parallel to OZ 1 , and its vertex on 
the fixed parabola x i = 2a 2 cz in the «x plane. 

The surface is eatled a h/purlulic jHtraboloiJ, the xy con- 
tours being hyperbolas. 
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295. General Equation of the Second Degree. The general 
equation of tin: second degree in x, y, and z is 

ax* + % 2 + c£ + dxy + eyz +fzx + gx + hy + iz +j = 0. 
By transformations of coordinates analogous to those 
which we employed in Chapters VI and X, this equation 
can always be reduced to one of the two forms 

a'ri t + bY + c?d i = d', (1) 

a'x 2 + by = c'z. (2) 

The theory of tt-anHfonnauunu in three dimensions, and the 
reductions re furred to in the a-lu'Vc sliiteinejit, will not be given in 
this liook. 

The ellipsoid and hypevboloids are included under (1), 
and the paraboloids under (2). These are the only sur- 
faces which arc represented by equations of the second 
degree, and are called conicoids (§ 288). They include as 
special eases the sphere, cylinder, and cone. 

296. Locus of any Equation. The nature of the locus of 
a point whose coordinates satisfy any given equation in 
x, y, and z may be investigated by the method which we 
have employed in §§ 289-294; that is, by examining the 
traces and contours of the locus. 

It is evident that these traces and contours are curves 
of some kind, since when any constant k is substituted for 
x in the equation, we obtain an equation in two variables, 
and this equation represents a curve in the plane x = k. 

We then see that 

Every equation in rectmu/ular coordinates represents a 
surface in space. 

It is often difficult to form in the mind a clear picture of the sur- 
face represented by an equation, even after the traces and contours 
have been studied. 
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EQUATION OF THE SECOND DEGREE 277 
Exercise 70- Loci of Equations 

i. Sketch the xy trace, the //.-; trace, and the zx trace of the 
surface s = a? -+- if — 9. Discuss the xy contour, and represent 
the surface "by a figure. 

2. Sketch the xy trace, the yz trace, and the sea; trace of the 
surface x 1 — 4)/ 2 + si a = 36. Choose one or more sets of eon- 
tours, discuss each, nnd represent the. surface by a figure. 

An in Mx. 2, sketch and dixcuw the following Hurfucet : 

3. X* + if + 16 2 a = 16. 10. :-? = 2 xy. 



- y 2 + 16 »" = 25. 


11. 


xy = 10 2 


+ 4^ = 36;/. 


12. 


/ = 4 2 - 


- 4 s a = a: 3 — 4. 


13. 


a; 2 + ;f = 


-*■-*=- 4L 


14. 


?/• + =? = 


-y"+2B = * 


15. 




^ 12 a; -36. 


16. 


y* = 10. 



17. Find the equation of the locus of a point which is 
equidistant from the point (8, 0, 0) and the plane a? =—8, 
and sketch the surface. 

18. Find the equation of the locus of a point P which 
moves so that the sum of the distances of P from the points 
(1, 0, 0) and (— 1, 0, 0) is 0, and sketch the surface. 

19. Find the equation of the locus of a point P which 
moves so that the distances of P from the plane x — y and 
the point (3, 1, 1) are equal. 

30. Show that the plane y = b cuts the simple hyperholoid 
in two straight lines. 

The sl.uilent =,hor,!d let. I.hc i'lf.irt'.km of Sj 2'M represent t!ie surface. 

21. Find the equation of a.n ellipsoid having the contours 
x 1 + 4-f = 16, a — 1 and 16 y- + s- = 64, x = 1. 

Let the equation ps* 4- W ! + r ^ = 1 represent the ellipsoid. 
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PROBLEM. SURFACE OF REVOLUTIOH 

297. To find the equation of the surface generated by a 
given curve revolving about the x axis. 




Solution. Let BD be the given curve in the xy plane. 
Let its equation, when solved for y in terms of x, be 
represented by y=f(x~), and let P' be any point of the 
curve. Since CP' is the y of P', then CP'=f(x). §62 

As the curve revolves about OX, the point P' generates 
a circle with center O and radius CP'. Let P(x, y, z) be 
any point on this circle. Then P is any point on the surface, 
and obviously 



that is, 



f+z i =CP = CP" 
y* + z*=[f(x)Y. 



Vtir example, if the given curve is 9 r' ! + >j l = 2, then wo find 
y — ^/2~^2x i =f{x). This ellipse revolving about OX generates 
the surface f + a? = (72 - 2 z a ) a , or 2x s + f + z 2 =2. 

298. COROLLARY. ?'//<' erpiatumg of the n'li fanes generated 
by revolving the curve x =/(2), y = about the s axis and 
the curve x =/(?/)> z=0 about the y axis are respectively 

x' + f = W)]' «»' *'+ *"= l/WI". 
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Exercise 71. Surfaces of Revolution 

1. Find the equation of the surface go.uoi-al.ed by revolving 
the ellipse 4 a-, 3 -f 9 if = 36, s = about the y axis. 

In tliir. on so i r j. linvs.-an Id liinl x \v. tonus of y. SSolviiii; i'o iv, wo h;ivo 
& = iV3<5 — 9y". Tims the required equation isa; 2 + r? = \(?A\ — 9;/ 2 ), 
or 4 a: 2 + 9j/ ! + itfl = 36. 

7m mt'7i of the following examples find the equation of the 
surface which is generated by the given curve revolving about 
the axis specified: 

2. The parabola if = &px, t: = about OX. 

3. The parabola f = — <lpx, % = about OY. 

This surface, having mi oqiin.tir.ui of tin; I'ourth iloi:ooo, is nota conicold. 
The student may show tliat somo of its contours are not conies, 

4. The parabola s a = ipx, y = about OX 

5. The parabola s 2 = £px, y = about OZ, 

6. The ellipse &*c 2 + «y = *W, s = about OF. 

7. The ellipse JV + «V = a 2 ^, i/ = about OZ. 

8. The hyperbola &V - «y = a%% z = about OX 

9. The hyperbola 6V - aV = a.^, s = about OF. 

10. The circle x 3 + if = 25, g = about OX; about OF, 

11. The line y = ma;, s = about OY. 

12. The circle re 9 + ?/ - 12 cc + 32 = 0, s = about OX 

13. The circle X s + if - 12 k + 32 = 0, s = about OY, 
Tiiis surface is not a cocicoirl. It lists tho shape r.if n bicycle tire and 

is willed st torus or anchor ring. 

14. The curve y = sin x, a = about OX. 

15. The cui-ve s — e w ,y—0 about OZ. 

16. A parabo'ki headlight: reflector is Sin. across the face 
and 8 in. deep. 'Find the equation of the reflecting surface. 

17. Find the equation of the cone generated by revolving 
the line y = mx + h, s = about OX. 
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299. Equations of a Curve. The; points common to two 
surfaces form a curve in space. The coordinates of every 
point on this curve satisfy the equation of one surface and 
also satisfy the equation of the other surface. 

A curve in space, therefore, lias two equations, regarded 
as simultaneous; namely, the equations of two surfaces of 
which the curve is the intersection. 

For example, the equations z ~ 2 x 4- y and j? + y 2 + z 1 = 25 rep- 
resent separately a plane and a sphere. Regarded as simultaneous, 
they are the equations of tin: circle formed by the intersection of 
the plane and the sphere. 

300. Elimination of One Variable. If we eliminate one 
variable, % for example, from the two equations of a curve, 
we obtain a third equation which contains the other two 
variables x and y. This equation represents a third sur- 
face, a cylinder (§ 28 L >, which contains the curve. The 
xy trace of this cylinder is the projection of the curve 
upon the xy plane, and the cylinder is called the xy pro- 
jecting cylinder of the curve. 

For example, eliminating ; from the equations z = 2# + y and 
i 2 + <f + z s = 25 of the circle described in § 2QD, we obtain the equa- 
tion 5 s? + 2 y s + 4 xy = 2o. This equation represents a cylinder 
parallel to OZ. The trace of this cylinder on the xy plane is the 
curve 5# 2 + 2 y % + 4 xy = 25, z = 0, which is an ellipse. 

Eliminating x, we obtain the- xy projecting cylinder; eliminating 
y, we obtain the ~x projecting cylinder. 

301. Parametric Equations of a Curve. The three equa- 
tions x =/(«), y = g(y), *«&(*). giving x, y, and as in 
terms of a fourth variable v, represent a curve in space. 
For eliminating v from the first two equations gives one 
equation in x and y\ and eliminating v from the last two 
equations gives one equation in y and z. These two new 
equations define a curve in space (§ 299), 
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Exercise 72. Review 

1. Find the equation of the plain: tangent to the sphere 
B * + f + ^ = ,,a a ^ the point (V, //', z'), and show that it can 
be reduced to the form x'x + y'y + s'z = ) 3 . 

2. If the two spheres £ = and S' = are given, where 
S denotes a' 2 + y- + s? — 2 as — 2 % — 2 cs + <I and S' denotes 
X s + if + %* — 2 «■'« — 2 &';/ — 2 c's + <2', show that the equation 
S — S' = represents the plane which oontains the oirele of 
intersection of the spheres, and that this plain: is perpendicular 
to the line of centers. 

3. The square of the length of a tangent from the point 
(«', y'\ s') to the sphere (x - af + (y - 5)' 2 + (« - o) s = r 5 is 
(*'-«)*+ (y - 5)* +(*' _„)*_,* 

4. The hyperbola cut from the hyperbolic paraboloid 
&W — a 2 !/ 2 = u'VrV.-: by the plane ,-; = k haw its real axis parallel 
to O.Y -when k is positive. Lust parallel to OF when k is negative. 

5- The asymptotes of any xy eoutotir of the hyperbolic 
paraboloid in Ex. 4 arc parallel to the asymptotes of any 
other xy contour of the surface. 

6. Show by means of traces and contours that the equation 
(x — af + y 1 — z 2 = represents a right circular cone having 
the point (a, 0, 0) as vertex. 

7. Draw the yz trace of the surface x* + if + z a — 0. 

8. Find the equation of the cone which passes through 
the origin and which lias its elements tangent to the sphere 
tf + if + » a - 20 z + 36 = 0. 

9. Find the equation of the paraboloid having the origin 
as vertex and passing through the circle x 2 -j- if = 25, s = 3, 

10. A tank in the form of an elliptic paraboloid is 12 ft. 
deep and the top is an ellipse 8 V3 ft. long and 12 ft. wide. 
If the upper part of the tank is cut off parallel to the top 3 ft. 
below the top, find the axes of the ellipse forming the new top. 
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282 SURFACES 

Given the points A (4, 0, 0) and B(—4, 0, 0), find the 
equations of the foci in, .Exs. IP 15, and state in each cage 
what kind of surface the locus is: 

11. The locus of a point P such that the ratio of the dis- 
tances AP and DP is eons taut. 

12. The locus of a point P such that the Bum of the squares 
of the distances AP and JSP i.s cons Unit,. 

13. The locus of a point P such that the difference of the 
distances AP and BP is constant. 

14. The locus of a point P such that the distance AP is 
equal to the distance of P from the plane x = — 4. 

15. The locus of a point P such that, the distance AP is four 
fifths the distance of /' from the plane x = -/-. 

16. Draw the ellipsoid 4 a? + 4 ■// + 25 s 2 = 100, », «/, and 2 
being measured in inches, and draw a rectangular box having 
its vertices 011 the ellipsoid and its edges parallel to the axes. 
If the volume of the box is 72 cu. in. and the dimension parallel 
to the s axis is 2 in., find the other dimensions. 

17. Find the length of the segment of the line x = 3, y = 5 
intercepted bet ween t-be plane x — >j + 3 a = 10 and the hyper- 
boloid 3 x s - 2 f - z 1 = - 123. 

18. Find the coordinates of the points in which the line 
x = y = % cuts the paraboloid 3 z? + 4 if = 12 s. 

19. Find the coordinates of the points in which the line 
through the points (2, 0, 2) and (3, 2, — 1) cuts the sphere 
having the center (2, 1. 2) and the radius 7. 

Tin) solution of tin; s[!iii.ilt.!i.nr. : (ir.ii equa'inns 'if the lino and (Ho sphere 
may be obtained by (iudin.!; ;/ and z in terms (if x from the equations of 
the line and sub.stiiutii^ those valine hi ila; oration of the sphere. 

20. Every section of a conicoid (§ 288) made hy a plane 
parallel to one of the coordinate planes is a conic. 

Since any plane could bo taken as tin: xy plane, this theorem shows 
that every plane section of a conicoid is a conic. 
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SHTLEMFAT 



I. The Quadratic Equation ax*+bx-\ 
_ h ± Vfia_ 4 ac 



1. Roots. The roots are x = ; 

2. Sum of Roots. The sum of the roots is ■ 

3. Product of Roots. The product of the roots is -• 

4. Real, Imaginary, or Equal Roots. The roots are real 
and 1 unequal if IP— 4rac>0, equal if 6' 2 — 4«c = 0, and 
imaginary if S 2 — iae<0. 

5. Zero Roots. One root of the equation is if and. only 
if c = 0, the equation in this case being aa? +bx = 0; both 
roots are if and only if c = and b — 0. 

6. Infinite Roots. One root of the equation increases 
without limit, or, as we say, is infinite, if and only if a — *- : 
hoth. roots are infinite if and only if a . — > and 5— »- 0. 

This may be shown by considering the equation 

ax"- 4- bx + c = 0. (1) 

If we let x = - and clear of fractious, liquation (1) becomes 

cy*+by + a = 0. (2) 

If one value of y in (2) is very small, then one value of x in (1) is 

very large, since x = — • Tims, when j/ — >- 0, x is infinite. But the 

condition that one vahio of »/ approaches as a limit is that «— -i-0 
(§5 above). Therefore x is infinite when a — *-0, and the same 
method shows the renditions for which both roots are infinite. 



, Google 



SUPPLEMENT 
II. Logarithms of Numbers from to 99 



H 





1 


2 


3 


i 


9 


6 


7 


B 


9 


1 


000 


041 


079 


114 


146 


176 


204 


230 


255 


i7D 


a 


301 


322 


343 


382 


880 


398 


415 


431 


447 


462 


s 


477 


491 


505 


519 


531 


644 


556 


568 


580 


ii!>l 


4 


602 


613 


623 


638 


643 


658 


668 


672 


681 


690 


fi 


699 


708 


716 


724 


732 


740 


748 


756 


763 


771 


B 


778 


785 


782 


799 


806 


818 


820 


826 


833 


839 


7 


815 


851 


857 


863 


868 


875 


881 


886 


892 


898 


8 


903 


908 


914 


919 


924 


92a 


934 


940 


944 


949 


9 


954 


059 


964 


968 


973 


978 


982 


987 


991 


996 



Tike mantissas of the logarithms of numbers from 1 to 9 are given 
in the first column. Decimal (mints an; understood before all man- 
tissas. To find log 84, write, 1 as tlie nhunua-rjristie and read the 
mantissa Ht'Uir S and under -1 ; thus, log S4 = 1.924. 

III. Square Hoots of Numbers from to 99 



X 





1 


2 




4 


G 


6 


7 


8 


9 


n 


0.00 


1.00 


1.41 1 


73 


2.00 


2.24 


2.45 


2.65 


2.83 


:l.(i0 


i 


8.16 


3.82 


3.46 3 


S1 


3.74 


S.87 


4.00 


4.12 


4.24 


4.36 


2 


4.47 


4.58 


4.69 4 


80 


4.90 


5.00 


5.10 


5.20 


5.29 


5.39 


3 


5.48 


5.57 


5.66 5 


74 


5.83 


5.92 


6.00 


6.08 


6.16 


6.24 


4 


6.82 


6.40 


6.48 t 


56 


6.63 


6.71 


6.78 


6.86 


6.93 


7.00 


ft 


7.07 


7.14 


7.21 7 


28 


7.85 


7.42 


7.48 


7.55 


7.62 


7.68 


11 


7.75 


















8.31 


7 


8.37 


8.43 


8.49 8 


54 


8.60 


8.68 


8.72 


8.77 


8.83 


8.89 


R 


8.94 


9.00 


9.06 ! 


11 


9.17 


9.22 


9.27 


9.33 


9.88 


9.43 


9 


9.49 


9.54 


9.69 9 


64 


9.70 


9.76 


9.80 


9.85 


9.90 


9.95 



The square roots of numbers from to '.) are in the top row of 
the table. Thus the square root of 6 is 2.45. 

To find the square root of a number having two digits, find the 
tens' digit in the column under N, the units' digit in the row to the 
right of K, and take from the table the number which corresponds. 
Thus V39 = 6.24. The roots are given to the nearest hundredth. 
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Quadrant 


. . 5 
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115,167 
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IlY[>ei'bnlir- pavabnloid . . . 274 






Hyperboloid . 


.... 271, 272 




. . 285 


Hypoevclonl 


225 


Kadical axis 


. . 101 








. . 209 


Inclination . 


18 


Real axis 


. . 109 


Intercept . . 


44, 09, 150, 179, 249 


Iti^'.i.aiiii'uliLv coordinates 


. . 5 


Interval . . 


44 


hyperbola .... 
Hiw-tiliiiw.-L 1 coordinates . 
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. . 5 
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222 


Rotation of axes . . . 
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Locus . . . 
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urve 230 
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spiral . 


228 


149, 151 


, 157, 178 
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Subtangent 124 
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Tables 284 
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Trace 267 
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Vectorial angle 209 
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